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Young’s factorization of idempotents belonging to the symmetric groups is given a necessary and sufficient
characterization, by means of a lemma due to Burrow. The use of these idempotents is contrasted with
Yamanouchi’s representation, and finally the equivalence of Léwdin’s path diagram method to the group-
theoretical treatment of the angular momentum states arising from the coupling of an assemblage of spin %

particles is demonstrated.

INTRODUCTION

UPPOSE that one is given a representation

I'={D(e),D(a),- - -} of a group G={e,a,- - -} oper-
ating on a vector space V, and that the characters
x'(x), x%(x), - -- of the inequivalent irreducible repre-
sentations I''={D(e),D(a), - - } of G are known. Then,
from the theory of group representations,! there is
known a formula for a set of idempotents ©¢
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2 x'(a)D(a), (1)
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where /; is the dimension of the representation I'* and
G is the order of G. These idempotents project onto the
subspace V* of V which are stable under the action of
G through the representation I'. Therefore these stable
subspaces reduce the representation I' according to the
inequivalent irreducible representations of G which it
contains. If one wishes to obtain a basis for the stable
subspaces Vi, he may be sure that among the projec-
tions of the basis vectors {:1), :2), --- m)} of V (and
hence among the columns of ©¢) there are sufficiently
many which are linearly independent that a basis for V'
may be constructed.

However, if the representations I'* are known ex-

* Visiting scientist at Quantum Chemistry Group, Uppsala
University, Uppsala, Sweden.

! Eugene Wigner, Gruppentheorie und ihre Anwendung auf die
Quantenmechanik der Atmospektren (Friedrich Vieweg und Sohn,
Braunschweig, Germany, 1931), pp. 120-133.

plicitly, a more definite choice of basis may be had by
means of the projection operators

-
On"=% :[Z; d;i'(a)D(a), (2)

which are constructed with the aid of the diagonal
matrix elements d;;(a) of I'%. In fact, with respect to a
basis chosen with the aid of these operators, we may
even be sure that G will have precisely the representa-
tion T

The use of these operators encounters two difficulties
in practice. The first is that whereas the characters of a
group are unique, the diagonal matrix elements of its
irreducible representations are not, since any similarity
transformation applied to such a representation yields
another with the same character. This makes it imprac-
tical for one to attempt to compile tables of diagonal
matrix elements, in the way that he may form character
tables, for he may never be sure in advance which of the
many equivalent representations are going to be used.
As another aspect of this same difficulty we must
mention the fact that it is not always easy to obtain
any irreducible representation at all in explicit form,
much less to find a desired equivalent representation.

Secondly, many groups which one intends to use in
practice are of such a large order that it would be
useless even to try to write down all the summands
appearing in the expression for the projection operators.
For example, one need only recall that the symmetric
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434 HAROLD V.
group of degree » has #! elements, which is already a
very large number for #=6. Therefore one must find
some means of simplifying formulas (1) and (2) if he
intends to use them for a particular calculation. One
scheme of simplification has been discussed by a
number of authors: this is the scheme of factorizing the
projection operators into a product of simpler operators.

Léwdin? has described the factorization of the pro-
jection operators belonging to the three-dimensional
rotation group in terms of annihilation operators which
successively remove unwanted portions of V. Melvin?
has introduced a factorization which is dependent upon
a certain form which the representation I'! may
perchance exhibit, while Fokker* has shown how a
projection operator may sometimes be factored in
terms of projection operators belonging to subgroups
of G. This method was extended® to the case in which
a group is a semidirect product of two of its subgroups.
By the use of projective representations it is even
possible to treat the projection operators of any group
having a nontrivial normal subgroup in terms of
operators belonging to the normal subgroup and factor
group. If the normal subgroup is non-Abelian, one does
not obtain a factorization into a simple product, but
rather a sum of factored operators.

Another factorization of the projection operators
belonging to a row of a representation has long been
used; it is Young’s factorization of a set of primitive
idempotents belonging to the symmetric groups S».%
His factorization makes use of the characters belonging
to a pair of subgroups, which are, respectively, the
identity character a(x)=1 of the subgroup of permuta-
tions preserving the rows of a certain Young tableau 7,
and the alternating character 8(x) = =1 of the subgroup
of permutations preserving the columns of the same

tableau. These characters are themselves idempotent.

Quite generally, if we assume that  is a character of a
subgroup H and make it a function belonging to the
convolution algebra C(G)” by extending it to vanish
outside H, we have

@ *0)(x)= ZG 6(a)8(ax)

=°Ho(x). 3)

Indeed, any idempotent in C(H) when so extended,
if normalized, remains an idempotent in C(G). Unfor-
tunately, even if an idempotent is minimal in C(H), it

2 P. O. Léwdin, “Nature of the valence bond functions,” Proc.
ngi; Symposium ‘“‘Calcul des Fonctions d’Onde Moléculaires,”
1957.

3 M. A. Melvin, Revs. Modern Phys. 28, 18 (1956).

4 A, D. Fokker, Physica 7, 385 (1940).

8 H. V. McIntosh, “‘Symmetry-adapted functions belonging to
the crystallographic groups,” abstracts, Ohio State University
Symposium “Molecular Structure and Spectroscopy,” Columbus,
Ohio, 1958, p. 22.

$See D. F. Rutherford, Substitutional Analysis (University
Press, Cambridge, England), 1948.

7See A. Well, L'Integration dans les Groupes Topologiques
(Hermann & Cie, Paris, France, 1951), Chap. III.
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need not remain so in C(G). It is a surprising fact that
the convolution « * 8, when these are the characters
associated with a Young tableau, is nevertheless pro-
portional to a minimal idempotent. This combinatorial
result, due to Young,® was given an algebraic interpre-
tation by von Neumann,® who observed that a » %3
=\(u)a * B8, whatever element % was chosen from C(S,).
Here A(«) is a scalar multiplier. This means that «
projects onto certain right ideals in C(S,), 8 onto certain
left ideals, and that the only subspace surviving both
projections is the subring hull of o 3.

Von Neumann’s theorem was generalized by Burrow?
to apply to any group G, although, as stated by him,
it simply constituted a sufficient condition whereby one
could obtain a minimal idempotent and from it the
character of an irreducible representation of G. Sup-
posing that # and ¢ were two linear characters (charac-
ters of one-dimensional representations) of subgroups R
and C, respectively, his lemma yields a sufficient con-
dition upon the subgroups R and C and upon the
characters # and ¢ that 8 « ¢ will be proportional to a
minimal idempotent. Nevertheless, it is possible to
show that his requirements are actually the necessary
and sufficient conditions for

8% C(G) « p=A8 % ¢,

where the set of multipliers A comprises a field.

This result not only shows how the idempotent
M x ¢ may be factored into idempotents belonging to
two subgroups; it shows that the factors are extra-
ordinarily persistent, in that they perform a projection
whenever they appear in the proper order at the
extreme ends of an expression, In fact, if 4, is the charac-
teristic function of the element ¢, we find

0 ~ (aeRC)
0 % 0g xp=
B)0 ¢ a=rceRC,

4

©)

so that it is possible to write an explicit formula for the
projection of any function in C(G).

YOUNG TABLEAUX
The hypotheses of Burrow’s lemma are
[aeRC and ce(R NnaCa)1—¢(a 'ca)=6(c)

6
~ (aeRC) — Jce(R naCa )¢ (a 'ca) #8(c). (©
In applying the lemma to the symmetric groups it is
convenient to adopt two restrictive assumptions. One
concerns the nature of the subgroups R and C; the
other concerns the characters a and 8. Regarding the
subgroups, we postulate that they must each contain
a set of transpositions by which they are generated,

8 See D. F. Rutherford, footnote reference 6, for a bibliography
of Young’s papers.

9 See¢ B. L. Van der Waerden, Moderne Algebra I1 (Berlin, 1931),
Sec. 129,

1 M. D. Burrow, Can. J. Math. 6, 498 (1954).
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just as S, itself, for instance, is generated by the set of
transpositions {(1k)|k=1,2, ---, #}. Concerning the
characters, we postulate that they be the restriction of
either the identity character a(x)=1 or the alternating
character 8(x) =1 to their respective subgroup. Since
we assume R and C to be generated by transpositions,
it follows that their linear characters must take the
value 1. Since the transpositions all belong to the
same class in Sy, « and 3 are the only linear characters
possible; we make the second postulate to preserve this
uniformity with respect to the classes of S..

When these two restrictions are accepted, it is pos-
sible to prove a number of properties of the subgroups
R and C of S,. These properties are such that we may
introduce two equivalence relations into the set of
digits {1,2,---,z}. We call x and y R equivalent if the
transposition (x,y) belongs to R, accepting the de-
generate transposition (x,x) as the identity. If, on the
other hand, (x,y)¢C, we call x and y C equivalent. The
properties of R and C are such that both these relations
are equivalence relations. Moreover, R and C possess
the additional properties that x and y are not both R
and C equivalent (for x4v), and that there is always
a digit @ such that ejther x and a are R equivalent and
a and y are C equivalent or x and ¢ are C equivalent
and ¢ and y are R equivalent.

These two equivalence relations may be diagramed,
in order that they may be more easily visualized, by
drawing a rectangular array like that shown in Fig. 1,
in which the R-equivalence classes are horizontal rows
and the C-equivalence classes are vertical columns.
The properties of R and C are such that: (1) There is
at most one digit in each intersection of a row and a
column, since whenever two digits lie in the same row
they cannot lie in the same column; (2) If x and y lie
neither in the same row nor in the same column, then
there is either a digit in the same row as x and the same
column as 9, or else in the same column as x and the
same row as y. That is, if we have two diagonally
opposite corners of a rectangle filled, then at least one
other corner must be filled as well. This property also
is shown in Fig. 1.

F'Z class // ]
: 7% i e 2.3 I
7
y J»--V /[«---—-,---JL ,
nij NN ’\\\\w
\ R-] class

Fic. 1. Equivalence relation diagram.
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F16. 2. Construction of the Young tableau.

The diagram may be stylized yet further as shown in
Fig. 2, by placing the longest (or one of the longest, if
there are several) row at the top of the diagram, so
that it is filled solidly, and then the next longest, and
so on, always taking care not to exceed the left margin
established by the first row. Should there be some
digits in the second row which are not C equivalent to
any in the first row, they are to be placed to the extreme
right in the diagram; however, since there are no more
elements in the second row than in the first, this would
create a vacancy in the second row below a filled position
in the first; this pair of positions taken together with
the overjutting element in the second row and the
vacancy above it would combine to violate the second
property of the diagram. This argument shows that
the second row cannot overjut the first. If it is not filled
solidly from the left margin, the columns may be rear-
ranged to make it so. A similar argument shows that
the third row may not overjut the second, which allows
the columns to be rearranged so that the first three
rows are filled solidly from the left margin, and so on.
Thus the digits {1, 2, - - -, #} may be arranged into a
figure which is known in the theory of the symmetric
groups as a Young tableau. Since the existence of the
pair (x,y) in a common row implies that the trans-
position (x,y) belongs to R, we see that R may simply
be described as the subgroup of permutations preserving
the rows of the tableau T. Likewise C is the subgroup
preserving the columns of 7.

The fact that such a derivation as this is possible
shows that if one desires a “split idempotent” in the
sense of Burrow’s lemma for the symmetric group Sy,
he is uniquely led (except for the two assumptions con-
cerning the subgroups and characters) to the Young
tableaux. The converse is of course possible—one may
show that two subgroups R and C derived from any
Young tableau will satisfy the postulates of Burrow’s
lemma. The only requirement necessary for the charac-
ters, other than our hypothesis that they be the re-
striction of @ or 8 to their respective subgroup, is that
they not be both the same. One must be the restriction
of a; the other must be the restriction of 8.

Thus the Young symmetrizers, as the quantities « * 8
and B« are called, acquire a necessary as well as a
sufficient significance insofar as they are the factored
idempotents determined by Burrow’s lemma.

To be of the greatest utility, as idempotent—even a
factored primitive idempotent—should not stand alone.
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One would prefer to have a family of commuting idem-
potents comprising a resolution of the identity. Such
a family could be used to form an irreducible repre-
sentation of S., of which they would constitute the
diagonal matrix elements. This is a requirement of
which the Young symmetrizers fall short. Nevertheless
it is interesting to note the way in which they fail of
this requirement, and how they are in many instances
acceptable as substitutes.

It is first of all apparent that there are far more
Young symmetrizers—z! in fact—than dimensions of
any representation of .S, and thus that these idem-
potents at the very least comprise a highly redundant
set. That they are complete, and that tableaux of dif-
ferent shapes belong to different irreducible repre-
sentations may be shown in the usual fashion.!! Thanks
to formula (5), it may be shown that the redundancy
is of a very simple nature, namely, that the idempotents
all project omto the same linearly independent ideals,
but that they each project along a different ideal, so
that it is a matter of discarding all but one of the idem-
potents projecting upon a given ideal.

It may be shown that when a number of Young
idempotents project upon a given ideal, their tableaux
differ in the respect that one can first rearrange the
digits within the different rows, and then within the
columns after the rows have been rearranged, to get
the other. Therefore if one selects that tableau, among
the many which are equivalent, for which the digits 1,
2, -+, n are to be found in increasing order along
whatever row one selects, increasing from left to right,
and in increasing order down any column, he has
systematically selected one tableau from each class of
redundant tableaux. These are the “standard tableaux”
which play such an important role in the representation
theory of the permutation group.

The standard tableaux may be arranged in lexico-
graphic order according to the digits which they contain,
and when this is done it will be found that the sym-
metrizers have the property

(i * B3) * (a; % 8;)=0, (7

where the subscripts distinguish the symmetrizers
belonging to different tableaux. With this it is found
that one has a set of idempotents such as one obtains
in the first stages of the proof of Wedderburn’s structure
theorem.!? The introduction of a new set of idempotents
defined recursively by the equations

f1'=f1:
f'=0—=f) * fo,
f3'= (A=f'=f) * fs

[=Q=fl~fi' = —foi) % fp,

1 See, e.g., H. Boerner, Darstellungen von Gruppen (Springer-
Verlag, Berlin, Germany, 1955), Chap. IV.

12 See, e.g., H. Boerner, Darstellungen von Gruppen (Springer-
Verlag, Berlin, Germany, 1955), Chap. IV, Satz 42, p. 61.

>,
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where fi=A(a: * ), finally yields a set of idempotents
which serve as the diagonal matrix elements of an
irreducible representation of S.. By the use of Eq. (5),
this expression may be reduced further, and yields

f'=(01= 2 b(0i)dois

0<i<s

+ X

0<j<i<s

b(a,v,-)b(a,-s)éaj,s-{— . ) * (g % 6;, (9)

where o5 is the permutation which changes the tableau
T; into the tableau T; and b(s:;) vanishes unless
0:7¢R;C;. In this case we may factor ¢;; uniquely into
a product o;;=c40; such that ¢.eC;, orjeR;; and
then we may set &(o;;) =8(ci).

If we define
we=(1— 2 b(07s)d0is
0<i<s
+ X b(0i)b(0is)dejst- ), (10)
0< j<i<s
we may set
fslzws*as*ﬂn (11)
=a, * B, (12)

thereby defining «,’. Calculation shows that the general
matrix elements of this representation, which is called
Young’s “natural” representation, are

f,'j=)\a¢' * 60’,']' * ﬂj. (13)

IRREDUCIBLE REPRESENTATIONS OF
THE SYMMETRIC GROUPS

Once one is in possession of these results, he may
proceed to make certain remarks about the irreducible
representations of the symmetric groups. First of all,
although the idempotents of the symmetric group are
given by the formula (2) with the diagonal matrix
elements defined by Eq. (9), nevertheless the Young
idempotents Aa; * §; project onto the correct subspaces,
albeit along the wrong subspaces. In this sense, they
are ‘‘almost” the projection operators conceived in
group representation theory.

Also, since

Ooij* i % B % boji=a; % 3, (14)
if we have
X={ ZG (@i ) (a)D(a)} X, (15)
then
Do) X=H{ ZC; (80ji # i % Bi x 80i5) (@) D(a)}D(0;1) X
(16)

={ Z{; () * 8;)(a)D(a)} D(v;) X,

and consequently we see that D(o;;) plays the role of a
transition operator, even though ds;; is not an off-diag-
onal matrix element. Just as the idempotents Aa; * 8;



SYMMETRY-ADAPTED FUNCTIONS

project along the wrong subspaces, so the elements 8¢,
are not nilpotent, but nevertheless cause the correct
transitions between certain pairs of states. Other
transitions will of course be described incorrectly.

The “transition operators” 8.;; may be used to
simplify formula (9), by selecting a certain one of the
standard tableaux, say T, and referring all other idem-
potents to it. Thus we have

Jfs=00q1 % 1 % B1 * Oo1s, @7)
or, using the correct diagonal matrix elements,
ff=(01= 2 b(oi)denr

0<i<e
+ Z b(aji)b(o'is)aﬂjl'l" ‘ ) * () % 61 * 5'713. (18)
0< <i<s

Formula (17) has been used by Specht® and, more
recently, by Trainor,* the latter to great advantage in
certain nuclear problems's where formula (17) proves
to be a simplification over alternative formulas.

By using Burrow’s lemma substantially as a necessary
and sufficient condition for the Young idempotents, we
have obtained a clearer conception of their use in the
theory of the symmetric groups. However, as we have
seen, they lead to Young’s “natural” representation of
these groups, and that is by no means the only possible,
nor even useful, representation. For example, it is not
necessarily unitary, a requirement imposed by many
problems. Yamanouchi!® Thrall,'” and Rutherford®
have all discussed a direct means of obtaining Young’s
“orthogonal” representation (since all the classes of S,
are two-sided, all its irreducible representations are
equivalent to real representations's).

Their discussion is based upon an inductive scheme
wherein one assumes that his irreducible representation,
when restricted to the subgroup S,—: of permutations
leaving the digit » fixed, is reduced according to the

irreducible representations of S,_;. This property is of -

a recursive nature, for it is expected that upon further
restriction of the representation to the subgroups S»s,
Sa-s, *'+, S1, which have, respectively, the digits #,
n—1; n, n—1, n—2; «-+; n, »—1, , 2 fixed, the
representation will also be completely reduced according
to the irreducible representations of these groups. In
other words, one assumes that one deals with a repre-
sentation of S, which is completely reduced over the
chain of subgroups S, D)Sn1Sn-2 " DS

When this assumption is made, in Yamanouchi’s
derivation, one notices that the transposition (n, n—1)
commutes with all the elements of the subgroup Sz,

1B W. Specht, Math. Z. 39, 696 (1935); 42, 774 (1937)

41, E. H. Trainor, Can. ] Phys. 35, 555 (1

L. E H. Tramor, Phys. Rev. 85, 962 (1952), 95 801 (1934).

16 Takehito Yamanouchi, Proc. Phys Math. Soc. ]apan 3) 19,
436 (1937).

17 R. M. Thrall, Duke Math. J. 8, 611 (1941).

18 G. Frobenius and I. Schur, Sitzber. preuss. Akad. Wiss.
Physik. math. K1. 1906, 186. o
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and therefore that Schur’s lemma may be invoked to
deduce D(n, n—1). This is an inductive scheme, wherein
D(n—1,r—2), D(n—2,n—3), - -+ may be determined,
and thus the whole representation is determined (in
principle) from the knowledge that the set of trans-
positions {(k, k—1)} generates S,. In practice this set
of generators is rather awkward.

APPLICATIONS OF THE SYMMETRICAL GROUPS

In any discussion of the properties of the represen-
tations of a group it is worthwhile to consider the
applications to which these representations will be put,
for they will have a bearing upon the form which it is
desirable for the representation to take. In physics
there are two principal applications of the general sym-
metric groups S., both quite distinct. One is a con-
sequence of the Pauli exclusion principle, which requires
the wave functions of an #-particle system to belong
either to the representation a or to the representation
B of the group S. of permutations among the » par-
ticles. The other application is to the classification of
the resultant angular momentum states arising from the
coupling of a number of angular momenta. This latter
application is important in the shell model theories of
both atomic and nuclear spectroscopy and is no less
consequential in other instances.

The importance of the symmetric groups in the
theory of angular momentum is founded upon a certain
relationship between representations of the full linear
groups and the symmetric groups. If one takes the
primitive representation of the full linear group of
degree n, GL(n) (by which is meant its own faithful
representation as the set of all nonsingular nXn
matrices), and forms its kth Kronecker power,

D(e)®D(a)® - - - ®@D(a),

he obtains a reducible representation T'; of the full
linear group, acting upon a certain’ vector space
VXVX---XV. The permutations which exchange the
factors in this tensor power leave the Kronecker product
unchanged, and thus induce a set of linear transforma-
tions in VXVX---XV which commute with the
matrices of I'x. On the other hand they form a repre-
sentation II of the symmetric group .S It may be
shown® that the linear combinations of these matrices,
which comprise ((IT)), are the only matrices commuting
with Tk, and thus with ((I's)). This mutual relation
between ((II)) and ((T'x)), that they are one another’s
commuting algebras, is responsible for the use of the
symmetric group in classifying angular momentum
states.

The fact that ((II)) and ((T'x)) are one another’s
commuting algebras means that I'; and II may be
brought simultaneously to the form appearing in Fig. 3.
We have supposed in reducing I'x that the irreducible
representations IV of GL(#) may occur with a multi-

1 Richard Brauer, Ann. Math. 38, 857 (1937).
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F16. 3. Ty and II.

plicity #(2) and that I" has been so reduced that these
equivalent representations are equal and occupy con-
tiguous positions along the diagonal. Then, by Schur’s
lemma, II consists of matrices having zero matrix
elements connectmg different representations I, and
multlples of the unit matrix connecting the equal repre-
sentations. Thus IT is also reduced, and certain irre-

ducible representations of the symmetric group S, will |

appear along its diagonal.
A projection operator belonging to a row of I'* will

have the form of v,,¢, shown in Fig. 4(a), since this row

N | N
N N

(a) (b)

Yho The

% See George W. Pratt, Jr., Phys. Rev. 92, 278 (1953).
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occurs with a certain multiplicity in T'x. A projection
operator belonging to a row of II7 (the jth irreducible
representation of Si), on the other hand, has the form
of Fig. 4(b), since the submatrices entering into II are
multiples of the unit matrix. These projection operators
commute with one another, and their product, Fig.
4(c), projects onto a single state. Thus we see that for
a unique classification of states we require projections
belonging both to II and T's.

This theory remains valid when the full linear group
GL(n) is replaced by its unitary subgroup U(z) of the
same degree, or even by the unitary unimodular sub-
group SU (n). When a representation of the full linear
group is restricted to the unitary unimodular subgroup,
it remains irreducible, although some distinct repre-
sentations of GL(») may become equivalent. An im-
portant special case is that of the spin } representations
of the ordinary three-dimensional rotation group. They
comprise the 2X2 unitary unimodular group SU(2),
and the theory which we have just outlined is applicable.

Let us consider, as an example, the coupling of six
spin 3 particles in such a fashion that their total spin
and the z component of the total spin are constants of
the motion. Then, by making use of the well known
“branching rule” for angular momentum, which states
that

Di®Di=D*i@Fiti—i@... @Dl

where D7 is a representation of dimension 2j+1 of the
rotation group, one can form the diagram? shown in
Fig. 5, which displays the possible angular momentum
states as one particle at a time is added to the system
until a total of 6 is reached. Starting with spin § for a
single particle we see that we may have s=%}+4% or
s=%—1 for the combination of two particles, yielding
an s state or a p state. At each stage we may add or
subtract spin % from the previously existing state
(except to subtract from the s=0 state), and thus we
draw as many lines leading up from a point as led to it
altogether, and likewise as many leading down, except
from s=0. For six particles we have a single f state, a

Fi16. 4. Projection operators
of I'y and TI.

(0

Yhp Tha
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fivefold degenerate d state, a ninefold degenerate p
state, and finally five singlet states.

The reduced form of ® 8D*is shown in Fig. 6, together
with an indication of the irreducible representation of S¢
which forms the commuting algebra of each degenerate
set.

Wigner has shown? that not all the irreducible repre-
sentations of Si appear in the reduction of II, and in
fact only those occur which belong to Young tableaux
having not more than two rows. If the rows have
lengths u and », respectively, where u+»=%, then the
representation whose tableau is (u,») generates the
commuting algebra of the representation D}®—* of
dimension (u—»4-1) of the rotation group.

Lowdin? has obtained a formula which yields pro-
jections, onto the states with m;=/, of the product
basis functions for a general Kronecker product @ »D?
of the spin } representations. It is a remarkable fact
that these projections coincide with the result of pro-

3

5&‘

2 5 DEGEN -

ERACY

S 3,

2 OF

i 9 STATES

1/2

Q 5

| 2 3 4 5 6
NUMBER OF PARTICLES

F16. 5. Possible angular momentum states.

jection by the operator a * 8 belonging to the tableau
T, of Fig. 7, as is readily seen by comparing his formula

2l+1 » w\ "t
Outiur)=—— % (=1 (P) o267 T8 ”](19)

with a % 8¢1(g,»). By Oy he means the projection oper-
ator onto the state of total angular momentum /, with
the azimuthal quantum number m; equal to . #:(u,»)
is one of the product wave functions composed by ua’s
(spin up) and »8’s (spin down) arranged in lexicographic
order. The square bracket expression [a*~#87] indicates
an average over all the distinct permutations of a’s and
@’s in the first u coordinates, [a?8"~*] a similar average
over the last v coordinates.
To calculate a * B (u,») we note first that

F1(u,p) = (ac- - -afp- - -B),

2 Eugene Wigner, footnote reference 1, Sec. XIII.
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F16. 6. @5 D? reduced.

with we’s and ¥8’s, and that 8d4(u,») is a sum

B (uy) = (aa- -~ |88 ) — (Ba- -+ [~ - *)
—(aB---1Ba--)---+(BB o)+

writing a vertical bar to separate the first x4 from the

last » coordinates. There are terms in which pa’s

have been replaced by 8’s, and each has the sign (—1)7.
When « is applied to this expression, we observe that
if one computes the average over all permutations of an
expression ¢ containing £a’s and 98’s, then

ad=Enl[4],

since on the right-hand side one sums over distinct
permutations only (or over permutation-values rather
than permutations, as it were). Bearing this in mind,
and observing that [9] depends only upon the number
of B’s that ¢ contains and not upon their order, we find
that

wx B01(u) =5, <—1)v(?) (u=1)'p!
X [a—2671p! (v~ p) e8]

=u!v!z§(—l)”(:)_l

X[a#=87 JLar7],

L L [f«]

el | e | SQuw)

(20)

1] 2

Fi1G. 7. Standard tableau.
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AN
()

aafpB

() (b)
aBaf afBae

Fic. 8. Path diagrams.

which, except for a numerical factor, is precisely
Lowdin’s result.

CONCLUSION

This result is of great practical importance, for the
angular momentum projection operator is a constant
of the motion and therefore commutes with the Hamil-
tonian. The symmetry projection operators belonging
to the symmetric group are in general nof constants of
the motion and do not commute with the Hamiltonian.
Thus, by this result, one may use the transition oper-
ators of the symmetric group to obtain a complete and
nonredundant set of projections, while still being able
to write them as angular momentum projections and
thus being able to use an operator which commutes with
the Hamiltonian.

In fact, the pseudotransition operators D(e;;) may
be used to generate a complete set of symmetry adapted
functions. In the present case we would use ¢;;, which
is the permutation changing the standard tableau T
(Fig. 7) into the standard tableau T;. Lowdin has
described a diagram by means of which one may display
the product wave functions &;(u,») = (aa: - -8 - -a- - -8).
One starts at the origin of a Cartesian plane, and draws
a unit segment, inclined at an angle of 45° from the
origin. If the first coordinate &, is «, the segment
inclines upward to the right; if £=4, it inclines down-
ward to the right. If £&,=q, another segment continues
upward; downward if £&=p8; and so on. The diagrams
in Fig. 8 illustrate afaB, affa, and aaBB.

Now, there is another means of describing a Young
tableau; namely, by a Yamanouchi symbol? A
‘Yamanouchi symbol is a sequence of digits (x1,%2° - - %),
and each digit xx is simply the number of the row in
which £ sits in the tableau. Thus the tableau shown in
Fig. 9 has the Yamanouchi symbol (2132111). If a
permutation is carried out on the tableau T, the same
permutation 7 is to be carried out on the Yamanouchi
symbol V. That is, x; becomes % ).

The Yamanouchi symbols belonging to standard
tableaux are characterized by the fact that, reading
from left to right, the digit ¢ cannot occur more often
than f~1, which in turn cannot occur more often then
t—2, and so on. Several Young tableaux may have the
same Yamanouchi symbol, but exactly one standard

22 See H. A, Jahn, Proc. Roy. Soc. (London) A205, 192 (1951).
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F1G. 9. Young tableau.

tableau corresponds to a given symbol. Specifically, in
filling the shape with the digits 1, 2, ---, #, in their
natural order, we always use the leftmost empty box
in any row to contain the new digit. This ensures that
the digits increase in order across a row, while the fact
that the previous rows must be filled at least as far
out as the box under consideration means that only
smaller digits can occur above any number in a given
column.

There is, in the spin % case, where the Young tableaux
have at most two rows, a one-to-one correspondence
between the product wave functions #;(u,») and the
Yamanouchi symbols belonging to the shape (u,»),
namely, one identifies  with 1, 8 with 2. If one applies
o1 to ¥1(u,v), he obtains the new function &;(u,»);
meanwhile ¥; becomes ¥; and T; becomes T';, and
these transformations are all consistent, so that &;(u,»)
corresponds to ¥, etc. If T'; is a standard tableau, this
means that, in reading &;(u,v) from left to right, more
o’s must have occurred at any stage than 3’s, and hence
that the diagram for ¢#;(u,») must lie entirely above the
x axis. Conversely, for any line which does lie entirely
above the axis there is a standard tableau and hence a
permutation o, generating it, so that such a path must
correspond to a basis function. Thus a class of functions
whose projections are linearly independent and non-
redundant is composed of just those functions whose
path diagrams lie entirely above the x axis.

To summarize the discussion, we have seen how it is
possible to factor the projection operators belonging to
the symmetric groups, and to give a necessary and
sufficient condition for this factorization. We have
indicated the fact that alternative forms of the repre-
sentations are useful in certain problems, and finally we
have demonstrated the equivalence of Lowdin’s path-
diagram method to the formal group-theoretical treat-
ment of the angular momentum states formed from a
collection of spin £ particles.
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The inverse of the overlap matrix of a cyclic system has been computed in three different ways, each
of which throws light on a different aspect of the subject and has its own range of applicability to related
problems. In all these derivations extensive use has been made of the properties of the Chebyshev poly-
nomials. The results hold for every cyclic symmetric matrix.

INTRODUCTION

N our work on the quantum mechanics of the infinite
linear chain with the Born-von Karmdan periodicity
condition,! we encounter the problem how to obtain the
inverse and the inverse half power of a cyclic symmetric
matrix. Such a matrix arises if one takes into account
the nonorthogonality of the atomic orbitals concerned.
The importance of including overlap has already been
emphasized in earlier work,? thus the solution of this
problem is of a more general interest, justifying a
separate publication.

In the following we shall give three alternative
methods to obtain the inverse, each of which throws
light on a different aspect of the subject and has its own
range of applicability to related problems. Thus, as we
shall show, the last method to be discussed can easily
be extended to yield the inverse hali-power of the
relevant matrix.

I. GENERAL PROBLEM

If we consider #» identical atoms arranged sym-
metrically on the periphery of a circle, the corresponding
overlap matrix can be written in the following form:

A= (1,51,52, . ',Sz,S1)cyclic, (1)

where .S; 1s the overlap integral between the rth and
the (r4i)th atomic orbitals (S..:=S:). The special
case #=06 (benzene) has already been treated? in detail
and the following results, equally valid for the general
case, were obtained:

(a) The matrix can be transformed to diagonal form

* Supported in part by the King Gustaf VI Adolf’s 70-Years
Fund for Swedish Culture, Knut and Alice Wallenberg’s Founda-
tion, The Swedish Natural Science Research Council, and in part
by the Aeronautical Research Laboratory, Wright Air Develop-
ment Division of the Air Research and Development Command,
U. 8. Air Force, through its European Office, under a contract
with Uppsala University.

1 On leave from the Chemistry Department, Technion-Israel
Institute of Technology, Haifa, Israel.

1 This work was performed under a fellowship grant from the
John Simon Guggenheim Foundation. Permanent adress: Chemis-
try Department, University of Colorado, Boulder, Colorado.

1R, Pauncz, J. de Heer, and P. O. Léwdin (to be published).

2P, O. Lowdin, J. Chem. Phys. 18, 365 (1950); 19, 1579 (1951).

3 P. O. Lowdin, J. Chem. Phys. 21, 496 (1953).

by the unitary matrix
Ujj=n"%exp(2riji/n) j,1=0,1,---,n—1. (2)
(b) The eigenvalues are given by

n—1

dy= 2. Sy exp(2mipl/n). )

(c) The elements of the matrix corresponding to any
function of A are the following:

n—1

1
[F (A)]/ﬂ':; EO F(d) exp[2mi(u—n)l/n]. (4

In the case of the inverse, we wish to avoid the evalu-
ation of these sums, and rather give an explicit expres-
sion for its elements. We shall first treat the case when
only Sy is retained and the other .S; are put equal to
zero, and afterwards return to the general problem.

II. RESTRICTION TO NEAREST-NEIGHBOR
OVERLAP

In this case A can be written as
A=1+5M,, (5)

where M, is the topological matrix discussed extensively
by Ruedenberg.4

1 if p and ¢ are neighbors
M 1,p0= . (6>
0 otherwise.

The eigenvalues of A lie within the range

1—2S1<d1<1+2S1 fOI' n=2y, (73)

and
1—25; cosw/ (2v+1)<di< 1428 forn=2v+1. (7b)

The overlap matrix corresponding to any set of linearly
independent orbitals can never have a zero or negative
eigenvalue. Thus S; must be smaller than 0.5¢ (note
that for =2» and 5;=0.5, the inverse does not exist
at all). We shall therefore restrict our treatment to

¢+ K. Ruedenberg, J. Chem. Phys. (to be published); the authors
are indebted to Dr. Ruedenberg for making preprints available
to them.
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this case. Physically, the breakdown for $,>0.5 is
understandable since with such high overlap it becomes
utterly inconsistent to neglect all but nearest-neighbor
interactions.

A. Direct Method
Divide A by S, and introduce the notation
N(@)= (8,100, -,0, Deyetis
with a=1/S;. Then
A1=gN(a),

where ¢>2. The determinant and the cofactors of N(a)
can be related to a special type of determinant, “con-
tinuant” °:

a 1
1 a 1

Pk(a)=

- They fulfill the recursion relations
Pr=aPp1— Pis, )

with Py=¢ and P,=a?—1. These determinants have
been frequently used in connection with the simple
MO-LCAOQO treatment of linear polyene chains, and it
is well known that the Chebyshev polynomials of the
second kind fulfill the same relations (9):

8k (x) = xsk_1—81,_2, (10)

with =2 cosd, $o=1, and $;=x. Since in our case
a>2, we must use an imaginary argument, hence put
9=if, or a=2coshf (see Appendix). The P.(a) are
then given by :

Pi(a)=sinh[ (k+1)£]/sinh&=S8;(a).

By the Cauchy expansion of the determinant |N(a)|
according to its first row and column, we easily obtain

INu(a)| =Nn(@)=Pa—Pay—2(—1)"

=2[coshni— (—1)»]. (11)

Since both N and N are cyclic and symmetric, it is
sufficient to evaluate the cofactors pertaining to the
elements of the first row of N. On denoting by N the
determinant with the ith row and the kth column
stricken out, we have

Noo=P._i(¢)=sinh(ng)/sinhg,

Noy=(—D*[Pr1yt (—1)"Pps]
= (—1)#[sinh(n—u)¢+ (—1)” sinhut]/sinh¢. (12b)

) 6;3566, e.g., T. H. Goodwin and V. Vand, J. Chem. Soc. 1955,

(12a)
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By combining (12a) and (12b) with (11), we obtain
the expression for the element of the inverse:

sinh(n—u)é+ (—1)" sinhug
2 sinh#[coshné— (—1)*]

[N=*(a) Jwo= (= 1)* , (13)

where u<7n/2. The use of the cyclic and symmetric
properties of the matrix yields all the remaining ele-
ments.

By a simple manipulation we can write the foregoing
result in the following form:

—1)#

sinh&

[N-(a)Juo= 2( [ coshué—sinhpé

[ sinhné

—_— 1] coshuf I (14)
coshng— (—1)»

If » becomes large and u<<n/2, the preceding expression
yields the following asymptotic formula:

[N7(a) Juo=2(—1)*(¢e*¢/2 sinh). (15)

Hence

A, o>~ (—1)* cothge ¢, (16)
with S1=1/2 coshg. This is a very simple expression,
which shows that the elements of the inverse in the
first column (row) decrease very rapidly. The asymp-
totic formula becomes worse as u approaches n/2; for
p=n/2 the exact expression is twice as great as the
asymptotic one. Owing to the rapid decrease of the
elements with increasing u, the absolute error becomes
practically negligible.

B. Chebyshev Polynomials of the
Topological Matrix

In the second derivation, we shall use the Chebyshev

polynomials of the first kind €, defined as
Crp1=2C,—Cpo1, Co=2 and C;=x. 17)

Next let us introduce the following matrices which are
cyclic of order #:

(m);=(0,1,0,---0), (m),=(0,0,1,---0), (18)
hence with the general elements:
[myJir=0kp.1. (19)
Then we can easily prove that
m,m,=my,,. (20)
Since mo and m, are unit matrices, we also have
mym, ,=1, (21)
m ,=m, ,=m,;. (22)
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On the other hand
m,_,=m,l,
so that the m are unitary matrices.®
Finally we define
M,=m,+m_,, M,=M,;=2l. (23)

M, is the topological matrix, M, the analogous matrix
for next-nearest interaction, and so on. We now have
the following relations between the M and m:

M,=2m,, if n=2y, (24)
M M,= Mp+q+Mp—qa (25)
M, ,=M_,=m_,+m,=M,. (26)

The M, are cyclic and symmetric matrices; they all
commute and can be brought to diagonal form by the
same unitary transformation.

We can easily see that

Mp=€p(M1): (27)

since this relation holds for p=0 and 1 and the M,
satisfy the same recursion formula as the €,:

Mo=21=Co(M;), M,=¢;(M,),
Mp+1= MlMp—Mp_l.

By using this result, we can obtain a number of
characteristic equations, the first of which reads, for
example,

Mn—1=(9n—1(M1)=M1, (28)
or

en_1(M1)—M1=0,

which is an equation of degree (rn—1). The equation
of the lowest degree which is not trivial reads

M,+1=M,._1 or (9,.;.1(M1)“(‘3v—1(M1)=0

for n=2», (29)
Mp+1= My or (‘Zy+1(M1)—(‘3,,(M1)=0
for n=2»+1. (30)
Introduce F,(x) defined by
F(2)=Cr(x)—C,a(x); (31)
then we have the identity
Ff(x)_Fr(a') r
EE— (32)

= Z €:.Cx (a) Cri (x) »
x—a k=0

with e=¢,=3 all other ¢,=1. The identity is easily

verified if we multiply both sides by (x—a) and use -

the recursion formulas

2Crse (%) = Cry1 (%) +Crorr (),
aC(a)=Cpri1(a)+Cr-1(a).

5m,} denotes the transpose of m,.

CYCLIC SYSTEMS

463

We must now discuss separately the case of even
and odd 7.

(a) n=2v

By using the definition (31), the characteristic
equation (29) can be written

F,(M,)=0. (33)
By adding and subtracting F,(—a) and dividing by
[M,—(—a)7], we have the following equation for the
inverse:

1 F,M)—F,(—a)

M1 1=
e = o M-t
i v
= — Z ekek(-a)ey—k(Ml)-
F,(—a) x=0

But Ci(—a)=(—1)*Ci(a) and F,(—a)=(—1)"'F,(a);
hence the final result reads

[Mitalli=—— 3 eu(—1)—*Ci(@)M,.,
,,(a,) k=0
1 v
= Z ek(—l)ke,,.k(a)Mk. (34)
Fy(a) ko
®) n=2v+1
Now two characteristic equations will be used:
M"+1=Ml'7 e"—}-l(Ml)_ev(Ml)zoi (35)
M, ..=M,,, e, ,..Mp—e, (M)=0.

The addition of the two equations yields, using (31),
Frpa(My)+F,(My)=0. (36)

It is convenient to introduce the shorthand notations

G,=F..+F, G,=F,.—F, @37
D,=Cp1+C,, D,=C,11—C,, (38)

so that (35) and (36) read
G,M)=0 D,My=0. (39)

Then, using (32), the following identity can be estab-
lished:

G, (x)—Gy(a)

Xx—a

=1[C(a)D, (x)+ D, (a)Co(x)]

v—1

+ 2 Di(a)Ci(®).

k=0

(40)

In order to get the expression for the inverse, we proceed
in the same way as in the case of an even number of
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atoms:

G,(M)—G.(—
Mopapre_ L GO=G(0)

G.(—a) M;—(—0a)l

1
= eo(— o). (M,
G e aB.A)

+9,(—a)Co(My)]

v—1

+,§0 De(—a)e,(My)}. (41)

From (37) and (38) we.obtain
G(—a)=(—1)G\(a),

Di(—a)= (—1)*D;(a); (42)
hence we obtain finally
1 v
Mi+-al [ '=——[D,(a)14+ > (—1)*D,_M,]. (43)
Gv(a) k=1

In order to compare the results obtained in Sec. IT.A
and I1.B we write Eq. (13) in the form

N(a)'=[Mi+al ]
Sn-1-1(a)+ (—1)"8 (a)M

ky (44)
Sp(a)—8,2(a)—2(—1)

= i (= Dy
k=0

where for n=2v we must take no=%,=%, ie., the 5
are identical with the ¢ introduced in Eq. (32);
however, for n=2v41, it is implied that ny=1% and all
other n,=1. We can easily see that Eq. (44) is indeed
obtained if we multiply numerator and denominator
in (34) by 8,_1(a) (for n=2»), and those in (43) by
8,(a)—8,-1(a) (n=2v+1). In both cases we also have
to use the relation

81C= 81yt 81—t (45)

C. Power Series Method

The third derivation gives at once the asymptotic
formula in a very useful form. This method can easily
be modified to yield other powers of A, for example A%,

Let us take a power series expansion of an analytic
function

@)= aut;
k=0

the series is convergent if |z]| <p.
Put z=7¢** and x=2 cosd,

g=r{(x/2)+i[1— («*/4)}};
then

gh=rre®=rH{3C; (x) +i[1— (/4) P81 ()},  (46)
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and

F)=1 é @y (x)+i[1— (x2/4):|*§: S ().

(47)
Hence we obtain two very useful relationships:
o x 22\ }
> aur*Cr(x)=2 Re f‘f{ —+i(1—-—) ]l, (48a)
k=0 2 4

é a7 () = (1/7[1— (22/4)]1)

ol 3| oo

where 7<p, |x| <2. We shall use the following power
series expansion:

f@=1/A42)=1—z+22— -+, ap=(—1), p=1.
The real and imaginary parts are easily found:
1 14r(/2) [1—(a2/4)]}
14z 14retr  Adrobrt
Hence
o 24rx (1= /r
2 (= Dkrer(x) = =14 , (49a)
k=0 14+rx+? LA+ /r ]+«
and
3 (= 1)krt8u ()= — 1/ (14rarr?), || <2. (49b)

k=0

In order to relate Eq. (49a) to the present problem, put
(14 /r=a=1/S4;

r=(a/2)£[(¢/4)—1]=[1% (145} ]/25:

The conditions S1<% and |r| <1 allow only the minus
sign. By a simple manipulation we can see that

(1—r)/r=(1—45»%S..
Inserting (50) into Eq. (49a) we have

(50)

1. S1

e e re@—--] (51
e (masp o OTTEOT L 6D
Hence
S |
[M1+dl]‘1=—(1—45'1—2)%(1—7M1+72M2‘— .. ')
=2 oM, (52)
k=0
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where

r=[1—-(1-45)1]/285:=25/[1+(1-45P)],

[r] <1, S1<%. (53)

For large » it is sufficient to consider only the first
n/2 terms in the expansion, which yields immediately
the asymptotic form for the coefficient of My as

cr=m(—1)*

1
(1—4S2)}

with no=% all other 5,=1. We must note, however,
that this formula becomes worse as & approaches »/2.

Next we use the present method in order to derive
the exact coefficients. By taking into account the
property of the M, that

Mk= Ménnk:: Mln-}-ic,

(2Sy/[1+(1—4SHx,  (54)

(55)

where » is the order of the overlap matrix, we can
convert the infinite sum (52) into a finite one:

Z CkMk—'Z b M.

k=0

(36)

On the basis of (55) we obtain the following relations
between the ¢ and b;:

bi=crtCnitCnpitconst---, k#0, (57)
and
bo=cotcatcant -, (58a)
while for even #(=2y) only
by=cw+63v+55v+ Tt (SSb)

Again we have to discuss the cases of even and odd »
separately.

{a) n=2v
From Egs. (52), (57), and (58), we obtain
A
bO (1 n+,2n+. . )
(1—4852)}
S1 1 1
- (=) ®
(1—4S2)3\1—p* 2
S (=ry
e (60)
(1—4512)} 1—rn
={— km k n+k n
=D (1— 4512)5[} Pt
| Frt (g - )]
S1 .rk_,}_’.n—k
=(—1)k (61)

(1—4SHt 1—pn
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() n=2v+1
On the basis of (57) and (58), we have

bym (i)
__rn Roe v o s
T (1—4S2) 4
S1 1 1
_ ( ~), (62)
(1—4S)N\ 1+ 2
b= (— 1)k_.,._....51__£rk__ (1—pofptn—...)
(1—-452?%
X (fn+k+f“_k)]
Y yk—gyn—k
=(—1)* (63)

(1-4SHF 14

In order to compare the results of the present section
with those obtained by the direct method, we put
r=¢~% Then by virtue of Eq. (53) we readily establish
that

2 coshf=r-+rt
25 25
1+ (1—452)} 1—(1—4S2F S,

(64)

in accordance with the earlier definition. Obviously
S 1
(1—4512)%

1
=-—sinh&. (65)
{a?—4)} 2
Turning our attention first to the asymptotic formula
(54), it can now be transformed to the following form:

cx=1me(—1)*(e7**/2 sinh), (66)

which clearly shows its equivalence with (15). Next it
is easy to show that the results expressed in Egs.
(59)~(63) are equivalent to that contained in Eq. (13)
if we multiply numerator and denominator of the former

by [1— (=]

1. INVERSE OF A =14S:M;+S;M,

On returning to the general A of Eq. (1), we can
obtain an explicit expression for its inverse using the
results obtained for the restricted case of nearest
neighbors only. For Eq. (27) shows that any M; can
always be written as a polynomial in M; of degree .
Hence we can easily carry out the following factoriza-
tion:

A= }: ékSkMk—COHStXH(akl“I"Ml),

F=={)

(67)
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where in general the g, (no longer equal to .5;™) are
complex numbers. We can easily generalize the deri-
vations given in Sec. ILA to the case when a is complex,
and the form of the elements of the inverse remains
unaltered. The only difference is that now the argument
is a complex number (see Appendix). The factors
(ax]14+M;) commute, so that the inverse of A is found
by multiplying together the inverses of the individual
factors.
We shall illustrate the method in the case of

A= 1+51M1+S2M2, (68)

for a system with an even number of atoms, n(=2»).
This matrix can be written in the factorized form

A= 1+51M1+Sz (M]_Z*' 21)
=S2(a11+M1) (021+M2), (69)
with
A1q2= (1'—252)/52 and 0,1+(12=SI/SQ. (70)
As mentioned previously, a, and @, are usually con-

jugate complex numbers:
(7))

a1=a,*=2 cosn=2(cos# coshv—1 sinu sinhv),

where % and v are real. They can be determined on the
basis of Egs. (70) and (71):

cosu= ” )*[(1+251+252)5—- (1—28:1425)1],
2

(72)

coshr=

26 )*[(1+251+252)*+(1—2sl+252)a],
2, .

On multiplying together the inverses of the individual
factors and performing the relevant summations, we
obtain the following result:

[14-S:M,+S:M; Jox™
= {(—1)*/8S:(cosh?— cos*u) (cosh?vv— cos?vu)}
X {cotu[ sinku cosh (2v—k)v
+sin(2v— k)u coshkv ]+ cothy[sinhko

X cos(2y—k)u+sinh (2v—k)v cosku]}. (73)

The same method can be used if we wish to take into
account third, fourth, and so on, neighbor interactions,
but in view of the exponential decrease of the overlap
integral with distance, it is hardly worthwhile to include
many more terms.

IV. INVERSE HALF-POWER OF A =1+S,M;

In the discussion of a number of physical problems
the inverse half-power of the overlap matrix plays an
important part.?

Since A is a cyclic and symmetric matrix, A—* must
also have those properties. Thus it can be written in
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the following form:

A_%=Z viM;. (74)
k=0

The jth eigenvalue can be given in two alternative
ways: )

d;i*=1/(1+25; cosja)t=3 v;2 coskja, (75)
k=0

with a= (27)/n. We determine the v, in expanding the
lhs in terms of coslja and comparing the coefficients
with those occuring in the rhs. For this expansion we
use the following relation”:

1 w
\—E(coshf-l-cosja)_*:A o+2-(—1)!4:2 coslja  (76)
1
with

e~ HED(+3)
I rE

an

F(}, 1+4; 141, %),

where F is the hypergeometric series and 1/Si=a
=2 cosh¢ as before.
The result can be rewritten in the form

(1+2S; cosjay~t=>_ 25, coslja=3_ v2 coskja, (78)
1=0 k=0

with 8o=(51)#40/2 and 6;= (—*1)IA1(S1)}.

The relation between the 8; and the v; can be estab-
lished in the same way as in Sec. IL.C, taking into
account the fact that

cos (rn=l) jo= coslja. (79)

In spite of the fact that we cannot give such a simple
expression as in the case of the inverse, the use of
(74)-(78) is rather more advantageous than that of the
formulas given in the earlier derivation.? The coef-
ficients given in the present series expansion can be
computed easily since it converges very fast for S<3%,
and the so computed A; themselves decrease very
rapidly with increasing /. So for greater » there is even
no need to use the periodicity relations (79); the cor-
rections from the higher periods are completely neg-
ligible. For the sake of illustration we give the first
few A,'s for S=1:

I 0 1 2 3 4 5
Ay 105465 0.28522 0.02848 0.01286 0.00151 0.00073
6 7 8

A;: 0.00009 0.00004 0.00000;.

7W. Magnus and F. Oberhittinger, Formeln und Sitze fiir die
speziellen Funktionen der matematischen Physik (Springer Verlag,
Berlin, 1948), p. 214.
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APPENDIX

In this Appendix we shall show that Chebyshev
polynomials defined in terms of a complex argument
satisfy the same basic equations as those commonly
defined in terms of a real argument.

Let
z=2cosn with n=wu-tiv (A1)
and put
Cn(2)=2 cosnn, (A2)
8+(2) =sin[ (n+1)n]/sinn. (A3)
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As the relations

(A4)
(AS)
still hold for the complex argument, it is seen that C,(z)
and $,(z) fulfill the same recurrence relations as given

in Egs. (10) and (17) for real argument.
In particular, if n=:¢, x=2 cosh¢ and

Cn(x)=2 coshng,
8, (x)=sinh{ (n+1)&]/sinh¢.

sin(z+41)n4sin(n—1)y=2 cosn sinny,
cos(n—+1)n+cos(n—1)n=2 cosn cosny,

(A6)
(A7)
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A direct method of quantization, applicable to a given nonlinear hyperbolic partial differential equation,
is indicated. From such classical equations alone, without a given Lagrangian or Hamiltonian, or a priors
linear reference system such as a bare or incoming field, a quantized field is constructed, satisfying the
conventional commutation relations. While mathematically quite heuristic in part, local products of
quantized fields do not intervene, and there are grounds for the belief that the formulation is free from

nontrivial divergences.

1. INTRODUCTION

YHERE has been interest recently in the develop-
ment of purely nonlinear quantum field theories,
i.e., theories which are formulated without the use of
such physically somewhat dubious and mathematically
linear notions as those of a “free” field or of an
“elementary” particle! Despite the promise of this
work, the difficulties are such that there has sometimes
been lacking a satisfying demonstration of the internal
consistency of the formal structure on which the theory
is based, or, on occasion, a reasonably clear-cut physical
interpretation of the formalism. The purpose of the
present work is to indicate a method of quantization
that seems on the whole somewhat less subject to these
defects. The main result is a new framework for co-
variant quantum field theory, which appears to be
convergent, although mathematically quite heuristic.
From any of a fairly wide class of given manifolds of
“classical” wave functions, there is constructed an
associated quantum field, as well as a possible means
of determining theoretically vacuum expectation values
of functions of field operators, and aspects of a formal
elementary particle interpretation. In particular, the
work provides some basis for a renewal of the traditional
intuitive belief—which has been strongly tempered by
the persistence of divergences during the past 30 years—
that for any simple covariant coupling of the conven-
tional elementary particles of relativistic quantum
field theory, there should be a corresponding quantum
field theory of their interaction; but at the same time
casts further doubt on the rigorous relevance to such
theories of the notion of elementary and/or physical
(dressed) particle, as well as the possibility of expressing
such a theory in terms of an a priori type of incoming
field.

* Research supported in part by the Air Force OSR, and
fol?ducted in part at the University of Copenhagen while an NSF
ellow.

T Present address: Massachusetts Institute of Technology,
Cambridge, Massachusetts.

1See notably W. Heisenberg, Revs. Modern Phys. 29, 269
(1957), and S. Deser, sbid. 29, 417 (1950) (and other articles, in
addition to the last-named, reporting the Chapel Hill Conference
on Gravitation); and especially articles by Heisenberg and
Yukawa, Proc. Internatl. Conf. High-Energy Nuclear Phys.,
Geneva, 1958.

Besides the perturbation-theoretic divergences of
quantum field theory, and its use of an @ priors linear
reference space, there is another feature that is rather
unsatisfactory from a foundational viewpoint. This is
the dependence of the theory on a notion, the product
of local fields [e.g., ¢(x)y(x¥(x)* in conventional
notation] which seems inevitably remote from any
physical measurement. As is clear from a line of work
originating with the well-known classical paper of
Bohr and Rosenfeld, a suitably smoothed average
S o(x)f(x)dwx (f=a “test” function, corresponding to
a probe into the field) is the most that one can hope
to measure even in principle. However, no way has
been found to express such a product as ¢ (x)¢ ()¢ (x)*,
or averages of it, in terms of such smoothed averages
of individual fields; and quite apart from the di-
vergences which such products directly lead to, it is
odd that a notion so lacking in direct physical meaning
(as well as in rigorous mathematical significance, so
that it rests purely on traditional formalism and
metaphysics) should play the essential role in the
construction of the field dynamics. The attempt to
bypass this kind of difficulty by a purely axiomatic
approach as in the work of Haag, Kéllén and Wightman,
Lehmann ef al., and some others, has clarified the
logical situation, but on the whole the results are still
rather inconclusive, and certain of the axioms are
rather strong from a physical standpoint. A more
constructive (in the technical sense) line of attack is
given by Segal? the essential presently relevant idea
being the use not of the ¢ (x)y ()¢ (x)* themselves, but
only of integrals of the type H=_fi_p¢ (x)y (x)¢ (x)*dsx,
involving only commuting (and so more amenable)
fields; and the use of these not as operators, but as
generators of motions of the dynamical variables of
the field. That is, roughly speaking, only the [H,X |
need be finite for any field observable X, and not H
itself, which leads to a mathematically quite well-
defined category of objects H materially broader than
the class of self-adjoint operators in a Hilbert space.
Although some definite results in quantum electro-
dynamics, of a rigorous character, can be obtained in

21, E. Segal, Kgl. Danske Videnskab. Selskab Mat.-fys. Medd.
31, No. 12, 1-39 (1959).
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this way (cf. footnote reference 3), this work has the
important limitation that the physical vacuum is not
constructed, and there are very substantial, if relatively
well-understood difficulties in showing that H[=H ()]
has the required properties for the rigorous existence
of the time-ordered (product) integral exp[:/ H (£)dt]
that defines the transformation taking the in- into the
out-field observables. It is hard to believe that a
definitive foundational treatment of a system whose
dynamics are conceptually as simple as those of
quantum electrodynamics, say, must depend on the
resolution of the intricate and special problems that
arise here.

At any rate, it seems reassuring to have a general
scheme for setting up quantum field interactions in
which the singular products of the type ¢(x)¥ ()¢ (x)*
play no role whatever. The formalism involves only
quantities which are in principle capable of being
related to direct physical measurement. It rests
mathematically on the combination of certain simple if
abstract ideas from the theory of differentiable mani-
folds with the intrinsic (representation-independent)
theory of operator systems applied to field theory in,?
and the development of mathematical analysis in
function space. On the other hand, many of the relevant
mathematical developments are presently available
only in highly rudimentary form (e.g., it is not yet
proved that the relevant classical partial differential
equations have any nontrivial solutions—even of a
generalized character—in the large), and we merely
assume their eventual existence on the basis of plausi-
bility considerations. Also, the particle interpretation
of the present scheme refers in the first instance
essentially to the “primary” particles, and it seems
doubtful whether a precise “empirical” particle inter-
pretation will exist with any generality, in view of the
applicability of the scheme to both renormalizable and
nonrenormalizable field equations, and to fields involv-
ing bound states and unstable particles. In particular,
when a theory of the present sort is specialized, say,
to quantum electrodynamics, it gives no a priori
labeling of the states of the incoming field in terms of
finite aggregates of ‘free physical” electrons and
photons. Whether or not such labels can be rigorously
established—as is a well-defined mathematical question
according to the present framework, along with the
question of the existence and character of bound states
and unstable particles—it is difficult to make specific
computations of real empirical effects without them or
some approximate equivalent. Without these various
developments there is no assurance either that the
theory can be made mathematically irreproachable
or can be accurately correlated with the crucial experi-
mental results pertinent to field theory. It is only from
a theoretical physical point of view and relative to the
present state of quantum field theory that the present

31. E. Segal, Ann. Math. (to be published).
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work appears to represent a contribution of possible
significance. There have after all been extremely few
truly unambiguous theoretical developments in the
subject since it was set up by Dirac, Heisenberg, and
Pauli, despite the large number of fragmentary con-
tributions that have been made. It seems that for
foundational purposes only a quite comprehensive
attack employing conservative but global methods has
much hope of ultimate success. As this has never really
precisely been undertaken, there is no reason for undue
pessimism, but the scope of such a development is
necessarily such that it is unrealistic to begin highly
explicit analytical computations until the fundamental
design is well established. It is to the settlement of
this design question—of what is actually a quantum
field theory—that this article is intended to contribute.

The present theory is related to linear quantum field
theory (or the theory of noninteracting fields) in
roughly the same way that the theory of differentiable
manifolds is related to the theory of linear vector
spaces—the interaction has its source in the nonlinear
structure of the manifold representing the classical
states of the system being quantized. The conventional
type of theory of interacting fields (which may be
called quasi-linear) is related to the present theory in
somewhat the way that the theory of a Riemannian
manifold as described by normal coordinates at a
distinguished point is related to the intrinsic theory
of the manifold. The vectors in the tangent space to
the manifold at that point represent the bare particles
of the theory, which would make the extrinsic theory
convenient for giving a particle interpretation, if the
apparent need for infinite mass and charge renormal-
ization did not make it impossible then to give ab initio
in the theory the precise relation between the manifold
and the tangent space. The extrinsic theory is also
disadvantageous from a theoretical point of view in
its use of ad hoc assumptions as to the structure of the
incoming field, which make the role of bound states
and unstable particles in the theory highly elusive.
For example, in the case of quantum electrodynamics
it is conventionally assumed implicitly that the in-
coming field is describable by the Fock representation,
with a renormalized tangent space as single-particle
space; in general, such an assumption overdetermines
the theoretical structure of a quantum field, and may
well lead to internal inconsistencies.

In its simplest form the nonintrinsic character of
conventional theory is exemplified by the ad hoc
separation of the total Hamiltonian into ‘‘free-field”
and “interaction” parts, a separation that is required
for the usual analytical treatment of scattering. The
kinematics of the interacting field is derived from the
free-field part and is linear, while the dynamics is
superimposed on the kinematics through the statement
of the interaction Hamiltonian or Lagrangian (or more
operationally, of the S operator). In the present work,
no Hamiltonian or Lagrangian (or S operator) needs
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to be specified ; the theory is built up entirely from the
classical equations of motion. The distinction between
the free-field and total Hamiltonians is seen to be
essentially that between the linear motion in the
tangent plane at a fixed point in a manifold under a
group of transformations that is induced in the natural
manner by the group action, and the nonlinear motion
that is obtained by transferring, through the use, e.g.,
of normal coordinates, the given group to the tangent
plane. In general relativity there is no distinguished
invariant point of the manifold of solutions of the
equations that is physically analogous to the point
defined by vanishing fields in the case of elementary
particle theory, and hence no covariant separation of
the motion into two parts, but the theory may still be
quantized by the intrinsic approach.

From the viewpoint of general analytical dynamics,
a theory of the present type is determined primarily
by the specification of a differentiable manifold B
representing the classical phase space of the system
under consideration, together with a second-order
Hermitian differential form @ on B, and a correspond-
ing notion of multiplication by complex scalars in the
tangent spaces of B. In classical mechanics the funda-
mental bilinear covariant is quite analogous to €, but
complex scalars in the tangent spaces of phase space
have apparently not been used. In the case of a field,
where B is infinite-dimensional, Q is better known in
the form of the singular functions D(x,x’) that arise
as field commutators in the quantization of a linear
equation. The tangent space at any point ¢ of B is
parametrized by functions f,g,--- on space-time
satisfying the first-order variations of the coupled
field equations in the infinitesimal vicinity of ¢ (taking
the case of a scalar field for simplicity), while Q is
determined by its imaginary part Q; which is by
definition a rule that assigns to a point ¢ a bilinear
form in the tangent vectors at ¢, and is given by the
equation

2u(g:9)= [ f ()8 () Dy (5

In conventional theory only the singular functions of
covariant free fields seem to have been used, and in
this case D(x,x") depends only on x—a, but here the
singular functions defined by similar Cauchy data for
all first-order variations of the coupled field equations
are relevant, and D(x,x’) will have the usual type of
dependence only in the special case ¢=0 (or other
constant solution, if any, of the equation defining the
manifold). This canonical construction for ©; in the
case of a manifold in function space defined by a non-
linear hyperbolic partial differential equation has been
explored in certain cases and in a rather different form
by Peierls.* The fundamental symmetry group G of
the theory may be any group of transformations on B

*R. E. Peierls, Proc. Roy. Soc. (London) A214, 143 (1952).
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that leaves @ invariant, as does, e.g., the Lorentz
group in the case of a manifold defined by a Lorentz-
invariant equation of the foregoing type. A complete
set of primary quantum numbers of the usual type—of
group-theoretic origin—will exist if, and only if, the
induced action of G in the tangent space at ¢=0 is
such that the linear operators in the tangent space
that are left invariant commute with one another
(or equivalently, the irreducible constituents of this
representation are all distinct). When the generators
of G are suitably labeled as ‘‘energy,” “angular
momentum,” etc. (the Lorentz group is by no means
the only one for which this is possible; cf., e.g., Segal?)
the resulting physical theory, in particular the formal
S operator, is in essence completely determined.

The idea of constructing a purely nonlinear quantum
field theory has been developed in recent years most
extensively by Heisenberg (see footnote reference 1
where further references are given), with whose stand-
point the theory described in the foregoing is in general
harmony. While it thereby lends some support to
Heisenberg’s idea that a purely nonlinear theory should
be convergent, its specific form deviates in - some
important respects from that suggested by Heisenberg’s
program, notably in the significant role played in it
by singular functions associated with linear partial
differential equations. It has been a cardinal principle
of Heisenberg to avoid the use of such functions, with
the aim of eliminating the divergences of conventional
theory, which arise from the @ prior:i meaningless
character of their products. The latter are involved
in computations based on perturbation theory, as well
as, in essence, in the formulation of conventional
dynamics. As indicated in the foregoing, in the present
work no such products arise, so that the use of these
singular functions introduces no divergences. But this
does not in itself indicate that a fully satisfactory
theory may be based on the Lorentz group and con-
ventional space-time, for divergences may well be
introduced by the use of ad koc labels for the states of
the incoming field. Such desiderata as the observation
of stable single-particle states of sharply-defined mass
may well ultimately require the introduction of a
fundamental length into the structure of B and/or lead
to the replacement of the Lorentz group by another
to which it is a partial approximation in the sense
considered in footnote reference 5. We may also note
a rather obvious rough analogy between the role of
the infinite-dimensional tangent spaces to nonlinear
function manifolds in the present work and those of
the finite-dimensional tangent spaces of the space-time
manifold in general relativity. Partial parallels with
important ideas of Feynman concerning the use of
functional integration, of Dirac dealing with covariance
questions, and of Wiener concerning nonlinear analysis,
will also be evident to the knowledgeable reader.

S1. E. Segal, Report of Lille Conference on Quantum Fields
(C.N.R.S,, Paris, 1959), pp. 57-103.
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Briefly, we show how a generalized canonical
variable R(X) can be associated with an infinitesimal
generator X of the group of classical contact trans-
formations on the given classical system. The con-
struction of these variables depends inessentially on
the choice of a first-order differential form whose
covariant differential gives ©;, and which is analogous
to the form > ; pidgr—Hdt employed in classical
mechanics. In the case of a linear manifold, the R(X)
assoclated with infinitesimal translations X in phase
space give the conventional (Heisenberg) commuta-
tion relations, while the present generalized ones
satisfy the rule

LR(X),R(Y)]= —iR([X, Y ])+2(X,Y),

where [ X,V ] denotes the usual bracket of two vector
fields. When @ vanishes (and only then), R gives a
representation of the infinitesimal contact group, which
is in fact in the finite-dimensional case the well-known
one introduced by Koopman and studied by him and
von Neumann, in connection with classical mechanics.
It may also be noted that in not being concerned
with an actual representation of the contact group, as
well as in a number of other respects, the specialization
of the present approach to the case of a finite-
dimensional linear manifold differs from the note-
worthy investigations of van Hove® directed toward
a basis for a rational correspondence between classical
and quantum mechanical Hamiltonians,

The avoidance of convergence difficulties depends in
part on the elimination of any ad koc Hilbert space in
the foundation of the theory for the representation of
the states of the incoming field, such a space being,
however, convenient for correlation with experiment
and also used, implicitly or explicitly, in most of the
recent literature on quantum fields in a rigorous
direction (cf. the authors already cited). Rather, the
incoming field becomes one of the objects whose
structure the theory is to determine. The method is
roughly to work with the system of all bounded func-
tions of finite sets of the canonical variables, together
with their limits in the sense of uniform convergence,
as in footnote reference 2; this gives a covariant class
of observables that is representation-independent, in
contrast to the set of bounded observables obtained
by using functions of infinite sets of canonical variables
and/or limits in the sense of so-called strong or weak
convergence. States are defined through their expecta-
tion value functionals on the foregoing system, which
is both more physical, and mathematically more
effective than their @ priori representation by vectors
in a Hilbert space. Yet ultimately a Hilbert space can
be constructed which represents the states of the
incoming field, by the use of the physical vacuum
expectation values, which are in turn connected with

8 L. Van Hove, Acad. roy. Belg. Classe sci. Mém. Collection
in 8° 29, No. 6, 1-102 (1951).
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a process resembling integration over the classical
manifold B (such integration is made fully rigorous
in the case of infinite-dimensional linear manifolds
by Segal,” and a formal adaptation of this work to the
relevant nonlinear manifolds will be indicated later).

In more analytical terms, the main ideas of the
present work may be indicated in their simplest form
as follows. The manifold B of all real solutions of a
given Lorentz-invariant hyperbolic nonlinear partial
differential equation in four-dimensionsl space-time
carries a distinguished Hermitian structure. Quantiza-
tion involves in essence analysis over this manifold
(in contrast to classical mechanics, which is concerned
with the construction of the manifold and the action
of various groups on it), i.e., the study of certain
operators (in particular the values of the “quantum
field”) in spaces of functionals over the manifold.
Canonical variables may be attached to the vector
fields on the manifold through the use of a differential
form of first order related to the given Hermitian
structure. The field itself arises from the projection of
the variational derivative d/df in function space onto
the (sub-) manifold B; taking f as a delta function at
a point yields formally the field at the point. The
guantum-theoretical physical vacuum is represented
by the unit function on B, the vacuum state being
characterized by invariance under the group of isom-
etries of B leaving invariant the vanishing field ¢=0.
The primary elementary particle species of the theory
are given by the irreducibly invariant subspaces of
the tangent space to B at the point ¢=0 (or other
Lorentz-invariant point of B, if any), and formally the
theory may be expressed entirely in terms of this
tangent space, which corresponds essentially to the
most conventional procedure. The conventional free
fields (those given by the quantizations of the Klein-
Gordon, Maxwell, etc. equations in empty space)
correspond precisely to the special case in which the
manifold B is a complex Hilbert space and the Lorentz
group action is unitary, the Hermitian structure being
that given by the fundamental inner product, and the
physical vacuum as characterized before being unique
and the familiar one associated essentially with an
isotropic normal distribution in Hilbert space.

In considerable part, the foregoing description is
valid only for Bose-Einstein fields. While it appears
that the Fermi-Dirac fields can probably be treated in
a rather analogous way, it will presumably be necessary
to replace vector by spinor fields (over function
manifolds), and the notion of integration by that
treated in the linear case in footnote reference 7°, etc.
In view of the substantial character of such modifica-
tions, the present paper is confined to the Bose-Einstein
case. ’

In Sec. 2, the nonrelativistic quantum mechanics of a
finite number of degrees of freedom is extended to the

7 (a) L. E. Segal, Trans. Am. Math. Soc. 81, 106 (1956); (b) L. E.
Segal, Ann. Math. 63, 160 (1956).
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case when space is not necessarily flat; this involves
in particular the reformulation of the conventional
quantum conditions so as to be covariant under general
point transformations in physical space. Section 3
completes the preliminaries by showing how canonical
variables and commutation rules may be set up in
terms of phase, rather than physical, space, in a form
covariant under contact transformations. The hydrogen
atom and harmonic oscillator problems in the presence
of nonvanishing curvature are briefly discussed in
these sections. In Sec. 4, the earlier developments are
combined with methods previously developed in con-
nection with certain aspects of infinite systems to
obtain a quantization scheme for a class of infinite
nonlinear systems, represented by the case of aclassical
system defined by a nonlinear hyperbolic partial
differential equation. The concluding Sec. 5 discusses
the present results in relation to some of the existing
literature and possible further developments.

2. FINITE SYSTEMS AND POINT
TRANSFORMATIONS

Consider a quantum-mechanical system whose posi-
tion is described by a point of an #n-dimensional
manifold M (and so is a system of 2xn degrees of
freedom). If as in conventional theory M is a linear
manifold, one proceeds by introducing Hermitian
operators pi,ps,- - ,pa and ¢1,qe,- - ,gn satisfying the
Heisenberg commutation relations. If however, M is
nonlinear, it is unclear ¢ priori to what extent it is
possible to proceed in a suitably parallel way. In the
case of a sphere or torus, results can be obtained by
making use of the simple natural parametrizations
available for these manifolds. However, physically the
availability of a suitable special parametrization
appears as a rather technical restriction on M ; intui-
tively it would appear possible to quantize a classical
system whose position is represented by a point of a
relatively arbitrary manifold.

To develop an appropriate quantization method,
we note that the canonical P’s are naturally associated
with vector fields on M, and the canonical Q’s with
position coordinates; the Schrodinger representation
for the linear case associates P; with 8/idx;, and Q;
with the coordinate x;. To handle the nonlinear case
we merely allow the P’s to be associated with arbitrary
vector fields—i.e., linear forms in the 8/idx; with
variable rather than constant coefficients (which are
undefined in the absence of distinguished coordinates
or related special features of M)—and the Q’s with

-arbitrary functions on M, and not merely linear func-

tions (which are likewise undefined on a general
manifold). The commutation relations are virtually
automatically generalized thereby; any commutator
of canonical variables is required simply to be that
associated with the commutator of the corresponding
transformations on the functions over M.

SEGAL

To make this approach mathematically effective, it
is necessary to formulate the P’s and Q’s as well-defined
operators in a Hilbert space. To set up an appropriate
Hilbert space, take a measure # on the given manifold
M that has a continuous nonvanishing density at
every point?®; in general there will be no distinguished
measure analogous to the Euclidean volume element
used in conventional theory, but we proceed, tenta-
tively, with an arbitrary measure of the foregoing
type; it will develope that actually the theory is
independent of the choice of measure.

The Hilbert space 3¢ is then defined as consisting of
all square-integrable functions f on M (the values of f
being complex numbers) with the inner product

9= f 1(x)g () dm ().

Now if T is a general vector field on M, the associated
canonical momentum P(T) might be provisionally
defined as the operator in 3¢ taking f into (A/9)T7;
this is appropriate from a formal algebraic viewpoint,
but it gives rise to difficulties originating in the non-
Hermitian character of T as an operator in J¢. With
the modified definition

P(T)=(h/2))(T—T%),

the fundamental commutation relations are unchanged,
and P(T) is now manifestly Hermitian. A simple
computation shows that the foregoing definition works
out concretely as

P(T)=(#/0)(T+Kr),

where Kr denotes the operation of multiplication by
the function kr, which is defined by the equation

2kr(x)=Tw+UT),

where m has the element w]]dx; (locally), and I(T) is
defined as Y_; (da;/dx;) for T of the form 3 ; a;(9/9x;).

A straightforward computation that is here omitted
yields the commutation relation

[P(S),P(T)]= (&/DP([S,T]). m

The symbol [S,7'] denotes the commutator of the two
vector fields S and T in the usual sense of the theory
of manifolds. In the case of a linear manifold this
vanishes for two infinitesimal translations, and (1)
specializes merely to the commutativity of the con-
ventional linear momenta. For an infinitesimal trans-

8 For convenience, it is assumed, as seems no essential logs of
generality from a physical standpoint, that the manifold M is
infinitely differentiable, i.e., that it is possible near each point to
choose local coordinates in such a manner that whenever a point
is assigned two sets of coordinates, then near the point the one
set may be expressed as infinitely differentiable functions of the
other set. It is known (virtually as a matter of definition) that
the existence of a measure with a nowhere vanishing continuous
density function is mathematically equivalent to the orientability
of M, which will be assumed in the present section.
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lation and an infinitesimal rotation, however, (1) gives
the conventional commutation relations between linear
and angular momenta.

The canonical Q’s are defined more simply: if f is
a general function on M, Q(f) is defined as the operator
in H taking kinto f% (i.e., the operation of multiplication
by f). For real f, Q(f) is Hermitian, and there is no
difficulty in verifying the additional commutation
relations

LP(T),Q(N) ]= (a/DQ(T), )
[em.Q1=o. ©)

The first of these relations includes the conventional
commutation relations between an angular momentum
and a coordinate, as well as the basic relations between
a linear momentum and a coordinate given explicitly
in the Heisenberg form. The second merely asserts the
commutativity of all the Q’s.

The foregoing construction is essentially merely an
adaptation of the Schrédinger representation to an
arbitrary manifold, together with a reformulation that
makes manifest the invariance of the scheme under
arbitrary coordinate transformations. When M is
three-dimensional Euclidean space, as in the conven-
tional theory of a single particle, the basic canonical
variables are taken as the P(T) with T restricted to
be a first-order linear differential operator with constant
coefficients, and as the correspondingly restricted Q(f)
(i.e., f, a linear function on the space). Since such
P(T) and Q(f) however already suffice to give an
irreducible set of operators on L:(M), the additional
P(T) and Q(f) defined earlier are already observables
in the conventional scheme, so that the phenomeno-
logical structure of the theory—the observables, states,
and notions defined in terms of these—is unaltered by
the present reformulation. The broadened definitions
of the P(T) and Q(f) merely amount to a labelling of
certain of the observables, which facilitates a general
treatment of kinematics, in which transformations that
do not have constant coefficients are treated on the
same footing as those that do.

Thus, as far as phenomenology and kinematics are
concerned, the present formalism is quite equivalent
to the conventional one of nonrelativistic quantum
mechanics, for the case of a system of finitely many
particles in three-dimensional Euclidean space. Since
our ultimate aim is to treat systems whose dynamics
is implicit in their kinematics, that is all that is primarily
relevant, Nevertheless, it is of interest to consider
how the application of the correspondence principle
to the determination of the quantum dynamics is
affected. This may also serve to clarify and make more
concrete the development just described.

Conventionally, the quantum-theoretic Hamiltonian
is derived from the classical one by a familiar, although
generally somewhat ambiguous, process of substituting
variables satisfying the Heisenberg relations for the
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commuting classical canonical variables. From the
present standpoint, this means that a special frame
(or class of frames) of reference is used in the manifold
that will have no analog on a general manifold. The
substitution method thus appears as less applicable
in the case of a nonlinear manifold, but there is another
effective method of implementing the correspondence
principle, notably that of matching the invariance and
other formal features of the classical Hamiltonian,

Consider for example the problem of the hydrogen
atom in an arbitrary Riemannian manifold. The
relevant classical Hamiltonian is (or, strictly speaking,
is defined as) the sum of the kinetic energy with the
Coulomb potential (the latter being defined in general
as proportional to the elementary .solution for the
Laplace equation for the manifold). There is no need
to describe the use of normal coordinates, etc., in
obtaining a precise analog for the conventional classical
kinetic energy, for the Laplacian gives immediately
an operator that satisfies the key desiderata of general-
izing the kinetic energy in conventional nonrelativistic
quantum mechanics and of being intrinsically defined
in terms of the Riemannian geometry. It is clear that
any finite number of particles with Coulomb inter-
actions may be similarly treated.

This example may be not without some realistic
relevance. The validity of three-dimensional Euclidean
space as a model for macroscopic space at the non-

‘relativistic level is open to direct verification, but that

the same model is valid in dealing with microscopic
space (i.e., that in which it is theoretically appropriate
to consider an electron as imbedded, if indeed such
exists) is quite a different postulate, which can only
be verified experimentally by indirect means, such as
through its implications for atomic spectra (cf., e.g.,
Schrédinger®). In particular, in the event that with
increasing precision of measurement discrepancies from
present theory are found in the spectrum of hydrogen,
it might well be of interest to compare them with the
first-order perturbations in the spectrum arising from
a nonvanishing constant curvature, a problem which
seems technically quite accessible.

The correspondence principle as just applied does
not have rigorous mathematical character, but is
based partly on the exercise of judgement as to what is
physically appropriate and mathematically natural.
In involving possible ambiguity, the present form of
the correspondence principle does not, however, differ
from the conventional process, in which the assignment
of the order of factors in a product of canonical operators
is generally quite essentially nonunique. There have
been many efforts toward the solution of this unique-
ness problem (see notably footnote reference 6, which
is definitive in certain respects), but no completely
satisfactory mathematical process has yet been pre-
sented. Thus the application of the correspondence

9 E. Schridinger, Naturwissenschaften 22, 518 (1934).
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principle within the present formalism appears to be
fundamentally not more difficult than its application
by means of the conventional formalism, in the case of
a linear manifold. Actually, in the following a unique
method is given for passing from a covariant classical
motion to a quantum-mechanical one in line with the
present approach, but nontrivial applications are
limited to systems of infinitely many degrees of
freedom.

It remains to consider the dependence of the fore-
going quantization scheme on the choice of a measure
m on M. In case another measure m' is used, operators
P'(T) and Q'(f) in another Hilbert space 3¢ = L,(M,m')
are obtained. But the transformation

V:f — f(dm/dm')}

is unitary from 3C onto 3¢, and it is straightforward
to verify that

VP(DV'=P(D), VO(HV=Q'(f).

Thus the two systems of canonical variables are

unitarily equivalent, and in fact the equivalence is

implemented by the relatively trivial transformation V.
The following paragraphs of this section concern

questions of rigor, and some readers may prefer to

omit them.

In the foregoing work a certain loophole for irrelevant .

mathematical pathology has been left open through
the use of the unbounded P’s and Q’s, which operate
not on all of 3¢, but on certain dense domains in 3¢
(this domain varying from operator to operator), and
what is more serious, cannot be unambiguously
multiplied and added together freely. The well-known
device of Weyl for eliminating pathological canonical
systems and making in a natural fashion the P’s and
(’s mathematically more clear-cut in the case of a
linear manifold can however be adapted to general
manifolds. It consists in the replacement of the con-
sideration of the P’s and (s in the foundations of the
theory by the consideration of the one-parameter
unitary groups they generate. Actually it is convenient
to modify this device and consider in place of the one-
parameter groups generated by the (s the smooth
bounded functions of them, for this merely amounts
to using only those Q(f) for which f is such a function.
In this way one is led to make the following definition
reminiscent of that for a representation of a group of
transformations given by G. W. Mackey.

Definition 1. A generalized Heisenberg canonical system
over a finite-dimensional infinitely differentiable mani-
fold M is a pair of maps [U,Q], which are respectively
from the group G of all nonsingular infinitely differenti-
able transformations in M and the class ® of all real
bounded infinitely differentiable functions on M that
vanish at infinity, to the bounded operators in a
Hilbert space &, such that:
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(1) U is a unitary representation of G: U(gg)
=U@U(g), U(e)=I (e=unit of G, I=identity
operator on X), U(g)*=U(g)*; and is continuous on
finite-dimensional subgroups of G.

(2) Q is an isomorphism: Q(f+f)=0Q(/)+0(/),
QUN=1(f), Q(ff)=0(NQ(f), and Q(f)=0 if f=0.

3) U@QNT (@)=0(f), where f,(x)=1(F"(x))
(this essentially gives in finite form the commutation
relations between a P and a Q).

(4) The Q(f) generate a maximal commuting sub-
system of the total system of operators generated by

the U(g) and Q(f).

In the case when M is a finite-dimensional Euclidean
space, the only such system, within physical equivalence
(or observables and states) is that in which J¢= Ly(M),
U(gh(x)=h[g(x)], and Q(f)h=fh. But if M is not
a simply connected manifold, there will be unitarily
inequivalent Heisenberg systems.!® Nevertheless there
is always a fully covariant way to specify the repre-
sentation that is relevant here, i.e., to make Definition 2.

Definition 2. A generalized Schrodinger canonical
system over a finite-dimensional infinitely differentiable
orientable manifold M is the pair of maps [U,Q] from
G and ® described earlier, to operators on L.(M,m),
where m is an arbitrary measure on M with infinitely
differentiable nonvanishing density function, given by
the equations

U(a)h(x)=h(a™ (x)) (dma/dm)?,
Q(Nh=fh.

Here a is an arbitrary element in G, and m, denotes the
transform of s under the transformation of measures
induced by the transformation ¢ on M.

As noted earlier, all the Schrodinger systems are
unitarily equivalent, and no essential ambiguity will

10 The number of inequivalent such is an invariant of M closely
related to its one-dimensional cohomology in the following way :
if w is any closed first-order differential form on M, then the
equations P'(X)=P(X)+w(X), Q'(f)=0(f), define a Heisenberg
system [P',0’] (in infinitesimal terms) which will be equivalent
to the system [P,Q] if w is exact, but not generally otherwise.
Specifically, there is equivalence if, and only if, w is logarithmically
exact, in the sense that w=dF/F for some function F on M. It
follows from a study of the logarithmically exact forms (cf. a
forthcoming paper by R. S. Palais; similar but less complete and
unpublished results are due to E. Dyer and R. Swan) that on a
manifold with first Betti number 7, there is an r-parameter
family of inequivalent Heisenberg systems.

Mathematically it is interesting to weaken statement (4) by
requiring only (4'), ergodicity: no nontrivial function of the P’s
and (s commutes with all the P’s and Q’s. The analog of the
Schrédinger representation with square-integrable  functions
replaced by square-integrable tensor fields is an example of a
system satisfying (4’) but not (4). The foregoing connection with
closed differential forms and cohomology can be extended, but
some of the quantum-mechanical invariants of M obtained in
the indicated fashion may be new, depending in part on the
extent to which the tensor field examples exhaust the possibilities,
within unitary equivalence and the intervention of a closed form.
This is a point having a certain differential-geometric interest,
and conceivably there is a physical role for the tensor, etc.
representations in other physical connections, but in the present
paper only the ‘“scalar” Heisenberg representations given by
Definition 1 are used.
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result if any one of these systems is referred to as the
Schrodinger system. Thus we may summarize the
foregoing section as:

Principle I. There exists a unique and mathematically
precise scheme for sefting up quantization conditions on
an arbitrary orientable finite-dimensional manifold M ;
this extends the conventional scheme for the case of three-
dimensional Euclidean space, and is covariant under
arbitrary transformations on the manifold. In essence,
the generalized canonical variables are represented by
Hermitian first-order linear differential operators on M,
relative to an arbitrary measure on M.

3. FINITE SYSTEMS AND CONTACT
TRANSFORMATIONS

Let us now consider the method of the preceding
section in relation to the problem of the quantization
of an infinite nonlinear system. At a nonrelativistic
level the problem is that of developing a parallel to
Dirac’s extension to a radiation field of Heisenberg’s
original quantization procedure. A field whose state at
a particular time is represented classically by a solution
of a certain nonlinear partial differential equation,
rather than by a linear equation as in the case treated
by Dirac, has its nonlinear canonical Q’s associated
with functionals on the manifold M of all classical such
solutions of the equation, while the canonical nonlinear
P’s are associated with vector fields on M, as indicated
in Sec. 2. If the field equation is first order and hyper-
bolic in the weak sense that the values of the solutions
at a particular time f={, determine the solutions
throughout space-time, and if the initial values form
a linear vector space (assumptions which in essence
are frequently made), this set of initial values may be
taken as the manifold M, and the nonlinearity enters
primarily in the nonlinear action of displacement in
time on M. The adaptation of Sec. 2 to this case
requires a notion of integral in M, and the development
of its transformation properties under nonlinear trans-
formations of M, of the type presented by Gross,! as well
as, for a rigorous treatment of certain divergent cases,
an as yet unavailable combination of the transformation
theory of footnote reference 11 with the representation-
free approach of footnote reference 2. Basically how-
ever—in particular as regards the formulation of the
quantized field itself—the development of this non-
relativistic theory is closely related to that of the co-
variant theory that is our central concern, and to which
we shall therefore restrict our further consideration.

The quantization of a nonlinear covariant system
involves new formal elements roughly analogous to
those involved in the Heisenberg-Pauli extension of
the Dirac theory to the relativistic case. The circum-
stance that there is no separation between the P’s and

L. Gross, Trans. Am. Math. Soc. 94, 404 (1960).
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Q’s that is invariant under the entire Lorentz group
in the case of a conventional field shows that there is
no fully Lorentz-invariant manifold of classical wave
functions in the covariant case that plays the same role
as the manifold M in Sec. 2. Rather, the manifold of
classical wave functions that is usually given in the
field-theoretic case by a partial differential equation
is analogous to the phase space in the case of a classical
system of finitely many degrees of freedom. An
element of such a manifold (e.g., a particular solution
of Maxwell’s equations, as an element of the manifold
of all solutions) completely describes the “classical”
state of the system. A point of the manifold M in Sec.
2, however, merely determined the location in physical
space of the classical system; to specify its state
completely requires in addition the momentum vector
at the point. The collection of all such complete
specifications forms a manifold B of twice the dimension
of M.

Thus in the relativistic field-theoretic case, one is
given an analog to the classical phase space B, but is
not given any analog for the space M describing the
spatial location of the system, nor is there any explicitly
relativistic way to define such an analog. Therefore,
in passing from the treatment of Sec. 2 to the case of
an infinite covariant physical system it is natural to
attempt to interpolate a treatment of a finite system
directly in terms of its phase space, in such a manner
that the P’s and Q’s are dealt with on an equal footing.
The point of this interpolation is primarily theoretical;
there are in fact no nontrivial and realistic Lorentz-
invariant systems of finitely many degrees of freedom.
But it is useful to be able to develop the formalism
free from the analytical complications that are present
in the case of infinite systems, and in fact the results
for the finite case will be needed in dealing with the
infinite case.

A classical phase space such as B is not at all an
arbitrary space, but has a special structure. In the
case of a conventional classical system of # degrees of
freedom, a point of B is often specified by a vector
(q1,* * *@ny p1,* + +,P») whose first # components give
the spatial location of the system, and whose last #
give its momenta. When the spatial location is de-
scribed by a point of a nonlinear manifold M, such a
coordination is generally only locally valid. In intrinsic
terms, a point of the phase space B is a pair consisting
of a point of M together with a vector in M at the
point, the components of the latter being the various
momenta. (Cf., e.g., Veblen and Whitehead.’?) The
conventional (g, -+,g,) give a nonintrinsic way of
specifying the point of M, while the (p1,- - -,pa) give a
similar specification for the vector. The key property
of B from the standpoint of dynamical theory is its
covariant association with a distinguished differential
form of second degree, say ©, which is defined by the

12, Veblen and J. H. C. Whitehead, Foundations of Differential
Geometry (Cambridge University Press, New York, 1932).
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equation
Q=2_i1"dpdyg;,

in the vicinity of a point (p,q) of B, where (g1, - -,qn)
are local coordinates in M near q, and (py,- - -,pa) are
the corresponding coordinates for the vectors at q.
This form is nondegenerate and determines a nowhere
vanishing positive element of measure dm=Q"
=]1: dp:dq;. There is no difficulty in verifying that Q,
and hence also m, are independent of the local co-
ordinates, and are globally defined on B. A dynamical
or “contact” transformation is then defined as a point
transformation on B that leaves invariant the form Q.

To quantize the system, starting from the phase
space B, observe first that for any vector field X on M
there is, as is well known (cf. Whittaker®) a cor-
responding contact transformation p(X) on B. It
suffices to defined p(X) locally, in terms of the local
description of X in a particular coordinate system.
Writing X=3", a(d/8¢:), then

pX)=X—=3_:; pL(8a./99;)(3/3p;)]

(this is the contact transformation corresponding to
the Hamiltonian H=3_, p.a.). Next, for any function
f on M, there is a corresponding infinitesimal contact
transformation ¢(f) on B: ¢(f)= — ., [ (3f/34,)(3/0¢,)]
(this corresponds to the Hamiltonian f).

Next observe that the p(X) and ¢(f) satisfy almost
the same algebraic relations as the P(X) and Q(f).
Specifically, it is straightforward to compute

Lo (X),p(X")]=p([X, X)),
Lo (XD,9() 1= (X)),
La(Ns¢(f)]=0.

There is, however, a certain difference, which is quite
fundamental, namely, that ¢g(f)=0 if f is constant; in
particular p(X) and ¢(f) commute in the linear case
when X is an infinitesimal translation and f a linear
function. Thus the p(X) and ¢(f) do not directly give
quite a canonical system; but there is an invariant
construction employing them that gives such a system.

If T is an infinitesimal contact transformation, it
defines a Hermitian operator in L,(B,m), where the
measure 7 is determined by the fundamental form
dm=T]. dpdq;, by its direct action: & — —iTk, for any
function % that is square-integrable over B. Now the
form © is an exact differential: 2=dw, where w is the
differential form of first order X, p«d¢; which is in-
variant on M. Associated invariantly with T and w is
the function on B, w(T'), and the definition

R(T)=—1iT+w(T)

then gives a Hermitian operator in Ly(B,m). It follows
from the formula in the theory of differentiable mani-
folds for tlie derivative of a one-form (or alternatively

18 ., T. Whittaker, Analytical Dynamics (Cambridge University
Press, New York, 1959).
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by direct computation) that the R(T) satisfy the
commutation relations

[R(T),R(T") ]=—iR((T,T" D+QT,T").

Now when T and 7" are taken as the p(X) and ¢(f),
one has, by direct computation

Lp(X),q(f)]=XT,
p(X),p(X)]=w((X,X"]),
eLqe(h,q(f")]=0.

In particular, substituting in the foregoing commutation
relations and defining P(X)=R[p(X)] and Q(f)
=R[¢(f)], there results

[P(X),P(X)]=P([X,X']),
[P(X),0(N1=0(X)),
[O(M.0(")1=0.

Here P(X) and Q(f) vanish if X vanishes or f is con-
stant, respectively, but they have the proper
commutation relations in the case of an infinitesimal
coordinate and a linear function. The last set of
equations are in fact identical with the commutation
relations given at the beginning of the preceding
section.

Now the foregoing commutation relations not only
extend the conventional ones of the nonrelativistic
quantum mechanics of finite systems, but are closely
analogous to those used in footnote reference 2 for the
quantization of general Bose-Einstein fields. In view
of this, and since we seek a formulation in which the
p’s and ¢’s are treated symmetrically, we make
definition 3.

Definition 3. A Schridinger canonical system over a
phase space B with exact fundamental differential
form © is a mapping X — R(X) from the infinitesimal
contact transformations on B to the self-adjoint
operators in the space L.(B") of square-integrable
functions over B with respect to the canonical measure
on B, of the form R(X)=X+w(X), where w is a first-
order differential form such that dw=2.

In case B is simply connected, any two «’s differ by
the differential of a function, multiplication by the
complex exponential of which gives a unitary trans-
formation taking the one Schrédinger system into the
other. Assuming now, that B is simply connected, a
rather slight restriction as far as our purposes go, we
may speak of the Schrodinger system on B with no
essential ambiguity, as in Sec. 2.

Any contact transformation on B, say T, gives rise
to a unique transformation of the canonical variables
defined by the property of taking R(X) into R(XT),
for an arbitrary vector field X, where X7 denotes the
vector field into which X is transformed by 7. In this
way it is possible to pass uniquely from a given classical
kinematics (or even dynamics) to corresponding
quantum-mechanical ones. The foregoing would appear
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to be the simplest quantization scheme that is invariant
under all classical contact transformations, although,
as discussed below, it is open to serious question
whether all the R(X) are truly obse?vable, or equiva-
lently whether some additional selection principle does
not operate, as well as to what extent the dynamics
just defined agrees with the conventional substitution
rule.

To see the connection with conventional theory,
consider the case when B is the phase space for three-
dimensional Euclidean space M. At first glance it
would appear that the Hilbert space Ly(B) is far too
large, and that the present theory must be materially
different from the conventional one. The point is
however that the elements of Ly(B) serve only to set
up our observable algebra, and have primarily analyti-
cal rather than physical significance; our states are
linear forms on our observable algebra, and only
coincidentally expressible in terms of vectors in
specific Hilbert spaces. The R(X) with X restricted
to be the extension to B of a Euclidean motion in M,
or the infinitesimal contact transformation whose
Hamiltonian is a linear function on M, or a sum of
two such vector fields, satisfy the very same commuta-
tion relations as the conventional linear and angular
momenta, and position observables. It follows there-
fore from the Stone-von Neumann theorem on the
uniqueness of the Schrodinger operators,* or actually
by a fairly simple direct reduction in this case, that
these R(X) are identical with the conventional
Schrodinger operators, not within unitary equivalence,
but what is physically just as effective, within unitary
equivalence and multiplicity. There is no difficulty in
verifying that the kinematics defined above for the
R(X) is in corresponding identity with the conventional
kinematics. The dynamics is also in agreement in the
two formulations, for the case when the Hamiltonian
is at most quadratic in the canonical variables; but
for a general Hamiltonian the two formulations are
incomparable @ priori because the class of R(X)
singled out in connection with conventional theory is
not invariant under a general contact transformation.
Thus for a free particle or harmonic oscillator the two
theories are in precise agreement (cf. Segal'®); but for,
say, the hydrogen atom problem, the relationship is
obscure. This is not of special concern to us because
our primary interest is in the covariant case, and we
could hardly expect to solve in an incidental way the
much considered problem of formulating a unique way
of passing from a classical nonrelativistic Hamiltonian
to a quantum-mechanical one, which is invariant
under contact transformations, etc. It would never-
theless be of significant independent interest to
determine in the hydrogen atom case the precise
connection between the theories, which may possibly

14 J, von Neumann, Math. Ann. 104, 570 (1931).
15T, E. Segal, Can. J. Math. (to be published).
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be in agreement within terms of order 4% [An eigen-
state of the present motion in L;(B) gives rise to a
linear form on the subsystem generated by the special
class of R(X) designated before, which in turn gives
a linear form on the conventional system of operators
on L,(M); this should be a pure state within O(#?)
which has a wave function agreeing with a conventional
hydrogen atom wave function within O(#4?).]

A natural and general way to pick out the relevant
special class of R(X) seems to be to make use of a
Riemannian structure in B, which it will inherit from
that of M, in case B originates from an M. When M is
Riemannian and g3, - +,¢. are normal coordinates at a
point, while p,---,p, are corresponding vector co-
ordinates, the symmetric quadratic form (%) >« (dps?
+dg:?) defines a Riemannian structure in B. An in-
finitesimal complex structure can be introduced in B
by defining multiplication by ¢ to act in each tangent
space of B by taking the dp’s into the corresponding
dg’s and the dg¢’s into the corresponding —dp’s; this
structure is evidently intrinsic, and in combination
with the form @, gives a positive definite Hermitian
structure to each tangent space of B. When B arises
from an M the infinitesimal complex structure will
be integrable only when M has vanishing curvature,
according to a result obtained by K. Kodaira (written
communication via N. Steenrod) and also by A.
Frolich and A. Nijenhuis (oral communication). The
case of a given Hermitian manifold B not necessarily
originating from an M, is, however, more relevant to
relativistic field-theoretic situations. In any event a
transformation on a Hermitian manifold B may be
called isometric in case it preserves the Hermitian
inner product in each tangent space to the manifold;
and the observables R(X) may, in the case when B is
endowed with a Hermitian structure having Q as the
imaginary part of the inner product, be restricted to
those for which X is infinitesimally isometric. This is
natural from a mathematical viewpoint, and it will be
seen later that it gives the conventional theory in the
case of covariant free fields, as well as, as noted earlier,
in the case of elementary quantum mechanics. It
should perhaps be emphasized that, in any case, the
presence of the additional R(X) does not in any way
alter the physical conclusions concerning the sub-
system generated by some restricted class of R(X)—the
stationary states and expectation values, transformation
properties, etc., of the subsystem are unaffected by
treating it as a subsystem rather than as a full system
in itself.

A theoretically less severe limitation on the R(X) to
be used in forming the subsystem of interest, although
for many manifolds apparently an equivalent limitation,
is the use only of those for which X is holomorphic,
i.e., commutes with the operation defining multiplica-
tion by 7 in each tangent space. In a formal way one
may in fact describe the relevant states explicitly, as
represented by the holomorphic functions on B. -
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Example. Let B be a complex n-dimensional space,
with coordinates z;, 22, - - -, 35, and fundamental Hermi-
tian form )_; dzdz*. The isometry group is generated
by the translations together with the homogeneous
unitary transformations. Writing z,= px+1q:, where py
and ¢ are real, and setting Pr,=R(d/dps) and Q
=R(8/3qx), gives the conventional commutation rela-
tions. Choosing w=(3) 2_x (zdz*—z*dzi) gives speci-
fically Pp=[(1/1)(3/0pe) +q and Qu=[(1/4)(3/9gs)]
— px.. These look rather different from the conventional
quantum-mechanical variables, but by the uniqueness
result cited, must be the same, apart from a unitary
transformation, and the introduction of a multiplicity
(visible in the circumstance that B has twice the
dimensionality of the real manifold on which the
Schrodinger representation is based). It is actually not
difficult in this case to exhibit specifically, without the
use of the uniqueness result, the decomposition of the
present operators in the form

Pr=POXI; Qx=00XI,

where (P%,Q:%) are the conventional Schrodinger
operators and [ is the identity operator in a certain
Hilbert space.

For any unitary transformation U on B, there will
be a corresponding unitary transformation T'(U) on
L,(B), transforming the canonical P’s and Q’s into
corresponding linear combinations of themselves, by
virtue of the fact that transformation of a translation
by a unitary is another translation. More generally
this is true of any linear contact transformation
(i.e., so-called “symplectic” transformation). Of par-
ticular interest is the case when U (= U}) is multiplica-
tion by e¥, zx — ei'z; ['(Uy) is then a one-parameter
group of operators whose generator is the conventional
harmonic oscillator (isotropic) Hamiltonian. Its ground
state, as an expectation value linear functional on the
algebra generated by the R(X) with X an infinitesimal
isometry is invariant under the I'(U) with U unitary.

Now let B be any simple connected Hermitian
manifold with associated closed form Q, for short
phase manifold. There is then a corresponding theory.
Because there is in general no distinction analogous to
that between the translations and homogeneous
transformations, all the various momenta, and even
the position coordinates, are treated on the same
footing. Transformation properties of these canonical
variables under the subgroup G, of isometries leaving
fixed a point ¢ of B are quite analogous to those in the
linear case, where ¢, is the origin and G, the unitary
group.

To formulate the relevant intrinsic nonlinear analog
to the ground state of the harmonic oscillator, fix a
point ¢y, and consider the connection between the
tangent plane T¢o at ¢o and the manifold B. The
“exponential” map introduced in differential geometry
by Whitehead, taking a vector I of Ty into a cor-
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responding point exp(/) in B, lying an appropriate
distance from ¢ on the geodesic from ¢, in the direction
of I, gives a local linear parametrization of B, which will
have, in general, certain singularities in the large.
These singularities will, however, form only sets of
measure zero in Tgo and in B, in the case of many
manifolds, particularly those whose deviation from
linearity arises from the nontriviality of the funda-
mental Hermitian form, rather than from the non-
triviality of the connectivity properties of the manifold
B, as is formally the case of basic interest here. (The
manifold of solutions of a nonlinear hyperbolic equation
is from the quite heuristic standpoint usually employed
in theoretical physics topologically flat, as it is generally
implicitly assumed that the admissible Cauchy data
at a particular time do not need to satisfy any special
nonlinear conditions, and determine the solution
throughout space-time.) At any rate, for a fairly
extensive and interesting class of manifolds M, the
map [ — expl will give rise to a well-defined mapping
of sets into sets, if sets of measure zero are neglected,
and thereby to a linear and multiplicative correspond-
ence between the measurable functions on T's and
those on B.

Any unitary transformation U on T will give a
corresponding transformation T'o(U) on Ly(T4), and
by virtue of the foregoing correspondence, a trans-
formation T'(U) of Ly(B,*). Choosing U to be multi-
plication by e (¢ real) gives then a one-parameter
group on L,(B,Q"), whose generator may be designated
as the Hamiltonian for the generalized harmonic
oscillator on B at ¢o. This will not necessarily be self-
adjoint relative to the given inner product, but it will
have real, and in fact integral eigenvalues. It may
also reasonably be conjectured that in the cases of
interest, and in particular when B is obtainable by
continuous deformation of a linear manifold, the
spectrum will be bounded from below, and the ground
state will be unique, as an expectation value functional
on the functions of the R(X) for isometric X.

The point of this construction is that it picks out in
a natural and well-defined way a particular state that
is invariant under the group G, of isometries leaving
invariant the point ¢o. This will be useful in getting at
the physical vacuum in the case of fields, where such
invariance presumably characterizes the physical
vacuum, although in the finite-dimensional case there
will generally be other invariant states under Go.

Now when B is a complex unitary space, the cor-
responding physical situation is considered to be free
of interaction, and in a certain sense this is evidently
true of the situation for a general Hermitian manifold
B. But from the standpoint of an observer who utilizes
as a reference system the tangent plane to B at a
particular point ¢o—i.e., the reference system appro-
priate for the examination of small displacements from
a particular classical state—interaction is present. In
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particular the ground state of B and the ground state
of the linear system associated with the tangent plane
are not simple transforms of one another, nor does
the isometry group leaving ¢, invariant transform B
in the same way as does the transform via the ex-
ponential map of the linear action of the isometry
group on the tangent plane at ¢o.

The preceding line of development may be summar-
ized as follows.

Principle I1. Let there be given in o simply connected
manifold B of states of a physical system a distinguished
locally exact Hermitian differential form. There is then
a unique and mathematically precise scheme for selling
up quantization conditions, which extends elementary
quantum mechanics as well as the conventional quantiza-
tion theory for relalivistic free fields. The relevant co-
variance group 1is that of all transformations on the
manifold leaving invariant the fundamental form
(isometries, that is) as well as a distinguished point of B.
The canonical variables R(X) are associated with in-
fimitesimal isometries, and salisfy the commulation
relations (4); they are Hermitian firsi-order linear
differential operators on B, relative to the canonical
measure determined by Q. There exists with significant
generality a ground stale on B analogous fo the lowest
eigenstate of a harmonic oscillator in elementary quantum
mechanics.

The situation as regards field quantization needs to
be elaborated somewhat; this will be done in the next
section, where the foregoing principle will be applied
to the quantization of a nonlinear hyperbolic partial
differential equation.

4. INFINITE SYSTEMS

This section extends the preceding one to the case
of infinite systems, and indicates how this extension
may be used to quantize a given nonlinear hyperbolic
partial differential equation.

A. Formal Differential Geometry of Nonlinear
Hyperbolic Equations

For simplicity and concreteness we treat here
primarily the classical (unquantized) system M defined
by the equation

Llp=m?¢=+p(s), p a polynomial vanishing at 0; (5)

the extension to rather more general cases appears to
involve no great difficulties. M may be regarded as an
infinite-dimensional manifold that is imbedded in the
manifold (say S) of all scalar functions on space-time.
Consequently, at any point ¢ of M there will be a
tangent plane 7'y defined by the equation

CIN=m"\+-p' (@)X, (6)

For arbitary given ¢ in .S, this equation defines a linear
manifold in S, and in fact M may be considered as an
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integral manifold of this distribution of linear manifolds,
that passing through the point $=0. (It is worth noting
that the satisfaction of the relevant integrability
conditions by this distribution of linear manifolds is
purely a matter of linear analysis, and so on a much
more accessible level than the questions of classical
nonlinear analysis involved in the structure of M as
first defined.) At this generally substantially unique
Lorentz-invariant point of M, the tangent plane is
defined by the so-called “free-field” equation

[A=m2\. )

Since Eq. (6) is linear and hyperbolic, there is for
any fixed function ¢ a unique function Dy(x,x") of
ordered pairs of points of M, which satisfies (6) as a
function of the first point x, and also the following
initial conditions [employing the notation x= (x,%0)]:

Dy(x,x)=0

when xo=2x,". (8)
(9/920) Dy (%,2") =8 (x—x’)
Now this function also satisfies the differential equation
as a function of %', or more exactly:

Heuristic Proposition 1. Dy(xx’)=—Dy(x',x) for
arbitrary x and %',

Argument: It suffices to show that —D(x',x) (sup-
pressing the dependence on ¢, which is here irrelevant)
satisfies the defining conditions for D(x,x’). The first
condition of Eq. (8) is obvious, and for the second
condition, it may be noted that

a[—D(x'x)]

axo

= —lim e 1D (X', 20" X, o'+ ¢€)
zg=2z0"

=lime,oe [ DX/, 20’ +¢, X, 20" +¢)
_D(x’7x0’7X7 x0,+€)]

—_ 1ot
- ID (X »%0 ,X,xu)
6xo zg’ =20

=8(x—x’).

It remains only to show that M (x,x”) vanishes
identically, where M (x,x")=[_1.—V (x)]D(x',x), writ-
ing V=m?+p'(¢). To this end it suffices to show that
M(x,x") is the solution to a Cauchy problem with
vanishing initial data. We shall regard it as a function
of ' with initial values given on the hyperplane
xo=1x0 . Since [[_J-— V («")]D(«’,x)=0 by the definition
of D(x,x'), and since [ ],—V(x) as an operator
commutes with [ |,— V (x), we have

(e — V(") IM (x,2")=0.

Now let us evaluate M (x,x") for xo=x¢. The only
contribution whose vanishing is not apparent is

(az/axo) [2D (x’,x)] l zo=20'.
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This may be written as
lim e0(2€)2[D (20, 20+ 2€) — 2D (20, X0+ €)=+ D (xo,%0) ],

where for the moment we suppress the dependence on
x and x’. Now

D(x0, x0+2€)= —[D(xo+2¢, xo+2€)— D(x0, x0+26) ],

which by Taylor’s expansion and the definition of
D(xx') is
62

—2¢b (x—-x’)—}—2e’*’[~——ZD(xo’, xo+2€)] +0(e).
6xo' z0’ =xp+2¢

From the fact that D(x',x) satisfies the differential
equation as a function of «/, it follows that (8%/dw0)
X[2D(x,4’)], evaluated for xo=x¢, is the same as
[A.—V(x)ID(x,x’), likewise evaluated for xo=uxy,
where A denotes the Laplacian; and hence the middle
terms in the preceding expression vanishes. A similar
evaluation applies to D (x, xo+¢€), from which it results
that (62/6xq)[2D (x’,x)]l xo=zo'=lime_,o(Ze)‘20(e3)=O.

It remains only to show the vanishing of (8/dx.")
X[M (x,x")] for xo=x. Writing L,=A,—V(x), we
need to examine
a2

3
———D(x',x)
ax02 axo’

oD (' ,x)
e

axol

zo=x0’ zg=x0"

Since L, involves no differentiation with respect to
time, the first term is the same as

L,[aD («',x)

=LA(x—x').
axol

zo=x0’

In evaluating the second term, we write xo=¢, xy'=1/,
and note that

d 9

a 8

?9 9

orzar ot o ot o ol

The term [[(9/0t")(9%/8#)] develops as follows:

9 9
—~—D (x,)x)

ad
=—L.D'% x)
at'2 ot ot

t'=t t'=t

but L.- and 9/8 commute, and L, involves no differen-
tiation with respect to time, so that the expression
reduces to

i}
L,f[——D (« ,x)] =—L,8(x—x')
a¢ t=t’

by an earlier result. This precisely cancels the first
term, so to conclude the argument it suffices to show

that
9 9J 92
[(—-i——) D(x’,x)] =0,
ot ar/ ot —
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a ad
(—+— F)
at ot

taat’

vanishes identically if F(;,f) is a constant, so it suffices
to show that {[(8%/8/0¢)]D(x',x)}ser is a comstant,
as a function of . Actually it vanishes, for it may be
written as

lim coe 2[D(¢+¢, t4€)—D(t, t+e)—D(t+e, t)+D(t,1)]
=lime [ (&/2) L D(xx")— (&/2) LD (x,x")
+0 (63)]l=t' = 0)
since L, D(x,x") vanishes for i=¢'.
The function Dg(x,x”) thus determines a skew-
symmetric bilinear form By (Z,/’) in the solutions of (6):

By, = f f Dy(x,x" ) (x)1(x")daxdax’.

Thus for each pair of tangent vectors at ¢ there is a
skew-symmetric bilinear functional of them; this is by
definition a second-order differential form on M. This
form will be denoted as @, and called the fundamental
form on M. To see the connection between this form
and the similarly designated form in classical me-
chanics, it is useful to observe that

in the case of the Klein-Gordon equation
(=0 identically),

Q=i d?kqu)

k=1
where p1, Pa, - - are “natural”’ coordinates
on M.

Specifically, the g, and g are obtained by choosing
any complete orthonormal set of Klein-Gordon wave
functions invariant under time reversal, say fi, fo, * -,
and writing a general real Klein-Gordon wave function

fas

*y 41,92, "

=2 (Pkfk'l‘Qkfk),

where the tilde denotes the action of forming the
Hilbert transform with respect to time. The con-
vergence of the infinite sum presents no essential
difficulty, as is clear from the following argument,
which also serves to make clear how such sums are to
be interpreted.

In a linear space, any differential form may be
expanded into a product of differentials of linear co-
ordinates, showing that two differential forms are the
same if they agree on all generators of infinitesimal
translations. Hence it suffices to show that if f and g
are arbitrary normalizable real Klein-Gordon wave
functions, then

d 9 w d a
o —— )=2 [@pdqr) (—r—) ;
of og/ =1 of g
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here 8/df stands for the vector field on M generating
the transformations ¢ — ¢+sf(— o <s< ). The left
side reduces to

[ [r@eepe-raie,

where D denotes the familiar scalar particle commuta-
tion function. The right side is

(3Pk 0gr  9Oqi 0Pk
k

1

of og of og/

It is readily seen that (8p./8f)= (f,fx), etc., so that the
identity of the two forms on infinitesimal translations
reduces to the equation

[ [1@e@ e
=3 2 L) (8f) — (Fe) (gf) ],

which can be verified without difficulty; here (u,v)
denotes the unique real Lorentz-invariant inner pro-
duct between the wave functions # and » (suitably
normalized).

To develop further the differential geometry of the
function manifold M, we require:

Heuristic Proposition 2. The transformation Kg:
(%) — S Dy(x,x")l(2")dx', acting in the tangent plane
Ty to M at ¢, has the property that K = —14, where I,
denotes the identity operation in T .

Argument: This is easily seen for the case ¢=0 by
the use of Fourier transforms, or by reduction to a
similar property for the Hilbert transform in one
dimension. Now suppose that ¢ is “small,” in the
sense that

Dy(x+su, '+su) > Dy(x,4') as s— o

for any timelike vector #; this means that for large
times, Do(x,x") behaves like the “free’”’ commutator
function. In the equation

Cl=mA4-V (x)1,

it is reasonable to suppose that if, say, V is smooth
and vanishes outside of a bounded set, then for large
times the situation is asymptotic to that for the
equation

Cli=m21.

Rigorous results of this sort are not yet available in
the mathematical literature, but substantial results
in this direction in nonrelativistic cases have been
established by Kato, Cook, and others (cf. eg.,
Kuroda'® and the literature cited therein), and in any
event such results have a high degree of plausibility
from the standpoint of theoretical physics, constituting

16 S. T. Kuroda, J. Math. Soc. Japan 11, 247 (1959).
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a weakened and classical version of the adiabatic
hypothesis of quantum field theory (cf. Yang!7).

Now let / be any tangent vector at ¢. Then I(x—+su)
is aymptotic, for large s and fixed timelike %, to a
solution Jo(x) of the free-field equation. Conversely, !
may be characterized as that solution of (6) that is
asymptotic to the particular free-field wave function
Ip for early times, i.e., it may be regarded as the solution
of a Cauchy problem with data given at time — o,
It is evident that

l’(x)=fD(x,x’)l(x’)dx'
is likewise a solution of (6); and
V' (o-t-510) = f D(+su, o) )dx’

= f D(x+su, x’+su)}(x’+su)dx’.

Now as

s— —ow, U'(x'+su)— ()
and D(x+su, x'+su) — Do(x,x’). Assuming now that
the passage to the limit may be made under the integral
sign, it follows that

U (x+su) — f Do(x,x") o (sx")dx'.
Thus
lim,o o (K gl) (x+su)= Ko lim,._l(x+su),

where K, is the transformation on the free-field wave
functions with kernel Do(x,x"). If we denote by T the
transformation from the solutions of the free-field
equation to those of (6) asymptotic to the given free-
field wave function at early times, the foregoing result
means that

T-K ;T =K.

Hence TK2T=K¢?, and since K@= —1,, it follows
that K¢2= ""I¢.

Now the property K 2= —14is a variety of functional
equation having no explicit reference to the size of ¢;
if it is valid for sufficiently small ¢, then it should be
valid as a general rule. For example, if ¢ is a constant,
then the result is evidently valid, although the argument
for small ¢ certainly is not.

It is now easy to derive:

Heuristic Proposition 3. M becomes endowed with a
positive definite Hermitian metric if the following defini~
tions are made:

(1) For any two tangent vectors / and I at ¢, the
inner product is given by the equation

(lsl,)d’: 205 (l’l’)+7'9¢ (l)l,)’

17C, N. Yang and D. Feldman, Phys. Rev. 79, 972 (1950);
G. Killén, Arkiv Fysik 2, 33 (1950).
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where

26 G =Q4(Kdl").

(2) Complex scalars act on tangent vectors [ in
accordance with the unique extension of the manner
in which real scalars act together with the rule

il=K .

Argument: The only point that is not immediate
from a quite general argument is the definiteness of
the inner product, i.e., that (2,1)4>0 if ! is not the zero
tangent vector. Since Q, is skew-symmetric,

(LDe=26 ,1)=0(K4l,0)

- [ [Pap16)DG21@ dstyas

:f (f b (x’y)l(y)dy)ﬂdx.

This shows that ([,]),>0, and that the equality holds
here only if S D(x,y)i(y)dy vanishes. But this is K4/,
which by Proposition 2 can vanish only if /=0.

The remainder of the argument is of a simple and
familiar algebraic character—cf. Ehresmann!®*—and
may be omitted.

It may be illuminating to consider the content of
proposition 3 in the case ¢=0, which is easily dealt
with explicitly. It says that the space of real normaliz-
able solutions of the Klein-Gordon equation may be
given the structure of a complex Hilbert space. The
action of 7 is given by the Hilbert transform with
respect to the time variable; the imaginary part of
the inner product is given by the form whose kernel is
the commutator function; and the real part is obtained
by replacing one of the entries in this skew-symmetric
form by its Hilbert transform with respect to time,
obtaining thereby a positive definite real symmetric
form. This complex Hilbert space is easily seen to be
in one-to-one correspondence, in an essentially unique
Lorentz-invariant fashion, with the conventional space
of normalizable positive-frequency complex-valued
Klein-Gordon wave function (cf. Segal®).

To complete the analogy with a classical mechanical
system, and make available formally the apparatus
developed in Sec. 3, we require further:

Heuristic Proposition 4. The form Q is closed,—its
covariant differential dQ vanishes.

Argument: The evaluation of dQ(X,Y,Z) involves
considerable computation which we shall not carry out
here. There is another way of arguing, which while
quite heuristic, throws light on the origin of the form Q.

As noted earlier, our manifold M may be considered
as a submanifold of the manifold S of all scalar functions
on space-time. Now any form on S gives rise, by

19‘;2?. Ehresmann, Proc. Int. Congr. Math. 1950 (Providence,
9] E. Segal, Phys. Rev. 109, 2191 (1958).
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restriction of the tangent vectors to tangency to M, to
a form on M ; and this restricted form will be closed
if the original form was such. In particular this is true
of the form §} on .S defined by the equation

Q(————) ff(xt)g(xt)dgx wt

or alternatively, as

3

(=3« dpudas,

where p1, P2, -+ -¢1, ¢2+ -+ are coordinates on S similar
to those defined earlier.

We may formulate S as an infinite-dimensional
Riemannian manifold by assigning to each tangent
space Sys—the general element of which has the form
d/8y for some formally unrestricted scalar function y—
the wusual inner product, 1ie., [(3/8y),(d/9¢ )]
= Sy () (x)dsx. Thus any such tangent space is
isomorphic to the real Hilbert space H of all real
square-integrable functions over space-time. This space
can be decomposed into eigenspaces of the self-adjoint
operator [ ], as a so-called ‘direct integral” of
(inﬁnitesimal) eigenspaces H,(— « <s<oo), so there
is a corresponding decomp051tlon of S into eigenspaces
S4(s). Now at the point ¢, & gives a skew-symmetric
bilinear form {, in the vectors of Sy, which may be
restricted to any eigenmanifold packet, say that
corresponding to the eigenvalues in the interval
(s—e s+e€), ylelding a bilinear skew-symmetric form
Q4(s—e, s+e¢), in the vectors of this eigenmanifold. Now
as e— 0, the difference quotient (2¢)~Q4(s—e¢, s+¢)
has a limit, which is a form Q,4(s) in the vectors of the
eigenspace corresponding to the eigenvalue s. It can
be explicitly verified, by recourse to Fourier transforms,
that if s=2, this form is the same as that introduced
above with kernel Dy(x,x'), for the case p(¢)=0, the
eigenspace S(m?) being identical with the 7'y defined
above.

Now Sy may also be decomposed into eigenspaces of
the self-adjoint operator [ ]—p’(¢), and a similar form
density Q4(s; p), which is a bilinear skew-symmetric
form in the eigenspace of this operator with eigenvalue
s, obtained. This eigenspace is identical with the T,
the tangent space to M at ¢ discussed before, and if
we permit ourselves to use the plausible conjecture
that the two intrinsically defined skew-symmetric bi-
linear forms on this space, {,(m?; p) and Q, agree in
general, as they do in the case p=0, then it follows
(formally) that Q is closed, being a limit of closed forms.

B. Subsumption of the Conventional
Field-Theoretic Formalism

We now assume that we have the manifold M of all
solutions of Eq. (6) set up as a Hermitian manifold
with fundamental form @, and that linearly associated
with each vector field X on M we have an operator
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R(X), the following commutation relations being
satisfied:

[R(X),R(Y)]=R(X, Y D+Q(X,Y).

(The closure of  enters primarily as a means of assuring
the consistency of these relations.) We wish now to
define the “quantum field” ¢(x) so that the conven-
tional commutation relations and transformation
properties are derivable.

For any scalar function f on space-time (“weighting
function”), which is smooth and vanishes at infinity,
we consider the vector field X, whose value at ¢ is
the tangent vector S D(x,x')f(x")dx’. Evidently, X,
depends linearly on f, and hence R(X) does so also, so
that we may write formally

R(X))= f @) (@)dx,

for some operator-valued function ¢ on space-time.
We may also write

¢(x)=R(X;) for f=a delta-function at x (formally).

We wish to show that ¢(x) satisfies the conventional
commutation relations. To this end, note to begin with
that the solution of the Eq. (6), with Cauchy data

o(x)=f(x) and (3/31) p(x)=g(x) at t=4, is

aD(x,x")
| |5 tag i,

%o

for it is evident that this is a solution of (6); that for
t=1;, it attains the value f(x), by the Cauchy data
defining D(x,x") ; and using the fact proved earlier that

92
| ——pea| =0
Ax00xo” g =20’

it follows similarly that its time derivative for ¢=¢; is
g(x). Now consider the one-parameter group of motions
on M which takes a given wave function ¢ into one
having the same values for {=t#;, but with (9¢/dx0)
displaced by sg(x)(—® <s<«). The generator of
this group of motions will be a vector field on M whose
value at ¢ will be the solution of Eq. (6) having cor-
responding Cauchy data on the line f=t#;; it is,
accordingly,

[ e, wi-n,

or X, where f(x)=_g(x)6(t—1t1). Thus
R(X))=Sé(x,1)g(x)dsx.

If we take another function g'(x) and consider the
one-parameter group of transformations of M which it
determines in the same manner as g(x), then it is clear
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that this group commutes with the group determined
by g, since they both act additively on the Cauchy
data at #=t;. The corresponding vector fields therefore
commute, and substitution in the fundamental com-
mutation relation, after choosing g and g’ as delta
functions, gives the equation

[6(x,0,6(x',)]=0(XX ),

where f(y)=8(y—x)8(yo—¢) and f'(y) is the same with
x replaced by x’. Substitution now in the equation
defining @ now gives for the right-hand side of the
foregoing equation the value D(x,,,x’,¢), which vanishes
by the definition of D. Thereby so-called ‘local
commutativity” (or “microcausality’) is established.

To evaluate [¢(x,t),(8/30)¢(x',t)], consider [¢(x),
$(x')], where x¢'=x¢+¢, € being small. Directly from
the fundamental commutation relations we have

[ (%), (") ]= R{([ X o2, X0 ]+ (X 52, X5.7).

By an observation made earlier, Xs, has at ¢ the value

[ pearne—yax,
z0’ =50
or D(x,y), as a function of x. Thus
Q(Xsz, X)) = f f D (u,x)D(v,x")D (u,v)dudv.
Now proposition 2 may be restated as
f Dy () Dy (' )1 (") da” = — L)

if 7is in T4. In particular, putting I(x)=D4(x,y) with
vy fixed, it results that

f D(x)D(,y) Dy 9)dx'dy = — D (x).

It follows that Q(Xs;, X, )= —D(x,x").

To evaluate [Xs,Xs |, recall that Xs, is the
generator of the one-parameter transformation group
on M, with the parameter s, which takes a general
element ¢ of M into that element ¢’ such that

¢’ (x)=¢(x)
(3¢'/9t) = (0¢p/31)+55 (x—X')

From this characterization we shall show that it
commutes with Xs, within terms of order €. It is
perhaps clearer to deal more generally with a manifold
M defined by an equation of the form

(0u/dt)= L(t)u,

where L(f) is a nonlinear operator (i.e., L(f) depends
on ¢, but does not involve differentiations with respect

at xo=2x¢".
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to #). From this equation it follows that
u(t)=u(@)+ =) LH)n(@)+OL ¢ —1)*].

If we now consider a one-parameter group dependent
on a parameter s, which displaces M so that «(2) — u(f)
+sv(2), £ and v being held fixed, then the corresponding
displacement of #(¢') may be computed as follows:

u (") — [u(@)+so() 1+ ¢ —HLO[u(O+s0(1) ]
+0L (' —1)2],
=u(t")+ (' —O[6L () Juyv()+sv(t)+0(s®)
+0[(t,_ t)z:la
=u(l)+sWu()+0(sH)+QL¢ —)*],

where W is a certain linear operator (dependent on ¢
and ¢/, but not on s). That is, the infinitesimal displace-
ment of #(f) by an amount s, displaces #(+¢) by an
amount sWv+0(e?); and the displacement of %(i+¢)
acts similarly on #(¢). Since vector translations com-
mute, it results that Xs and Xy commute within
terms of order €.
Such terms contribute nothing to the commutator

_ d a3
|60, 00|00, 6
ot at
The sole contribution is then
d
—[—D(x,x") Jsmrr=—8(x—X").
at

Now consider the transformation properties of ¢ (x).
Designating as a contact transformation one that pre-
serves the fundamental form Q on M, it is clear from
the covariance of the construction of ¢(x) that for any
such transformation T, the field ¥ (x)=¢(Tx) satisfies
the same commutation relations. In a formal way the
existence of an operator U(T) with the property that
J(x)=U(T)$x)U(T)" is clear, for U(T) may be
taken as the operator taking a formally square-
integrable functional f(x) over M into the functional
f(Tx). It is evident that in this quite formal sense
the map T— U(T) is a unitary representation of the
group of contact transformations, but this is not
strictly the case even for free fields unless T is suitably
restricted, e.g., to be an isometry (cf. footnote
reference 2).

In conventional field theory it is assumed that the
quantized field “satisfies” the original field equation.
This is an equation involving local products of fields,
and so has no definite mathematical meaning. It has
also . no empirical physical meaning. The present
formalism eliminates these fundamentally objection-
able features of the conventional theory, but this
advantageous feature in itself limits the possibility of
showing complete formal equivalence to conventional
theory. It can be stated that the quantized field ¢ (x)
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is here derived in a covariant and unique manner from
the classical system; but the equation that states that
it “satisfies” the original differential equation has no
clear-cut mathematical or physical meaning, and
cannot be stated in the present formalism.

C. Convergence Considerations

Although local products of fields do not occur in the
formulation of the dynamics of the present quantum
fields, so that what have been regarded as the crucial
divergences do not occur at least in the very formulation
of the theory, some substantial emendations to Sec. 3
are required to provide a rigorous framework for the
case of a system of infinitely many degrees of freedom.

Probably the most obvious difficulty is that the space
L;(M) of square-integrable functions over M is not
really well defined in the infinite-dimensional case, so
that the dynamical variables R(X) are not operators
on any well-defined state vectors. There are two
approaches possible here: (i) the extension of the
integration theory in function space presented in a
rigorous fashion for the linear case in footnote reference
7; (ii) the adaptation of the representation-independent
formalism of footnote reference 2, in which the dynami-
cal variables are essentially elements in a well-defined
algebra of observables, which however are not operators
in any ad hoc Hilbert space (states being treated
through their expectation value functionals, i.e., as
suitable linear forms on the observable algebra).

The latter approach is simpler from a theoretical
point of view, but it does not so readily lead to an
explicit construction for the vacuum state, as does the
former approach. In addition, much of what is involved
in developing approach (ii) is parallel to part of the
development of approach (i). It should therefore
suffice here to describe (i).

The main idea is to use the approximation of the
infinite system in a physically meaningful sense by
finite systems. For example, when M is a Hilbert space,
it is approximated in a way by subspaces of large
finite dimension; the relevant functionals on the
Hilbert space are those which are essentially carried
by a finite-dimensional submanifold (depend only on
a finite number of coordinates), or can be approximated
by such in an invariant fashion (cf. footnote reference
2); and the relevant vector fields are principally those
generating translations, and so are carried by finite
subsystems. In the case of a general Hermitian mani-
fold M we may assume, virtually as a definition of a
nonpathological manifold, that it may be approximated
by finite-dimensional Hermitian manifolds, in the
following sense: There exist phase manifolds N of
finite dimension, and maps F of M onto such an ¥
preserving the Hermitian structure (i.e., the induced
map dF from the tangent space of M onto that of N
is isometric in the finite-dimensional orthocomplement
of the subspace of the tangent space on which dF
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vanishes), forming a ‘“directed set’’; for two of the
approximations (V,F) and (N’,F’), there is another
approximation (N’ F’) which may be interposed
between M and each of the two, and being ample in
the sense that for no tangent vector to M do all the dF
vanish. A tame functional on M may then be defined as
one of the form f{F(x)], for some function f on N in
the conventional sense. The sum and product of tame
functionals is again such, and an integral on M may
be defined in the manner of footnote reference 7 once
we have a well-defined linear functional on the collec-
tion of all tame functionals that is appropriate—
specifically, is nonnegative on nonnegative-valued
functionals, and normalized to be unity on the unit
function, identically one on M.

The requisite functional may be obtained from the
ground state of the generalized harmonic oscillator
treated in Sec. 3, assuming the approximating finite-
dimensional manifolds satisfy the conditions given
there. This is an intrinsic definition, and in the rela-
tivistic free-field case is known to yield the conventional
theory. The R(X) may then be formulated as operators
in the Hilbert space L.(M) if the X are now restricted
to be “tame,” in the sense of being carried by a finite-
dimensional manifold: for some (V,F), X corresponds
to a vector field on N. This gives a covariant class of
canonical variables of which the conventional ones are
formal functions. In this way all relevant questions
concerning analysis on M may be brought back to
corresponding questions concerning approximating
finite-dimensional manifolds, which do not involve any
nontrivial divergences.

Probably the next most important difficulty is a
purely classical and mathematical one. There is
available at this time virtually no rigorous theory
concerning the global solutions of a nonlinear hyperbolic
equation, so that the manifold M used above of all
classical solutions of Eq. (5) is a rather vague mathe-
matical object. As noted earlier, such a manifold may
be defined as an integral manifold of a certain distribu-
tion of elements of contact, which are defined by linear
equations, and so accessible by existing methods. To
a noteworthy degree, the manifold itself is not required,
but only such tangent planes to it. On the other hand,
for a complete theory, the problem of the rigorous
formulation of M cannot be evaded. It is not important
to formulate M as a point set, actually, but only as a
certain variety of (inverse) limit of finite-dimensional
manifolds.

The considerable mathematical difficulties here are
in part of an altogether different character from those
which seem relevant to the basic difficulties of quantum
field theory. The relevant solutions of linear equations
such as (6) must be expected to be not ordinary
functions, nor even distributions in the sense of
Schwartz, but quite highly generalized functions whose
character cannot be described in an a priori explicit
manner. These difficulties are connected with the
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determination of the precise character of the eigen-
functions associated with the continuous spectrum of
a given linear partial differential operator, a problem
which is fairly well understood and to a considerable
extent resolved in the case of an elliptic operator,
although not as yet in the case of a hyperbolic operator.
Such rather technical problems may be avoided by the
simple and physical expedient of smearing over the
mass, in nonlinear analogy with the conventional treat-
ment of the continuous spectrum through the use of
packets of eigenfunctions.

The operator [ ]—p'(¢) will be a self-adjoint one
when properly formulated in Hilbert space, and will
have a certain spectral decomposition into eigenspaces,
one of which is defined by (6). If we replace this
eigenspace by an eigenmanifold (= eigenspace packet)
corresponding to the masses in the range (m—e, m--¢),
we obtain a tangent space whose elements are bona fide
square-integrable functions. There seems no reason to
doubt that in a quite rigorous and rather straight-
forward sense, the corresponding distribution of
elements of contact will admit an integral manifold,
which will be locally a Hilbert-space of functions.
Formally this manifold is obtained by joining together
all of the manifolds defined by (6) with # in the range
(m—e¢, m~+e€); the manifold M of solutions of (6) is in
a rough sense a limit of the more accessible and well-
defined manifolds M just described.? It may be noted
incidentally that the global construction of this manifold
should give, in combination with the developments of
the first part of Sec. 4, concrete and nontrivial examples
of quantum fields satisfying axioms similar to those
axioms of K#llén and Wightman® which do not pertain
to vacuum expectation values, and in addition the
canonical commutation relations for equal times.

The results of the preceding section may be
summarized as

Principle II11. The quantization of a given nonlinear
hyperbolic partial differential equation may be accom-
plished by utilizing the intrinsic Hermitian structure, as
a differentighle manifold, of the manifold M of all
classical wave functions for the equation, in formal
accordance with principle I1. The infinite-dimensionality
of M is dealt with by suitable approximation of M by
fimite-dimensional image manifolds, to which principle 11
is directly applicable. The field operators are among the
canonical variables iniroduced in Sec. 3. The vacuum
state is characterized as that invariant under the group
of isometries of M leaving fixed the vawishing classical
field, and in suitable cases may be more explicitly
described as a limit of ground states of the approximating
fonite-dimensional systems.

It ought to be noted that the foregoing isometry group
will include effectively the Lorentz group, in the case of a

- % Cf. the suggestive work of Dirac in a linear case in Proc. Roy.
Soc. (London) A183, 284 (1945).

21 G, Killén and A. Wightman, Kgl. Danske Videnskab.
Selskab. Mat.-fys. Skrifter 1, No. 6, 58 pp, (1958).
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Lorentz-invariant equation involving only real masses.
Apy Lorentz transformation then transforms the
elements of M in a fashion leaving invariant the
fundamental form and the infinitesimal complex struc-
ture, as well as the vanishing classical field, and so
determines an element of the group in question. The
necessity of the real mass condition is clear from the
impossibility of making a covariant separation of a
free field into positive and negative frequency com-
ponents, in the imaginary mass case. Because of the
close connection of this separation with the infinitesimal
complex structure defined above, the latter will not be
Lorentz-invariant in the imaginary mass case. On the
other hand, the assumption that only real masses are
involved is physically plausible and should be mathe-
matically demonstrable, when suitably formulated in
rigorous terms, for the relevant equations.

5. PARTICLES, INTERACTION, AND MODELS
A. Quanta of Fields

The correlation of any quantum field theory with
empirical results depends in a practically essential way
on the possibility of giving a particle interpretation
for the theory. However, if we start with such an
equation as

[J6=m'g-+1g(15<0),

and quantize the system and obtain its physical vacuum
in accordance with the preceding section, the Hilbert
space of states of the incoming field is entirely deter-
mined (cf. footnote reference 2) mathematically; and
it is open to considerable question whether it contains
any vectors transforming like the solutions of a Klein-
Gordon equation of mass m, or some other mass, let
alone is equivalent to a free Bose-Einstein field of
Klein-Gordon particles. The justification of an assump-
tion of this type must at this time be essentially
empirical; its success in renormalization theory vali-
dates it as a physically motivated maneuver in applied
mathematics, but neither bears directly on the mathe-
matical question involved, nor does it seem to involve
a heuristic principle likely to lead into an effective
mathematical development.

At this stage in the present theory we can only give
a formal analysis of the states of the quantum field in
terms of the particles whose wave functions are the
tangent vectors at some fixed classical field ¢o; there
is no mathematical reason to expect this analysis to
be convergent or rigorizable, in fact there are indications
for the opposite; in a sense the present theory does not
so much remove the field-theoretic divergences as
isolate them in the practice of giving an ad hoc
elementary particle analysis of the states of the field.

A fixed classical field ¢o may be thought of as the
background field of a particular observer, who will be
able to observe directly only small deviations from ¢,
in the first instance. That is, classically he does not
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observe the manifold M of all states, but rather the
tangent plane T'¢y to M at ¢, the vectors of which
represent fields deviating only slightly from the back-
ground field, these being the only fields his apparatus
will be able to prepare, without interfering significantly
with the object of his observations, i.e., without pro-
ducing quantum effects. For him a quantum of the
field is naturally represented by a vector in T'¢y, and
the field variables most accessible to him are notably
the occupation numbers for such quanta. To set up
such occupation numbers in a formal theoretical way,
let us suppose that the exponential map of the tangent
plane T into the manifold M is globally without
singularities and applicable to the infinite-dimensional
case. Uncertain as this assumption is, it is not the
most questionable assumption needed, which is that,
at least locally, the measure on M obtained by trans-
forming by the exponential map the canonical measure
on Tgo is comparable with (“absolutely continuous
with respect to””) the physical vacuum measure on M.
That this is a harmless assumption when M is finite-
dimensional arises from the fact that any two measures
compatible with the manifold structure of M are com-
parable (mathematically, any two measures whose null
sets are invariant under translation are comparable);
in the infinite-dimensional case this is very far from
being true, even very ‘“‘small” transformations (e.g.,
x— lx, for any I2+1) taking the free-field vacuum
measure into incomparable ones (cf. Segal®? for a
rigorous treatment of this question). But if the two
measures are comparable, then a development similar
to that given in Sec. 3 is possible, and for every unitary
transformation U in T, there will be a corresponding
transformation I'(U) on the state vector space of the
field, the map U — T'(U) being intrinsically defined,
and a representation [T(UU")=T(U)T(U’)]. Occupa-
tion numbers may then be defined as in footnote
reference 2, pp. 27-31, as the infinitesimal generators of
groups I'(U,) for appropriate phase transformations
U,; they will then have integral proper values, anni-
hilate the vacuum, etc.

The isometry group Go acts naturally as a group of
linear transformations in T'¢p, as in any Hermitian
manifold ; in the case of the manifold defined, e.g., by
the equation [ J¢p=m?p+¢3 with ¢o=0, this includes
the usual action of the Lorentz group on the real
solutions of the equation [ Jp=m?¢p. If the action of
G, is irreducible, as in this case, or more generally if
disjoint invariant subspaces are orthogonal, then a
complete set of group-theoretic quantum numbers of
the usual variety may be set up. In this case the
preceding paragraph gives in a formal way a complete
analysis of the states of the field in terms of elementary
particle occupation numbers, the particles being
described by such quantum numbers (cf. footnote
reference 2, pp. 27-31). ‘

1. E. Segal, Trans. Am, Math. Soc. 88, 12 (1958).
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The rigorous validity of an analysis of this type is
both mathematically dubious and physically somewhat
counter to current lines of thought skeptical of any
absolute meaning to the notion of “elementarity’’ of
an empirical particle. In any event, the foregoing
analysis appears to exhaust the formally simple
particle interpretations applicable to general hyperbolic
equations, although for suitable special equations an
essentially rigorous notion of elementary empirical
particle may conceivably exist (no solid evidence in
either direction being presently known). That is to say,
there may be in some cases a Lorentz-invariant trans-
formation of the observables of a certain linear field
into functions of the observables of the (interacting)
field associated with M, although in even the most
favorable of the cases of conventional theory, quantum
electrodynamics, this seems unlikely, except as an
approximation.

B. Covariant Definition of the Interaction

A puzzling feature of conventional theory has been
its dependence upon an apparently artificial and un-
physical separation of the total Hamiltonian (or
Lagrangian) into “free-field” and “interaction” con-
stituents (cf. e.g., van Hove®). Such a separation
appears in the present theory as the concomitant of
the classical observer’s limitation to the examination
of relatively small displacements from his background
field ¢o. If ¢o is time-independent, then time will act
naturally in a linear, “noninteracting,” essentially
kinematical fashion on Tg¢o; the actual dynamics,
however, refers to the action of time on M, which
will be nonlinear, when M is formally coordinatized by
T¢0, by the use, e.g., of the exponential map described
earlier. These are classical motions; the corresponding
quantum mechanical motions may be represented
linearly in the function spaces over T¢p and M, re-
spectively. The latter motion is formally equivalent
to a motion in the function space over Tgy, by virtue
of the correspondence between T¢ and M, making the
assumption of comparability of the measures involved,
as in the foregoing. Thus are obtained two one-
parameter groups of operators in the Hilbert space of
square-integrable holomorphic functions over T'sg. One
of these is mathematically rather well defined, arising
from the linear action of Go on Ty, and has as its
generator the so-called “free-field” energy (relative
to ¢o). The other is only formally defined, and in fact
the available evidence rather strongly indicates that
it lacks rigorous existence, arising from the nonlinear
action of Go on M, and having as generator the “total”
energy. In a formal way the .S operator is thereby well
defined by the conventional limit. This analysis applies
both to renormalizable and nonrenormalizable theories;
whether any useful numerical results can be obtained
by a maneuver based on the use of partially empirical

% L. van Hove, Physica 21, 901 (1955).
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considerations depends of course, as in renormalization
theory, on the equation and the ingenuity of the
maneuver.

In the case ¢o=0, where the background field
vanishes, Go includes the Lorentz group when the
defining partial differential equation is Lorentz-
invariant and involves only real masses, and the fore-
going paragraph applies then not only to translations
in time but to the entire Lorentz group.

In simple conventional terms the foregoing indicates
the following prescription for the separation of a total
Lagrangian into “free-field” and “‘interaction” parts.
The free-field constituent is the Lagrangian for the
hyperbolic partial differential equation defining the
first-order variation, in the vicinity of the vanishing
field, to the manifold of all classical wave functions for
the total Lagrangian,

C. Models

The short-lived character of the many attempts to
classify in a systematic and economical way elementary
particles on the basis of the Lorentz and conventional
space-time, with or without an independent internal
symmetry group, indicates that a broader attack, on a
physically more conservative and theoretically more
radical basis, would be desirable. One logical approach
is that contemplating the use of alternative symmetry
groups and/or space-time manifolds. However, if this
is to have a reasonably clear-cut physical interpretation,
it must be based on an adequately general field theory.
The present theory, while extensively heuristic, is
quite independent of the assumption that fields must
be described by nonlinear partial differential equations
in space-time, or, in fact, of the physical existence of
quantum fields at all. Any infinite-dimensional phase
manifold may be used as a basis, and other types of
examples of such manifolds having symmetry groups
of the proper orders of magnitudes are easily given.
An example is the set of all smooth maps from a
measure space into a finite-dimensional Hilbert mani-
fold, a natural generalization of the much used linear
function spaces of smooth square-integrable functions.

The fundamental symmetry group Go will be that
leaving a designated point ¢o of the basic manifold
invariant. The primary elementary particles of the
theory are then represented by the vectors in the
irreducibly invariant subspaces of T¢ under the

" naturally induced action of G. Group-theoretical

quantum numbers will then be definable in the fashion
indicated earlier. For example, the elementary particle
models described in footnote reference 5 set up certain
representations and quantum numbers for symmetry
groups G having the group constituted by the Lorentz
group together with space-time position coordinates
as a degenerate limiting case. From the present stand-
point this means that G is a subgroup of the isotropy
group leaving fixed the vanishing field; and the stated
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action is the natural linear action of & on the infinitesi-
mal classical fields. The description of the manifold M
is necessarily a good deal more complicated than this,
and is not required in the first instance for particle
classification purposes.

It ought to be noted that the manifold M can in
principle be built up from the knowledge of the tangent
space in the vicinity of each background field. It thus
has a certain conceptual quasi-empirical existence.
Insofar as a relatively arbitrary classical background
field can be experimentally maintained, and the re-
sponse of the system to relatively arbitrary small
disturbances ascertained, these tangent spaces are
experimentally approximable to an arbitrary degree
of accuracy, quite without any ad hoc assumptions as
to the particle interpretation of the field, the necessity
of a basic partial differential equation, etc. The struc-
ture of the tangent space at the vanishing physical
field is of great interest in itself, being the basis for the
classification of ‘“free” particles; conversely, any
empirical linear description of the free particles can
be regarded as an approximate description of this
tangent plane. A given type of conventional quantum
field will in general have no direct empirical classical
analog, but this may be ascribed to a lack of closure
on the part of the corresponding theory. Ultimately
all measurements are reducible to classical ones, and
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the classical analog to the field of all elementary
particles may be considered to be the set of all classical
fields, in speculative theory constructible as a manifold
through the examination of the response to all possible
small classical disturbances of an arbitrary background
classical field. There appears to be no practical possi-
bility of setting up a useful empirical manifold M in
this fashion, but the foregoing conceptual experimenta-~
tion serves at least to indicate that the manifold M
has a certain fairly direct intuitional connection with
physical experience that is lacking in the Lagrangian.

The quantum, as contrasted with the classical, field,
plays primarily a formal part in our analysis, and
serves mainly only to connect the present formulation
with the conventional one. Quite without its use the
total energy of the field and the vacuum state, e.g., are
well-defined (through the use of principle IIT). In
view of the apparently inevitably dubiously physical
character of the quantum field, the possibility that it
may well be theoretically expendable is not very
surprising.
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The Kemmer equation is written in Riemann space. The form of the equation, the supplementary rela-
tions and the form of the covariant derivatives of the operators g are considered. As a check of the equation
it is shown that the equations for the values zero and one of the spin can be obtained from this generalized
Kemmer equation with the help of generalized Fujiwara operators. In particular the equation for photons

in interaction with the gravitational field is obtained.

I. INTRODUCTION

HE relativistic wave equation of the electron in
Riemann space was analyzed recently by P. A. M.
Dirac.! Special attention was given to the covariance of
the equation under the rotations of the four-legs 4.
whose components #%,, are connected with the com-
ponents g,, of the metric tensor by means of the well-
known relations
‘ R = gy

The relativistic electron wave equation in Riemann
space was studied by several authors and is different
from the Dirac equation of special relativity. One has

v*[(8/9x*) =T, Jp+mp=0,

where v* are matrices which depend on the coordinates.
The matrices T', are traditionally obtained from the
value of the covariant derivative of the y#.2—*

Another method of handling the theory was indicated
by Dirac in the paper previously mentioned. He
assumed a form for the equation and a connection
between the Lorentz coefficients and the matrix of
transformation of the wave function. The form of the
matrix T', was assumed independently of any other
hypothesis and the covariance of the equation was then
proved.

This procedure of Dirac can be applied to the formu-
lation of the Kemmer equation for spin-zero and spin-
one particles® in Riemann spaces. In this case, as we
will show in the present paper, the matrix corresponding
to T, is null, this value being a consequence of condi-
tions that one can impose in this case. It is worth men-
tioning that these conditions cannot be admitted in the
Dirac theory.

The physical interpretation and the supplementary
conditions are indicated in Sec, III. The separation of
the equations for the two values of the spin is made with
the help of generalized Fujiwara operators®? and is
considered in Sec. IV.

1P. A. M. Dirac, Festschr. Max Planck 1958, p. 339.

2'W. Pauli, Ann. Physik 18, 337 (1933).

#B. S. De Witt and C. M. De Witt, Phys. Rev. 87, 116 (1952).

1; ?7) R. Brill and J. A. Wheeler, Revs. Modern Phys. 29, 465
¢ 5N. ‘Kemmer, Proc. Roy. Soc. (London) A173, 91 (1939).
8 1. Fujiwara, Progr. Theoret. Phys. Kyoto 10, 6 (1953).

TH. Umezawa, Quantum Field Theory (North-Holland Pub-
lishing Company, Amsterdam, 1956), Chap. V.

II. KEMMER EQUATION

The relativistic wave equation of Kemmer for spin-
zero and spin-one particles has the form

Broy/dxr+mp=0, M
where &'=x, a?=y, x%=3, x*=14ct and the matrices 8"
satisfy the relations
ﬂrﬁaﬁt_l_ﬁtlgaﬂr:ﬁr(;et_Hgtacr’ (2)
where 8¢ is the Kronecker delta.
As in the case of the Dirac theory, the Lorentz trans-

formation with coefficients a," is connected with a trans-
formation of the wave function

Y=5Y'.

For the covariance of the equation, we assume the
following relation between such an S and the a,":

a’S18LS =g, 3)

The introduction of a phase factor in .S does not
alter the relation (3). The matrix S is not determined,
however, uniquely by (3), even if we choose the value
of this factor. We can consider, therefore, the following
conditions, instead of (3):

a,"Stn18:S=n'6",
SttS=Sp'St=q4,
a Sty S=n'y",

where S+ is the H.C. of S.
The 57 (r=1, 2, 3) are matrices of square one. We
will assume, however, that

(n')'=—1.
In the Dirac theory there are relations analogous to
(4a) and (4b):
" Sty S=vtyT, StyiS=SyiSt=+4
These conditions can be obtained from
as" STy S=v"
on account of reality conditions of the a,” and with the

help of the Schur lemma.? In the case of the Kemmer
theory however, there are three matrices that commute

¢ R, H. Good, Jr., Revs. Modern Phys. 27, 187 (1955).

(4a)
(4b)
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with all the 87 so Eqgs. (4a) and (4b) are not equivalent
to (3).

In order to write the Kemmer equation in the
Riemann spaces, we will introduce a set of four ortho-
normal vectors #,,. The Latin indices characterize the
vectors and the Greek ones are connected with their
components. These components, on the other hand, are
related with the components of the metric tensor g,
by means of

R hw= g (5a)
The orthonormal relations are
Ry =815 (5b)

A rotation of the four-legs characterized by a,” with
r and s running from one to four, alters their components

according to
h/r=a,h.>. ™

Let us assume now the following form for the Kemmer
equations in Riemann space:

h 8 ut+mp=0, )

where the comma denotes partial derivative, as usual.
This equation is evidently covariant under general
transformation of coordinates because of its tensor
form with respect to u. To demonstrate its covariance
under the rotations of the 4,,, let us consider the fol-
lowing transformation

Y= S‘l’,) ®)

associated with the rotation. .S is now a function of the
position and the relations

hokS 7S =h'vn'S",
ko Sty'n’S=h,rn'y,
among the components 4,* and k,'* before and after

the transformation, are consequences of (4a), (4c), and

(6).
If we substitute (8) and (7) and take (4b) and (9a)
into account, we obtain

197 =SS )+ =0,
To prove the covariance, one has to demonstrate that
745*+94S ,,=0.

(%a)
(9b)

Let us consider now the quantities I',’ defined by
T =3hd by 'nonb. (10)

The semicolon denotes covariant derivative with
respect to x*. We have
7’4PF,= _%halﬁhbmu,"lé’?aﬂé"l‘iﬂb

= —3ha"St'nSn* (hopStn'n?S),  (11)
on account of (9b). Quantities with Latin indices are
scalars with respect to coordinate transformations. The
covariant derivative indicated in (11) has three terms.
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The first is zero because
SniS+ . (12)

is necessarily anti-Hermitian, on account of (4b). As
this expression (12) contains 7% it is equal to the sum
of the matrices 9487, n%p™’n*, 848%87 multiplied by con-
venient coefficients, the indices 7, 7, k2, and 4 being all dif-
ferent. In view of the properties

niﬁkz _Bk.ni
for ¢ different from %, and
Bini=n'Bi=p",

for equal indices (without sum), we have, in view of
(Sb),
79SSt wnna=0.
The other terms of the covariant derivative of (11)

can be evaluated with the help of (4b) and (Sb) and
the values of the squares of n”. We have, therefore,

774I‘,,/=S+1]4S,,‘+174I‘,., (13)

where T, is the analog of T,/ in the unprimed system.

On the other hand, we have in view of the com-
mutation properties of the 9" and the null value of the
covariant derivative of the metric tensor g, with
respect to any x”:

Pu, = %(ha’phbp; u’+hb1phaﬂ: n,)714716= 0.

The value of T’y can be calculated in the same way.
Therefore, we can write, because of (13),

StpiS,.=0.

II. PHYSICAL INTERPRETATION AND
SUPPLEMENTARY CONDITIONS

The form of the generalized Kemmer equation (7)
suggests the value of the covariant derivative of the 8*
defined by

Br=h*g". (15)

The form is simpler than the corresponding form of
the v* and is

o
B";v=ﬁ“.d+{ }6“ (16)
(1144
The value of this derivative can be taken as
BH,o= 0 (17)

and is covariant under the rotations of the 4.* as we
can see easily with the help of (9a) and (14). Equation
(14) affords the introduction of the current density j*
as well as the proof of its conservation law. Let us
consider the quantity

Jr=hMYrBry=y i),

These j* behave like a vector under coordinate
transformations and do not alter under rotations of the
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h,* for, in view of (9a) and (4a), we have
kytntBeS = h,/ w8y
The conservation law
Pu=0
is a consequence of (7), (18), and of the adjoint equation
(39/ 3x+)B*—mp=0,
y=y'

Another consequence of the value of the covariant
derivative of the 8* is an additional relation analogous
to Eq. (6) of the Kemmer paper. If we multiply the

where

wave equation (7) by $*8.9\ and take account of (16) .

and (17), we have
6¢¢=B"B¢6)\¢.

This proof depends strongly on the hypothesis that
the mass of the particle is different from zero.
IV. SEPARATED WAVE EQUATIONS
(a) Spin Zero

To obtain the wave equation for zero-spin particles,
we shall introduce the operators®

P=(81)*(82)*(B3)*(B4)%,
Pu=Pﬁn=hl‘TPﬁ"

Pr=PBn (18)

and

The P is independent of the position. We shall
assume as in the case of the 8* that

14
P";,,=P",,+l }P"‘-——O.
aga
The relation .
P,B=Pgu, (20)
is a consequence of (5a), (15), and of
P.3,=Ps,,. (21)

The first equation for these particles is obtained by
multiplying Eq. (7) by P. We have, because of (16)
and (17),

I

a,.<Pw>+[ |Pw+mP¢=o. 22)

e

If we introduce the notation
Peuy=U*# and PyY=U,

we can write (22) in the form

a"Un+[ g }U“+mU= 0.

pa

We get the second equation by multiplying Eq.
(7) by P,, taking into account the value of P;,” and by
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applying (20) and (18). We obtain
,U+mU,=0.

(b) Spin One
In this case we shall introduce the operator
R,=h.R",
where R’ is defined by the relations
r=—(B1)*(82)*(B:)"0"Bs forr=1,2, 3,
Rr=(81)*(82)*(B)*(1—Bu)* for r=4.
The following properties can easily be proved
R.B,=—R.pB,, (23)
R.B8.60=gaRy— gnR,. (24)

The relations (16), (17), (23), and (24) are consistent
with the following definition :

9.Ru— ‘;lkﬁo. (25)

We obtain the first equation by applying R, to
Eq. (7), if we take into account (16), (17), and (25)
as well as the equation

g ,=0.
We obtain

a g
g”“ame—g‘“{ }Fm—g‘“"{ F,otmU,=0 (26a)

€u 122
g°F aut+m?*U, =0,

or
(26b)

where the following notation was used :
Ua=Ra'/', F1a= MR»ﬂa%b-

The second equation results from the application of
the operator R,8, to Eq. (7). If we use (16), (17),
(24), and (25), we obtain

Fpu=0,Ur—\U.,. 27)

Equations (26) and (27) are to be used for particles
of spin one in interaction with gravitation, if the mass
of the particle is different from zero. We can assume
now Egs. (26) and (27), independently of the
process that we have used to obtain them, for the
analogous equations in the free case can be introduced
independently of the Kemmer equation. In this case,
we have equations for photons in interaction with
gravitation if we take the mass as being zero.
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Cyclic representations of the canonical commutation relations and their connection with the Hamiltonian
formalism are studied. The vacuum expectation functional E(f)= (¥,e’*¢ W) turns out to be a very
convenient tool for the discussion. The uniqueness of a translationally invariant state (vacuum) is proved
under the assumption of the cluster decomposition property for E(f). The existence and near uniqueness
of the Hamiltonian in cyclic representations of the canonical commutation relations are established. The
conditions for the relativistic invariance of the theory are stated in terms of vacuum expectation values
at a fized time. It is shown that E(f) is the Fourier transform of a quasi-invariant nonnegative measure
on the space of all linear functionals of the test functions.

1. INTRODUCTION

N this paper we shall discuss Hamiltonian formalism
and canonical commutation relations for a self-
interacting neutral scalar field in a mathematically
rigorous way. Generalizations to one or more tensor
fields are easy and do not add any essentially new
feature. Not so obvious is the extension of the formalism
to the case of spinor fields, which is outside the scope
of this paper.

In the conventional approach, one takes the field
¢(x) and its canonical conjugate x(x) at time £=0 as
the basic variables which allow a complete description
of the system, and one assumes the canonical commu-
tation relations

Le(x),0(x')]=[r(x);r(x)]=0,
Le(x),m(x) =i (x—x').

The time-development of the system is determined
by the Hamiltonian which is given as a function of ¢

and ,
(1.2)

It has been pointed out! that the relations (1.1) are
not sufficient to define the field operators (up to unitary
equivalence) even if irreducibility? is assumed, in
contrast with the case of particle mechanics.® There is
an immense manifold of inequivalent representations
of the relations (1.1) and therefore the problem arises:
Which one of them is appropriate for a particular
model? By “model” we mean an explicit expression
(1.2) for the Hamiltonian. The point is that a particular
expression for the Hamiltonian will define a bona fide

1.1

H=H(e,r).

* Supported in part by the Air Force Office of Scientific
Research, Air Research and Development Command. Condensed
from a part of the thesis submitted to the Faculty of Princeton
University for partial fulfillment of Ph.D. requirements.

T Present address: Department of Nuclear Engineering, Kyoto
Umver51ty, Kyoto, Japan.

1X. O. Friedrichs, Communs. Pure Appl. Math. 5, 367, 383
(1952); L. van Hove Physica 18, 145 (1950) A. S. nghtman
and S. S. Schweber, Phys Rev. 98 812 (1955).

2 See Sec. 3.

37, von Neumann, Math. Ann. 104, 570 (1931),

operator only if an appropriate representation of the
canonical variables is chosen.*?

There have been various mathematically rigorous
attempts at establishing a classification scheme for
inequivalent representations of (1.1).%~® There has also
been a heuristic discussion of the relation between the
form of the Hamiltonian and the appropriate repre-
sentation.! Here we intend to treat this latter problem
in a mathematically rigorous fashion, restricting our
discussion to cyclic representations of the canonical
variables. (The cyclicity as well as the irreducibility
are discussed in Sec. 3.)

The main objective of this paper is to prove that,
under certain conditions, the vacuum expectation value
of expif o(x)f(x)dx, which is denoted by E(f), is
sufficient to determine (up to unitary equivalence) the
Hilbert space (Sec. 4), the representation of both ¢
(Sec. 4) and = (Sec. 7) in this Hilbert space, the vacuum
state (namely, the unique translationally invariant
state, see Sec. 6), the form of the Hamiltonian (Sec. 8),
and the representations of transformation groups
(Euclidean group in Sec. 5 and Lorentz group in Sec. 9).
The positive definiteness of the Hilbert space as well
as the invariance requirements will give restrictions on
E(f). It is also shown in Sec. 6 that, for a given cyclic
representation of ¢, there is at most one E(f) satis-
fying translational invariance and cluster decom-
position property and hence the representation of ¢

¢ If the Hamiltonian is invariant under spatial translations and
has a nondegenerate discrete eigenstate which is different from
the free vacuum, then the Fock representation is not appropriate
for this Hamiltonian. See R. Haag, Kgl. Danske Videnskab.
Selskab, Math.-fys. Medd. 29, No. 12 (1955).

5Apart from the problem ‘of choosing an appropriate repre-
sentation, there may be other problems to be settled before one
can give an exact meaning to a given formal expression for the
Hamiltonian. For example, the expression J° (p(xg’dx is by itself
not well defined.

¢ 1. Garding and A. S. Wightman, Proc. Natl. Acad. Sci. U. S.
40, 622 (1954).

‘L E. Segal, Trans. Am. Math. Soc. 88, 12 (1958).
1986(% . Lew, thesis, Princeton University, Princeton, New Jersey,

9 H. Fukutome, Progr. Theoret. Phys. (Kyoto) 23, 989 (1960).

1 F, Coester and R. Haag, Phys. Rev. 11;’ 1137 (1960)
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also determines 7, the vacuum state, the Hamiltonian,
and the representation of transformation groups.

In Sec. 10, we shall show that E(f) is the Fourier
transform of a quasi-invariant positive measure, This
establishes a connection between the work of Segal,’
Lew,® and Fukutome® and our approach. The main
result of this last section was also obtained by Lew?® and
by Fukutome.®

Applications of the present formalism to special
models will be treated in a separate paper.

2. DEFINITION OF REPRESENTATIONS OF THE
CANONICAL COMMUTATION RELATIONSu
The quantities ¢(x) and 7(x) cannot be considered
as ordinary operators because of the § function in (1.1).
Hence we consider the smoothed-out fields

o(f) = f (0 f(x)dx, @.1)

r(g)= f r(xg(x)dx, 2.2)

where f(x) and g(x) are real-valued functions belonging
to certain classes of functions, D, and Ds, respectively.
Equation (1.1) implies

Lol I=[re)r@]=0, (23
LoD @I=ilfe) 24)

where
(9= [ 1)g00ax. @9

In order to avoid complications due to the domain
question of the unbounded operators ¢(f) and =(g),
we introduce the unitary operators'?

U(f)=expie(f), (2.6)
V (g)=expir(g). (2.7

The linear dependence of ¢(f) and #(g) on f and g
together with (2.3) implies

U(fl)U(f2)=U(f1+f2), (2.8)
VgDV (g2)=V (g1-+g2)- (2.9

Equation (2.4) is replaced by
UNV(Q=VEU(f) exp—i(fg). (2.10)

These three relations together with the unitarity of
U(f) and V(g) imply

U@©0)=v(0)=1, (2.11)
U(f)*=U(—/), (2.12)
V(g*=V(—g. (2.13)

1 Cf, also footnote references 6 through 9.
12 This formulation of the canonical commutation relations was
first used by H. Weyl [Z. Physik 46, 1 (1927)].
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Furthermore, U(if) and V(fg) are continuous in the
real variable #.

Conversely, if one has U (f) and V (g) satisfying (2.8)
through (2.13) and if U(¢f) and V(/g) are continuous
in ¢, then the infinitesimal generators defined by

14

o(f)=-=-UCN| , (2.14)
1 dt t=0
1d

m(@Q=-—V(g)| , (2.15)
(] dt $=0

are linear in f and g, self-adjoint, and satisfy (2.3) and
(2.4) on a dense domain of the Hilbert space.!®

Thus, we define a representation of the canonical
commutation relations in the following way.

Definition

Given two real linear spaces D; and D, with an
inner product (f,g) defined between an arbitrary feD;
and an arbitrary geD.. By a representation of the
canonical commutation relations for the pair (D, D),
we mean a pair of mapping U and V from D; and D,,
respectively, into the set of unitary operators in a Hilbert
space such that (2.8) through (2.10) [and hence, (2.11)
through (2.13)] are satisfied for f, fi, f2eD: and g, g1,
g26Ds, and such that U(¢f) and V (¢g) are weakly con-
tinuous in ¢ for fixed feD, and geD,. -

For unitary operators, the weak continuity assumed
here is equivalent to strong continuity. We also note
that

U(f tifs) and V(an tigs)

=1 Fe=l

are continuous in /; for fixed f;eD;and g;eD, (i=1,- - - n).

The elements of D, and D, are called test functions
for the field and its conjugate. In the following, we do
not specify D, and D,. For a theory of a self-interacting
neutral scalar field, they are sufficiently large classes
of sufficiently smooth, real functions on three-dimen-
sional space and one expects that the exact choice of
D, and D, is immaterial for the physical content of the
theory." For a theory of several interacting fields, we
can take as D, and D, the direct sum of the D; and D,
for individual fields. We note that the work of Garding
and Wightman® refers to the case where D= D, consists
of all finite linear combinations of a chosen basis fi.

3. CYCLICITY AND IRREDUCIBILITY

In this section we will define cyclicity and irreduci-
bility of a representation and discuss their physical
meaning. The cyclicity of representations will be
assumed in later discussions.

1 J, von Neumann, Math. Z. 30, 3 (1929); L. Gé&rding, Proc.
Natl. Acad. Sci. U. S. 33, 331 (1947). It is not known whether one
can take the same domain for all f and g.

14 The choice may be important in order to obtain a convenient
mathematical scheme.
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We denote by U, B, and UB, the sets of operators
{U(f)|feD1}, {V (g) | geDs}, and {U (f)V (g) | feDy, geDs},
respectively. We denote by 2(X) the algebra generated
by the operators of a set X and the unit operator. The
most general element of A(11), for example, is

> aU(f), 3.1)

i=1

where f;eD; and the ¢; are complex numbers. We denote
by A (X)W, the linear subset of the total Hilbert space £
which consists of all the vectors obtained by the appli-
cation of the operators in (X) on a fixed vector ¥o.
We denote by (X, ¥o) the closure of A (X)¥,.

If H(X,¥,) is the total space O, then the vector ¥
is said to be cyclic relative to X. If there is at least one
cyclic vector relative to X, then the Hilbert space is
said to be cyclic relative to X. Thus, a cyclic representa-
tion of U is a representation of 1l where the whole
Hilbert space is spanned by the vectors of the form

i c:U(f)¥%o.

i=1

Later, we are going to assume that the vacuum state
is a cyclic vector.

The commutant X’ of a set X of bounded operators
is the set of all the bounded operators which commute
with all the elements of X. The bicommutant (X’)" will
be denoted by X”. X is contained in X"’ and (X’)" is
always equal to X’. If X is a self-adjoint set and is
equal to X"/, X is called a W*-algebra (ring of operators
in the original terminology of von Neumann). It is
known!® that for a self-adjoint set X containing the
unit operator, X”’ is the weak and at the same time the
strong closure of X. Thus, in the case of a self-adjoint
set X one may say that X" consists of functions of the
operators in X.

A self-adjoint set X of bounded operators is said to
be maximal Abelian if X'=X". In this case X is
obviously Abelian and there are no bounded operators
other than function of its elements, which can be added
to X to form a larger set of commuting bounded
operators, Therefore, this is what Dirac calls a complete
set of commuting observables.}®

The following theorem relates a complete set of
commuting observables with cyclicity of the Hilbert
space relative to a set of commuting bounded operators,
giving the latter a physical meaning.

Theorem 3.1

If a self-adjoint set X of commuting bounded opera-
tors has a cyclic vector, then X is maximal Abelian.

15 For example, J. Diximier, Les Algebres d’operateurs dans
Vespace Hilbertien (Gauthier-Villars, Paris, France, 1957), p. 44,
corollaire 1.

18P, Dirac, The Principle of Quantum Mechanics (Oxford
University Press, New York, 1947), 3rd ed., p. 57.
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Conversely, if X is maximal Abelian and if the Hilbert
space is separable, then X has a cyclic vector. (See
Segal'’ for the proof.) .

The relation between the most general representation
and cyclic representations can be understood through
the Gelfand’s theorem!® which states that any repre-
sentation of a c*-algebra is a direct sum of cyclic repre-
sentations.!

A subspace 9, of a Hilbert space § is called in-
variant under a set X of linear operators if, for any
Ve and AeX, AV is in . A Hilbert space is said
to be irreducible relative to X, if it has no invariant
proper subspace relative to X.

If a Hilbert space § is irreducible relative to a set X
of bounded operators, then every vector is cyclic
relative to X. The converse is also true. A necessary and
sufficient condition for the irreducibility relative to a
self-adjoint set of bounded operators is that X’ consists
only of multiples of the identity operator (Schur’s
lemma.?®) This lemma shows that if the space is irre-
ducible relative to X, then every operator is expressible
in terms of the elements of X.

Let us call a self-adjoint set X of bounded operators
in a Hilbert space £ a “determining set of observables”
if the knowledge of the expectation values of all the
operators of A(X) in a state determines the state up to
a multiplicative ¢ number, namely, if

(®,R®)/(2,2)= (¥,RY)/(¥,¥)

for all R (X) implies ®=A¥ with some complex
number A.

The following theorem states the equivalence of the
notion of irreducibility with that of a “determining set
of observables,” giving the former a physical meaning.

Theorem 3.2

A self-adjoint set X of bounded operators is deter-
mining if and only if the space is irreducible relative
to X.2

An irreducible representation of the canonical com-
mutation relations is necessarily cyclic relative to UB.
However, it is not necessarily cyclic relative to 11, nor
does the cyclicity relative to I imply the irreducibility

177, Segal, Mem. Am. Math. Soc. No. 9, IT (1951), corollaries
1.1 and 1.2

8 M. Neumark, Sowjetische Arbeiten zur Funmktionalanalysis
(Verlag Kultur und Fortschritt, Berlin, 1934); ‘“Involutive
Algebren,” p. 114, Sec. 5.2, IV.

B A c*algebra is a complete normed algebra with adjoint
operation. Although % (11) is not a c*-algebra, one can assign a
unique (uniform) norm to the elements of A(U) due to the
presence of the operators V(g) (assuming that D, separates D;;
see footnote reference 8). Hence, one can consider the completion
¢*(U) of A(U) relative to this norm instead of considering A (U1).
Note that the cyclicity relative to (ll) is equivalent to that
relative to ¢*(11).

20 M. Neumark, footnote reference 18, p. 114, Sec. 5.3, V.

21 M. Neumark, reference 18, p. 122, Sec. 6.4, theorem 4;
H. Araki, thesis, Princeton University, 1960, p. 25.
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relative to UB.2 Irreducibility relative to UB is auto-
matic for a cyclic representation with a cyclic vector ¥,
if the Hamiltonian H is a function of UB% and if ¥, is
a nondegenerate eigenvector of H.

4. CYCLIC REPRESENTATIONS AND VACUUM
EXPECTATION VALUES

In this section, we will relate the problem of cyclic
representations with the problem of vacuum expectation
values, 81024 ,

For any normalized vector ¥, and for any self-adjoint
set X of bounded operators, the functional on A(X)
defined by

E(R)=(¥o,R¥,), RA(X) )

satisfies the following conditions,

EMRi+H2R)=MER)+NE(R), (4.2)
E(R¥)=E(R)*, 4.3)

E(R*R) >0, (4.4)
E()=1, (@4.5)

where A; and \; are complex numbers and R,, R,, and
R belong to A(X).
The following theorem states the converse.

Theorem 4.1

For a given self-adjoint algebra 3 containing 1, and
for a given linear functional E(R) on Y satisfying (4.2)
through (4.5), there exists a Hilbert space £, a nor-
malized vector ¥, in £ and a cyclic representation of U
by operators (not necessarily bounded) defined on a
dense domain containing the cyclic vector ¥, such that
(4.1) is satisfied.? ,

Applying the foregoing theorem to the representation
of the canonical commutation relations, we get the
following two theorems. It should be noted that, in
these cases, the algebra ¥ is automatically represented
by bounded operators.

Theorem 4.2

The necessary and sufficient condition for a func-
tional E(f), feDy, to be represented as

E(f)= (%o, U(/)%0)

with a cyclic normalized vector ¥, in a Hilbert space
$ and with a representation of 1 on § [namely,

(4.6)

2 For an example, H. Araki, footnote reference 21.

2 A “function” of UB means H= SAdP(\), P(\)e(UB)".

%7, Segal (preprint).

25 The corresponding theorem for a complete normed algebra is
well known. (M. Neumark, footnote reference 18, pp. 119-121,
Sec. 6, 3, V1.) A similar proof can be given to this theorem. (For
example, H. Araki, footnote reference 21.) Because of the absence
of norm in the algebra ¥, representing operators are not neces-
sarily bounded.
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unitary operators U(f) on $ satisfying (2.8)7] is that

E(f)*=E(— 1), @
E(0)=1, 4.8
Y coE(fim 1) 30, 4.9

©, j=1

for an arbitrary integer », an arbitrary set of complex
numbers ¢;, £=1, - - -, # and an arbitrary set of elements
fiin Dy. In order that U(f) is continuous on f relative
to some topology in D, [for example, the continuity of
U(tf) with respect to the real variable £], it is necessary
and sufficient that E(f+ fo) be continuous on f for a
fixed fo. Such a representation of U1 with ¥, as a cyclic
vector is unique up to unitary equivalence.

For the proof, we apply theorem 4.1 takine =3 (11).
As the functional E(R), we use E(f) for R=U(f) and
Eq. (4.2) for general ReA(U). Equation (4.9) corre-
sponds to (4.4), and (4.8) corresponds to (4.3) and the
unitarity of U(f). To prove the continuity of U(f),
suppose fn—f. If xe (W), ¥,,= U (fn)x,and ¥=U (f)x,
then from the assumed continuity of E(f), we see that
(V%) — (L,¥). Since [[¥|=|¥|=]lxl, we have
|| .—¥|| — 0. For general ®¢9, and for a given positive
number ¢, we can always find xeA(U)¥, such that
l&—x|| <e/3 because of the cyclicity. For this x and e
we can find an integer N such that, for >N,

1T (f2)x—U(f)xll <e/3.
Then
U (f)2—U(f)®|I<e

for n> N. This completes the proof of the theorem.

Theorem 4.3

The necessary and sufficient condition that a func-
tional E(f,g), feD1, geDs, be represented as

E(f,8)= (¥o,U(f)V(9)¥0)

with cyclic normalized vector ¥, and with unitary
operators U(f) and V(g) satisfying (2.8) through
(2.10), is that

E(f,g)*=E(—f, —ge'V?,
E(0,0)=1,

(4.10)

(4.11)
(4.12)

T P B(fim [ gimg)e I H00 20 (4.13)

i, =1

for any integer #, for any set of complex numbers c;,
and for any collection of test functions f;eD; and g,eDs.
In order that U(f) and V (g) be continuous on f and g
relative to some topologies in D; and D, respectively,
it is necessary and sufficient that E(f+ fo, g+go) be
continuous on f and g separately. (The proof is similar
to theorem 4.2.)
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We add the following lemma which is useful for some
of the later discussions.

Lemma. U(f.), 4=1---n for distinct f; in a cyclic
representation of 11 are linearly independent if V(g)
can be defined and if D, separates Dy, If ¥ is a cyclic
vector relative to U, then the U(f;)¥ are also linearly
independent. ’

Suppose X ¢;U(f;)=0. We multiply this equation
with V(¢g) and V(—1tg) from both sides and with a
function %(f) and integrate over & We choose g such
that (fi,g) is distinct which is possible if D, separates
D..28 We choose %(t) such that its Fourier transform
vanishes at (f;,g) except for {=1o. Then we obtain ¢is=0,
which proves the linear independence of the U(f).

5. INVARIANCE UNDER TIME-REVERSAL
AND EUCLIDEAN TRANSFORMATIONS

The operator T defined on A (1)¥, through
T Z C,’U(fi)\I’0=Z Ci*U(—fi)\I’(] (51)

is antiunitary on A (1)¥,. Hence, it can be extended to
an antiunitary operator on the whole space if ¥, is
cyclic relative to 11. T, thus defined, has the following
properties:

=1,

T¥=¥,, (5.3)
To(NT'=¢(f); [TUNT=U(-/] G4

Conversely, an antiunitary operator with the properties
(5.2) through (5.4) is unique as can be seen from the
foregoing construction of 7. Interpreting ¥, as the
vacuum state we see that such an operator T has the
physical meaning of time reversal operator?” if it
satisfies, in addition,

Tw(@T'=—~n(g);

(5.2)

[TV(T =V ()] (5.5)

When such an antiunitary operator T exists, the repre-
sentation of the canonical commutation relations is
said to be invariant under time reversal relative to Wo.
The time reversal invariance does not impose any re-
striction on E(f) but gives a restriction (5.5) on V
which is to be defined for a given E(f).

For a given E(f,g) of (4.10), the necessary and suf-
ficient condition for the time reversal invariance (rela-
tive to ¥o) is

E(f9)*=E(—f, 8. (5.6)
If (5.6) holds, T" can be defined in a cyclic representation

26 If D, separates D, then for each fij=f;—f; there is g;; such
that (fi;,8:;)50 (no summation). Then the functions

B (t) =2 (furgii)tsi
3

are not identically zero and hence, there is a {={#;;} such that
R ()70 for all kl. Then g=2 g;;t;; satisfies (fi;,g)70 for i5=5
and hence (f;,g) are distinct.

21 E. P. Wigner, Nachr. Akad. Wiss. Gétingen Math. physik.
Kl. (1932) 546.
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of UV by

Ty c,.U(f.->V<g,~>wo=§ *U(—f)V (g ¥ (5.7)

=1
Conversely if T exists then (5.6) holds because
E(f:g *= (NO:TU(f)V(g)\IIO) =E(_f: g)

In the space of a functions of a three vector x there
is a representation of the three-dimensional Euclidean
group {(a,R)|a: amount of translation, R: rotation} by
linear mappings L(a,R) defined by

[L(a,R) f1(x)= (R (x—a)).

A representation of the canonical commutation rela-
tions is said to be invariant under Euclidean group
relative to ¥, if there is a set of unitary operators
U(a,R) which satisfies

(5.8)

U(ay,R)U (a5, Re)=U (a;+Ryas, RiRy), (5.9)
U(a,R)U(f)U(a,R)'=U(L(a,R)f), (5.10)
U(a,R)V(g)U(a,R)'=V(L(a,R)g), (5.11)

U(a,R)¥ =¥, (5.12)

and is continuous in (a,R).

If a cyclic representation of I is invariant under
the Euclidean group, then E(L(a,R) f+ fo, L(a,R)g+g0)
is continuous in (a,R) and

E(fg)=E(L(a,R)f,L(a,R)g). (5.13)

Conversely, if E(f,g) has these properties, then U(a,R)
defined by

U(a,R) élcz-U(f‘)V(gi)‘I'o

=¥ ULaR) IV (L(a,R)g)T  (5.14)

i=sl

can be extended to a unitary operator satisfying (5.9)
through (5.12). The continuity of U(e,R) can be
proved as in theorem 4.2.

The necessary and sufficient condition for the in-
variance of a cyclic representation of 11 under the
Euclidean group is

E()=E(L(a,R)f), (5.15)

and the continuity of E(L(a,R)f+ fo) on (a,R). (5.11)
serves as a restriction on V which is to be defined for a
given E(f).

6. UNIQUENESS OF THE VACUUM

From now on we shall assume that E(f) [and
E(f,g)] satisfies the Euclidean invariance requirement
(5.15) [and (5.13)]. In this section we shall make an
additional requirement, namely, the cluster decom-
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position property of E(f). This states that correlations
do not extend over infinite distances?®*:

ii_l’Ii[E(f ot M) —E(f)E(H)]=0, (6.1a)

iim[E(fo‘i‘fx, got+8)— E(fo,g0) E(fr,gn)]=0,  (6.1b)
where

f)\=L()‘a;1)fy gk:L()‘aﬁl)gy (62)

fo, feD, go, geDy and a is an arbitrary nonzero trans-
lation vector. Equations (6.1) are a very weak form of
the cluster decomposition property because we have
not specified how fast the left-hand sides decrease with
increasing A.

In the preceding section we have seen how the
Euclidean transformation operator U(a,R) may be
constructed if E(f) is given. Using the assumed cluster
decomposition property, we shall show in theorem 6.1
that there is no other vector besides ¥y which is in-
variant (even up to a factor) under the so constructed
representation of the Euclidean group.

The second problem to be considered in this section
is the following. If a cyclic representation of U(f) is
given [either in terms of E(f) or in some other way],
then corresponding to each cyclic vector ¥y in this
space, one can define E'(f)= (¥¢,U(f)¥y) and if E'(f)
also satisfies the conditions of invariance and cluster
decomposition, then one can construct different theories
for different E’(f) in the same given representation of
U(f). We shall show in Theorem 6.2 that this is not the
case, namely, there is at most one E(f) fulfilling (5.15)
and (6.1). ‘

Theorem 6.1

Given E(f) satisfying (6.1) and (5.15). Construct
U(a,R) as in Sec. 5. Then, any state ¥,/ invariant under
U(a,1) up to a factor is a multiple of ¥,. The same con-
clusion holds for E(f,g) satisfying (6.2) and (5.13)
provided that D’s are such that ' has a cluster
decomposition property.*

We will prove it for the case of a cyclic representation
of 1. Suppose

U(a,1)¥, =eis@¥y/, (6.3)
(6.4)

By (5.9) and the continuity of U(a,R), u(a)= (u,a) for
some vector w. By the cyclicity, there exists for a given

%'l =1.

28 For discussions of the relevance of the cluster decomposition
property in field theory, see R. Haag, Phys. Rev. 112, 669 (1958);
F. Coester and R. Haag, footnote reference 10.

# In a relativistic field theory of particles with nonzero mass,
the cluster decomposition property may be proved in a much
stronger form than (6.1) from other basic principles. See G. F.
Dell’Antonio and P. Gulmanelli, Nuovo cimento 7, 38 (1959);
H. Araki, Ann. Phys. (to be published).

% This is true if functions in D’s tend to zero at infinity.
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€¢>0 a state ¥, of the form

V=3 cU(f)¥ 6.5)
such that
l—wl<e (66)
(6.4) and (6.6) imply
[T — 1] <e. (6.7)
Define

N
V¥ /=N13 Uagl) exp[—iA(u,a:) ¥ (6.8)
k=1
with a distinct set of vectors a;. Then by (6.3) and the
unitarity of U(a,1), we have

1w =2

SNY U (1) expl— ik (3,1) ]~ |

= [ —¥|| <e
Hence
[/l —1] <e.

On the other hand,

(6.9)

[w|[2=N"2 )% i ¢i*c:E[ L(\ay,1) f;

E,=1 §, =1
—L(hay,1) f;] exp[iN(w, ai—ai)].
For sufficiently large A, due to (6.1) and (5.15),

[/~ N2 Y o (fIE(~ 1)

k£l i, 5=1

Xexp[iM(w, a— a) 4N Y 3 B (fimf5)

k=1 i,5=1
N
=N72| (T0,%)[2 2 exp[ir(y, ai— ae) [+ N2 T2
k£l

Since N and A are arbitrary and ¥, is independent of
them, (6.7) and (6.9) together with the foregoing
equation imply

Il_ [ (\I’DJ‘I,E)! | <€
Using (6.6) we have
11— (@0, ¥ | | <2e.

u=0. (6.10)

Since e is an arbitrary positive number, we have
| (Wo,%¢')| =1 which implies that ¥/ is a multiple of ¥,.

Theorem 6.2

Given E(f) satisfying (6.1) and (5.15). If a set of
unitary operators U’(a,1) and a cyclic vector ¥
satisfy equations similar to (5.9), (5.10), and (5.12) in
the cyclic representation of 11, then there exists a
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unitary operator S such that

SU(NHS=U(), (6.11)
SU(a,1)S1=U"(a,1), (6.12)
ST=T. (6.13)
A similar theorem holds for E(f,g).
For the proof, define
E'(f)= (¥, U(f)¥d). (6.14)

For a given €>0, there exists a vector of the form (6.5)
satisfying (6.6). Then E,(f) defined by

E(N= 3 oreB(fmfrt) (619

will approximate E'(f) in the sense that

[E'(f)—Ei(f)| <2e. (6.16)
Since E'(f) has the property (5.15), we have
|Ei(f)—Ex(L(Aa,1)f) | <4e (6.17)

for any a and A. By (6.1) and (6.15) we have for suf-
ficiently large A

| Er(L(Aa, 1) f)— E()[[¥e]2] <e. (6.18)

(6.16), (6.17), (6.18), and (6.7) imply (note that

[E(HI<D)
|E'(f)—E(f)] <9ete.

Since e is arbitrary, we have E'(f)=E(f). Hence, if
'we define S by

S Zﬂ c.-U(f;)‘I’o=Z": aU(f)¥d,

gma] t=1

it can be extended to a unitary operator satisfying
(6.11)-(6.13).

We note that theorem 6.1 implies the irreducibility
of the set of operators B={U(f)U(a,1)} in the cyclic
representation of 1l. For, take any B in B’. B¥, is
obviously translationally invariant and hence B¥,=A¥,
which implies B=X because of cyclicity. Therefore B
is irreducible.

7. EXISTENCE AND UNIQUENESS OF V(g) IN A
CYCLIC REPRESENTATION OF 11

To get a representation of the canonical commutation
relations in a given cyclic representation of 11, we have
to define V(g). To guarantee the existence of B, the
expectation functional E(f) must satisfy a certain
(not very stringent) condition which will be formulated
in Sec. 10. In the present section, we shall show that if
B exists, then it may be chosen so that it satisfies (5.5)
and (S.11). Furthermore we demonstrate that (5.5)
together with the commutation relations completely
determines all the matrix elements of 7(g) between
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states of A(U)¥, (which lie dense in ) so that V
satisfying (5.5) is nearly uniquely determined by E(f).
The determination of V is not entirely unique due to
domain questions of 7 (g).

If at least one representation of & exists, then we
define a mapping k, of 11" into itself by

hy(X)=V(9XV(g)7, Xell”. (7.1)

Obviously %,(X)ell’=U". &, (U(f)) does not depend on
the choice of the representation of 8 because of (2.10).
Since every element of 11" is a strong limit of a linear
combination of U (f), the mapping %, is independent of
the choice of L. We note that

ho=1. (1.2)

As we will see in Sec. 10, if V(g) exists then there
exists a unique, positive definite self-adjoint operator
A4, which is affiliated with 11" and satisfies

hathge=hgy +02,

(Ag*W0,y (X) A% o) = (¥, X To). (1.3)
Furthermore V(g) defined by
Vo(g)X‘I’o= hg(X)Ag*‘I’O’ Xéu" (7.4)

has an extension which is unitary and satisfies (2.9) and

(2.10). Here we will show that V,(g) satisfies (5.5) and

(5.11). :
For any X in U”

Thy(X)T'=h,(TXT-Y), (1.5)
TXT-'=X*, (7.6)

because these are true for X=U(f). (Note that /4, is a
unitary transformation and hence conserves a strong
limit.) (7.6) is true for 4,* which is affiliated with 11",
Hence,

TVo(g)T"lX‘I’o= Th” (X*)A g*\I’o“—‘ Vo(g)X\I’o, X

which proves (5.5) for Vo(g).
Next, for any X in U”
U(a,R)hy(X)U(a,R)™*=hra,r)[U(a,R)XU(a,R)™]
.0
because this is true for X=U(f). Furthermore
(U(a,R)4,2U (a,R) Vo, ki (a,Ryo(X)
X U(a)R)Au%U(aaR)—l‘I’O)
= (4,7 0,1,[U (a,R)7 XU (a,R)]4,¥0) = (W0, X¥y).
Since U(e,R)A,*U (a,R)™ commute with any X in 11”

and is positive semidefinite, we have from the unique-
ness of A4,

U(a,R)AgiU(a,R)“1=A L(,,R),,i. (78)
Hence, for any X in 11",
U(a,R)Vo(g)U(a,R)X T,
=U(a,R)k,(U(a,R)XU (a,R))A4,}¥,
= V0 (L (a,R)g)X‘IIOy

which proves (5.11) for Vy(g).
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We now show the uniqueness of matrix elements of
7(g) between states of Y (U)¥, The transformation
property (3.5) is crucial. From (2.10)

(o, U(f)m(g)¥0) — (To,m (@)U (f)¥0) = — (f,8) E(f).
On the other hand, from (5.4), (5.5), and (2.12),

(%o, U(f)m(g)%0)= (TU(f)m(g)¥oT¥o)
=—(To,m(g)U(f)¥0).
Therefore,

(Yo, U(Nr(@)¥0)=— G (LHE), (1.9

(U ()% (@)U (f2)%0) =3[ (f1.0)+ (f1.0) JE(fo— f1).
(7.10)

This uniqueness does not necessarily imply the
uniqueness of V(g) because ¥, may not be in the
domain of 7(g), and even if it is there may be many
different self-adjoint extensions of = (g).

Suppose that there are two V(g), say Vi(g) and
Va(g). Then

W(g)=Vi(g)Va(g)

is unitary and commutes with U(f) and 7. This
implies that W (g)ell”” and

W(*=TW (T =W (g), (7.12)

where the first equality is due to (7.6). Hence, W(g)
is idempotent

(7.11)

W(gy=1. (7.13)

Since W(g)ell”, they commute with each other. From
(2.9)
W(g1+gz)=W(g1)h -—rnW(ga)-

From (2.11)

(7.14)

W(0)=1. (1.15)

Conversely, for any Hermitian unitary W(g) in "’
satisfying (7.14) and (7.15), it is easy to show that
V1(g)W (g) has the properties (2.9) and (2.10) for V (g).

An obvious solution of (7.14) and (7.15) is given by

W(g)=Wh_o(Wo) (7.16)

where W is some fixed Hermitian unitary operator in
11”. In this case and only in this case the two V(g)
connected with the multiplier W(g) are related by a
unitary transformation in 11”.

Examples where more than one V (g) satisfying (5.5)
and (5.11) but not connected by a unitary transfor-
mation in 11" exist in a cyclic representation of U can
be constructed.®

If U is irreducible for one definition of V(g), then
there is no W(g) of the form (7.16) except 1. For,
suppose W (g) of the form (7.16) exists, and both V (g)

satisfy (5.11). Then
U(a,)W (U (a, 1) =W (L(a1)g).  (7.17)

3 Examples will be discussed in a separate paper.

499

Set X=W,U (a,1)WU(a,1)7%. Xell” and from (7.17)
X=hp@,1e(X) for all g. These imply that Xe(1B)'.
Hence by irreducibility assumption X is a multiple of
the identity operator. Since X?=12% and X._¢=1, we
have X =1. Therefore WoeB’ which implies Wo=41.3

8. EXISTENCE AND UNIQUENESS
OF HAMILTONIAN

We will restrict our attention to the models in which
w is the time derivative of ¢,

[H,e(f)]=—ir(f)™ (8.1)
In terms of U(f) this is equivalent to
(EUNI=UD=N+BDSENUE).  (8.2)

In addition we assume that the cyclic vector ¥, satisfies
H%,=0. (8.3)

We now show that (8.2) and (8.3) are sufficient to
determine all matrix elements of H between states of
AWN)¥,. Take the matrix element of (8.2) between
U(f)¥%, and ¥, and use (7.10) and (8.3). The result is

(U(f)¥o,HU (f)¥0) = (3) (1, DE(fi— f2). (8.4)

The class of models with the property (8.1) corre-
sponds formally to Hamiltonian functions of the form

H=(3) f r(xpdx+H' () (8.5)

where H' is a functional of ¢ only. Another charac-
terization of these models which avoid the use of 7 (g) is

LU,LEU(f) 1= = (fuf)U(frtfo). - (8.6)

Equation (8.6) is equivalent to (8.2) provided that H is
Hermitian and invariant under time reversal®:

H*=H1, (8.7)
THT-'=H. (8.8)

Starting from (8.6) we derive the matrix elements of
H in the following manner. Owing to (8.3) we have

(Wo,U(fOHU (f2)¥0)+ (Yo, U (f)HU (f1)¥0)
=—(fufDE(frt+ f2).
On the other hand, by (8.7) and (8.8),

(‘IIQ,U(fl)HU(fz)‘I’o) = (TU(f)HU (f2)¥0,T%0)
= (o, U(f)HU (f1)¥0).

From the foregoing two equations we obtain (8.4).

32 Note that U (a,1)W,U (a,1)* commutes with Wo because both
are in 1”. Note also that W¢?=1.

3 We assume here the cluster decomposition property of E(f)
and use the results of Sec. 6.

# We assume that D; and D; have sufficiently large intersection,
so that expressions like w(f) and (f1,f2) are meaningful for suf-
ficiently many f’s. We may assume that D

3 For the derivation of (8.2) from (8. 6) (8 8), see H. Araki,
thesis, Princeton University, 1960.
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We now show the existence of a positive semidefinite,
self-adjoint H satisfying (8.4). First we note that if the
equality in (4.9) occurs only when ¢;=0 then the state
> i 6iU(f:)¥q vanishes only when ¢;=0 and hence

& UG, BY. e (f)%)

=1 i=1

n,m

=% 2 cd*(f fIE(fi— f{) (89)

LI

is a consistent definition of a Hermitian form H on
AWM)F,.

Furthermore H is positive semidefinite on A (U)¥,,
namely,

(WHY) =1 ol fu)E(f— )20,  (8.10)
where

¥= Zﬂ ¢ U(f)¥,.

=1

To prove this we need the following lemma.

Lemma. If two (finite dimensional) Hermitian
matrices A and B are positive semidefinite, then the
matrix C, whose matrix elements are

Cij=AijBij (811)

in any fixed orthonormal basis, is also positive semi-
definite.

Since C is a restriction of the Kronecker product of
A and B to a special subspace, it is positive semidefinite.
In a less abstract way, 4 and B can be written as

@ 20;
b 20.

A =2 % axuni*uj,

Bij=2"k bivei*v;,
Hence

2 2*Cixi=2 abi| T wemini|* 20,
Wi k,l ¢

which shows the positive semidefiniteness of C.

We take E(f;—f:) as A;; and (fi,f;) as Bij A is
positive semidefinite due to (4.9) and B is obviously
so. Hence H is also positive semidefinite due to the
above lemma.

We now use the following theorem of Friedrichs,?

Theorem 8.1

A positive semidefinite Hermitian form {¥,¥,}
defined on a dense linear set & in a Hilbert space
can be extended by continuity to a positive semidefinite
Hermitian form on a larger linear set £,DO8 which
consists of elements ¥ of § such that, for some sequence
of elements ¥, of &, |[¥—¥,|—0 and {¥,—V¥,,

38 K. O. Friedrichs, Math. Ann. 109, 465, 685 (1934); ibid. 110,
777 (1935); R. Riesz and B. Sz-Nagy, Lecons d’analyse Fonc-
tsionnlelzle (Akadémiai Kiad6, Budapest, 1953), Chap. VIII,

ec. 124.
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¥,—¥,} — 0. Furthermore there exists a positive
semidefinite self-adjoint operator 4 on § with its
domain D in &, such that

{\1,1)‘1,2} = (\I,]-;A‘I,2)

for any V1R, and ¥,eD.
Owing to this theorem, we have the following theorem.

Theorem 8.2

For a given cyclic representation of 11, in which U (f)
is linearly independent for distinct f, there always
exists a positive semidefinite, self-adjoint Hamiltonian
H with domain D contained in &;, which has an ex-
tension to a Hermitian form on &; such that the
extended form satisfies (8.4) on A(11)¥,y, where K, is
constructed from ®=A(U)¥, as stated in the theorem
8.1. D is invariant under T and U(a,R) and H satisfies
(8.8) and

U(a,R)HU (a,R)=H. (8.12)

For the proof of the latter half, we have only to note
that §; is invariant under 7 and U(a,R) and (8.8) and
(8.12) holds on &, as an equation for the Hermitian
form H and operators T and U(a,R) as one can easily
verify.

As for the uniqueness, if one assumes that the domain
of H is contained in &y, then H is unique. Without any
condition on the domain, the extension is not unique
and Krein’s method® gives all the positive semidefinite
self-adjoint extension. There can also be a self-adjoint
extension of H which is not positive semidefinite.?

The Hamiltonian H has the following noteworthy
property. Denote by Ue¢ the collection of U(f), where
feDy has its support in a fixed region C of x space.
Suppose that C; are a finite number of disjoint regions
and A4;, A/N(Ue¢;). Then states in A (Uecy)¥, for dif-
ferent ¢ are orthogonal to each other relative to the
Hermitian form {¥,%;} = (¥1,HY,), namely,

(Z" A j’WO,H Zj A ]‘Po) = Z i(A i"I’O,HA i‘P’O). (8. 13)

As a final remark, the requirement that H is “local,”
i.e., of the form

H=} f m(x)2dx+ f H'(x)dx, (8.14)

where H'(x) depends only on ¢(x) and its space de-
rivatives, can be expressed by

[V (gd),[H,V(g2)]]=0

whenever the supports of g; and g, are disjoint.

(8.15)

37 M. Krein, Rec. (Sbornik) Math. Moscow 20, 431 (1947) ; <bid.
365 (;947); F. Riesz and B. Sz-Nagy, footnote reference 36,

ec. 125,

% For an example, see H. Araki, footnote reference 21, p. 57.
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9. RELATIVISTIC INVARIANCE

The infinitesimal generator K corresponding to an
infinitesimal Lorentz transformation

a'v= it (N4 +-ak) 9.1)

can be written as
K=31Mw\,+ Pra,, (9.2)
M“V= _nyv (9.3)

Pi are momentum operators, P'=H, M are angular
momentum operators, and M% are infinitesimal
generators for pure Lorentz transformations. Greek
indices run from 0 to 3 and Roman indices run from
1 to 3. The signature of the metricis (1, —1, —1, —1)
and ¢=1. As is well known,

[P Pr]=0, (9.4)

i[Mw, PY)= Prg*— Prgm, (9.5

LM, Mpa] = — gt Mo gho Mo — go M re+-gre M Ee. (9.6)
The vacuum ¥, is assumed to be invariant,
Pryg= M¥,=0, 9.7)

In a given cyclic representation of 1, we define a
four-dimensional field ¥ by

Y= f dieH o (R)e-i8t, (9.8)

where % is a four-dimensional test function whose re-
striction on a spacelike hyperplane is in Dy, and o(k)
still depends on £. We assume that (%) is a scalar field®®
and = (g) is the time derivative of ¥ when & — g(x)5(¢).
Then the following commutation relations hold:

iLP%e(f) =~ (), 9.9
i[H,e(f)1==(f), (9.10)
i[MY,0(f)]= o([x'd'~2737]f), (9.11)
LM% o(f) == (x*f), (9.12)
iLPYr(f)]=—=(8%)), (9.13)
iLHx(f)]=4(f), (9.14)
iIIM 4w (f)]=r([xi0i—xa71f), (9.15)
LMY (f) ]= 7 (xif)+ o(8f), (9.16)

where % (9.14) defines # and
(207 f1(x) =297 f(x)= —x%(8/dx7) f(x). (9.17)

In a cyclic representation of 11, we have already dis-
cussed the condition for the existence and uniqueness
of P, M and H. P¢and M are infinitesimal gener-

® This means that U(s,AN(B)U(a,A)*=y¢[L(a,A)k], where
U(e,A) is a unitary representation of the inhomogeneous Lorentz
group and [L(a, AV (x#) = h[ (A-1),* (x> —0*) 1.

# Note that o(8f/d%%)= — f f(x)8¢(x)/dx'dx symbolically.
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ators of U(a,R). We will now consider the uniqueness
and existence of M®:. These operators have to satisfy
(9.12), (9.16), and those equations among (9.4)~(9.6)
which contain M"%, namely,

LM H]=— P, (9.18)
iM% Pil=—5,H, (9.19)
iM% M = — 5, M% 8, M, (9.20)
MO MO = — M, (9.21)

We will first show the uniqueness of matrix elements
of M between states of H(A)¥o.2 From (9.12) we
have

MU () 1=U(fim(x f)+ U(H)(fxif). (9.22)
By (7.10) we have
(U(f)¥o,MUU (f)¥o)=4(fr,x f)E(fo—f1). (9.23)

Next we consider the problem of existence neglecting
all domain questions. We shall reduce all the conditions
on M defined by (9.23) to a single equation. First, if
(9.18) holds, then due to (9.14) and the Jacobi identity,
(9.16) also holds. Conversely, if (9.16) holds, one can
easily verify that {{M® H]+P? commutes with U(f)
and annihilates the vacuum. Hence we conclude that
(9.18) holds at least on H(N)¥,. Similarly if (9.16) is
true, (9.19)-(9.21) holds on A(U)¥,. Of course we do
not know whether Y (1)¥, is in the domain of operators
in these equations.

Thus, assuming that the operator M°¢ defined by
{9.23) exists and A(U)¥, is contained in the domain of
all the relevant operators, the condition for the rela-
tivistic invariance of the theory is given either by (9.16)
or by (9.18).

We can further reduce this condition to a condition
on E(f,g) or more specifically on the matrix elements of
the product of two x(g) between states of AU)¥..
Namely, since H and M°* annihilate the vacuum,

(U(f)%o, M HU (f2)¥0)
= ([M°LU (f1) ]¥o,[H,U (f2) ]¥0).

Using a similar equation for HM%, (9.22), (8.2), and
{2.10), we see that (9.18) is equivalent to

(o, U(fo— M) (x* f)w (fo)—w (f)w(xifo) JWo)
a
-iex(- f‘""‘—)

XL, /)= (fufa I+ Guxif)L(faf)— (fi.f1)]
+(fu2' L )= (fo OB E(f— ). (9.29)

If the free field is the only relativistic quantum field
theory with canonical commutation relation, then (9.24)
might be useful to prove it.

+il (o if2)

4 This is, of course, meaningful only when such matrix element
exists.
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10. E(f) AND QUASI-INVARIANT NONNEGATIVE
MEASURE

Among many ways to represent the Hilbert space
for a single oscillator, the representation which diag-
onalizes the position variable is useful because the wave
function enables one to visualize various situations on
the one hand, and because a highly developed technique
of partial differential equations is available for the
method of solution on the other.

An analogous representation for the case of quantum
field theory would be one which diagonalizes the field
¢(x). The difficulty lies in finding 2 manageable way
in which the scalar product between states

%)= [ B a0 (100
and the vacuum expectation functional
B(= [ejwtoPiuty  (102)

can be defined and computed.

A systematic study in this direction using the repre-
sentation theory of algebras has been made by Lew.?
A heuristic discussion has been made by Coester and
Haag.!* The reader is also referred to footnote references
7,9, and 24.

In this section we shall show that E(f) is a Fourier
transform of a nonnegative quasi-invariant measure.
This means that E(f) can be expressed as in (10.2).
However our measure space seems to be too large for
practical purposes,

Let us take an arbitrary functional E(f) of Theorem
4.2. Then the function of t= (#;- - -¢,) defined by

e(t) =E(i tif) (10.3)

=1

is continuous in ¢ and positive in Schwartz’s sense.?
Hence by Bochner’s theorem® it is a Fourier transform
of a non-negative measure

o(t)= [ expli(tn) Ju(r). (10.4)

Because of (4.8)
f du(p)=1.

Since this measure depends on the f’s, we write the
measure of a Borel p set 4 as

u(ped; fi- - fa).

21, Schwartz, Theorie des Distributions II (Hermann & Cie,
Paris, 1951), p. 130. .

4 S, Bochner, Vorlesungen iiber Fouriesche integrale (Aka-
demische Verlagsgesellschaft, Leibzig, Germany, 1932); L.
Schwartz, footnote reference 42, p. 132, theorem XVIII.

(10.5)
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Obviously u has the following property,
u(ped; fi+- - fo)=pn(PeAQR™"; fi---fa), (10.6)
u(ped; fr- - fa)=n(ped ¥; fiF- - - fu¥), (10.7)
where m 2 n, L is a nonsingular matrix, fiL=3; L;;f;

and
A={(X; Lijp;)| ped}.
We now apply the following theorem of Kolmogorov.*

Theorem 10.1

Let T be any infinite aggregate, and the space @ be
that of the real valued functions of 7. Let ¢- - +¢, be
a finite subset of 7" and let 4 be an #n-dimensional
Borel set. The condition [£(¢1) - - £(¢x) Jed for ¢ function
£(-) defines a subset of Q. Let $o be the class of all
such subsets of Q. (Qe{Fo.) Suppose that a set function ¢
is defined on the sets of §o with the following property.
For each finite fixed ¢ set (¢1---tn), ¢({EC-)I[E®)---
£(¢»)Jed}) is a nonnegative measure of the Borel set 4.
In addition, in order that ¢ is single-valued, ¢ should
satisfy

q({&(-) [[E®D) -+ -£(tn)Jed})
=g({¢(-)|[£(t) - - - E(tm) JeA ®R™"}),

gL £t Jed))
= q({£()|[ECe) - (tr) Jed™)),  (10.9)

where m2>n, P;---P, is a permutation of 1---» and
AP is obtained from 4 by permutation P of coor-
dinates. Then ¢ can be extended to a complete non-
negative measure defined on the sets of B({,) where
B(o) is a Borel field generated by o and B(Fo) is the
completion of B({F).

We introduce a Hamel basis {f.} in D, and identify
T with {f.}. Since a function on T is in one-to-one
correspondence with a linear functional on Dy, one can
identify @ with the set Dy’ on all linear functionals on D,.
We define ¢ by

q({EC)[[E@D) - - -£(ta) Jed}) =n(ped;; fr-- - fa) (10.10)

with ¢;=f; Then due to (10.6) and (10.7), the Egs.
(10.8) and (10.9) are satisfied. Then we have a measure
on the set of B({o) which we will call u. Suppose that
x Is an element of & and

f=3 cifs

=1

(10.8)

Then ¢/ is a measurable and integrable function and

f eixNdu(x)= e 2eilx D du (x)
D Dy

’
1

- f eZenidy(p; fie- - f)=E(f). (10.11)

4 A, Kolmogorov, Grundbegriffie der Wahrscheinlichkeits-
rechnung, Ergeb. Math. 2, No. 3, 27-30 (1933).
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Finally, we will show that the measure u does not
depend on the Hamel basis {f.}. For this it suffices to
show that for any set M in o, u(#) is independent of
the Hamel basis. Suppose that

M={x()Ix(f)- - -x(f»)Jed}
= {x(Dx(f1)- - -x(fm')Jed'},

where {f.} and {f.'} are different Hamel bases. Since

the only restriction on x is the linearity, by using Eq.

(10.8) one can reduce the form of M into

M={x()|Dx(f)- - x(f)Jed:}
={x(Dc(f1)- - -x(f)Jeds},
f{=2iLiif;, As=A1%, m4n21>m,n

where L is a nonsingular matrix. Then by Eq. (10.7)
we see that u(M) is independent of the choice of the
Hamel basis.

Conversely, any E(f) of the form (10.11) satisfies
(4.7)-(4.9). For example,

z Ci*E(fi_fj)Cizflz cie* 79 |2du(x) 2 0.

The continuity of E(¢f+ fo) in ¢ follows from Bochner’s
theorem.®® Thus we have the following theorem.

Theorem 10.2

In order that £(f) satisfies conditions of theorem 4.2,
it is necessary and sufficient that E(f) be a Fourier
transform of a nonnegative measure x on the space of
all linear functional on D,. The cyclic representation
of A1) in theorem 4.2 is unitarily equivalent to the
multiplication algebra of the functionals }_ ;" c;eix/9
on the Hilbert space of all L, functionals with respect
to the measure pu.

For the proof of the latter half of the theorem, we
identify Y c#x/9 with elements of H(11)¥, in the
Hilbert space $=L,(D/,u) of all L, functionals with
the inner product

(W) = f HOLO0G)  (10.12)

(1 corresponds to ¥g). Then the elements of H(U,¥,)
consist of the functional belonging to the closure of
the set of functionals of the type X cjeix/? with
respect to L, norm. This includes, in particular, the
characteristic function of any set of belonging to o
and hence, the characteristic function of any set in
B(§o). Therefore all L; functionals (more precisely
their equivalence classes) are in §(U1,%,). This completes
the proof of the theorem.

Next we will consider the condition on the measure
for the existence of V(g). If D, separates D,, then D,
can be considered as a subset of Dy’. For a subset B of
D) we define (B+g)={x+g|xeB}. A measure p is
said to be D,-quasi-invariant if w(B)=0 implies
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#(B+-g)=0 for any g in D,. We will prove the following
theorem.

Theorem 10.3

A necessary and sufficient condition for the measure
w in order that V(g) may be defined in L,(Dy’,) is that
¢ be Dy-quasi-invariant.

For the sufficiency proof, we use the Radon Nikodym
theorem.* If u is D,-quasi-invariant, then there exists
the derivative

A, () =du(x+g)/du(x) 20 (10.13)

such that
f P94, (00du0= [[Fooduto. (10.14)

We define V(g) by

LV(e¥100="(x+g[4,0) ]
First, by (10.14) V(g) is unitary,

(10.15)

f LV (@¥](x) |%du(x)

=fl‘1’(x+g)l2Aa(x)du(x)=fl‘l’(x)lﬂdu(x)-

Second, since?®

Ag(x+8)A,(x)=A4410(x)
we obtain (2.9) in the following way:

V@V ({He]0)=[V{gM1(x+g)4,0)*
=¥ (x+g+g Ao x+gAo(x)
=[V(g+gM¥]1().
Third, (2.10) is trivially satisfied.
For the necessity proof, we note that any operator
in A(W) is represented by the multiplication of

R(x) =Z G«,‘ei(x’f")

i=1

(10.16)

and satisfies

LV (@RV(—g)1(x)=R(x+g). (10.17)

Denoting by Pp the projection operator defined by
multiplication of the characteristic function ¢g(x) of
a set B, we prove

V(g)PsV(—g)=Ppy. (10.18)

If B is a periodic, finite dimensional cylinder function,
then ¢g(x) is a uniform limit of R(x) and hence we
get (10.18) from (10.17). By taking the limit of an
infinite period, the (10.18) for any set B in %, holds as
a strong limit of the (10.18) for periodic B. B(Fy) is

4 P. Halmos, Measure Theory (D. Van Nostrand Company,
Inc., Princeton, New Jersey, 1950), Sec. 31.
46 P, Halmos, footnote reference 45.
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the closure of o under the operations B— B¢,
{Bl,Bz} i B1nBz, and B;CB,---CB.C-- '—’UBn
=B. In the last operation Ps,— Pr strongly. Hence
we see that (10.18) holds for B in B(F,). Since Pg=0
and p(B)=0 is equivalent, u is Dy-quasi-invariant.

11. CONCLUDING REMARKS

We have seen that the vacuum expectation functional
E(f) determines essentially all the content of a theory
in Hamiltonian formalism under the assumption that
the Hilbert space is cydic relative to U. Namely, it
determines the Hilbert space and the representation of
U(f) (theorem 4.2), the time-reversal operator T and
a unitary representation of Euclidean group (Sec. 5),
the vacuum state (theorem 6.1), the representation of
V(g) (Sec. 7), the Hamiltonian (theorem 8.2), and the
representation of Lorentz group if it exists (Sec. 9).

The unitarity of U(f) and the positive definiteness
of the Hilbert space give the conditions (4.7)-(4.9) on
E(f). The invariance under Euclidean transformation
gives (5.15). On physical grounds?®* we have assumed
the cluster decomposition property (6.1). The existence
of V(g) gives a condition which is stated in theorem
10.3, though this is not an explicit condition for E(f).
The relativistic invariance gives (9.24) [alternatively
(9.16) or (9.18)7. All these conditions are sufficient as
well as necessary for the mentioned properties except
that (9.24) should be supplemented by conditions con-
cerning domain questions and existence of the operator
defined by the Hermitian form (9.23).

H. ARAKI

We note that the assumed time reversal invariance
is crucial for the near uniqueness of V(g) and H.

Theorem 6.2 tells us that for a given representation
of U or UV the choice of E(f) (which results from the
choice of the cyclic vector ¥) satisfying (5.15) and
(6.1) is unique. Combining with theorem 8.2, we see
that any specific representation of 11 and U8 which is
cyclic relative to 1 is capable of describing essentially
one Hamiltonian only. Hence in discussing any specific
Hamiltonian the choice of the correct representation of
canonical commutation relations is essential.

Theorems (10.2) and (10.3) tell us that E(f) is a
Fourier transform-of a quasi-invariant measure. If one
can find a convenient practical way to handle this
measure and the computation of integrals such as
(10.11) and (10.12), then this provides a powerful
method for constructing examples of E(f) because the
condition (4.9) which is most difficult to satisfy is
automatically satisfied. For such an application our
measure space seems to be too large.

We will discuss some examples of E(f) in a separate
paper.
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A modified representation of the Bethe-Salpeter wave function for scalar particles interacting via a
massless scalar field is presented and related to Salpeter’s approximate wave function. A procedure for
obtaining approximate solutions of the Bethe-Salpeter equation for arbitrary interactions is introduced.
The method is based on a variational principle and is capable of high accuracy when used with the trial
functions developed here. The choice of trial function is suggested by the important features of the exact
solutions for the special case described above. The method is applied to a finite range potential which
corresponds to the lowest order approximation to a simple field theory. The results of the calculation suggest
that the effect of retardation is large when an interaction is transmitted by a field with mass.

I. INTRODUCTION

FUNDAMENTAL field theoretic solution of the
deuteron problem is one of the long-standing
problems of nuclear physics. The possibility of solving
this problem was greatly enhanced by the formulation
of a relativistic wave equation for two-body systems
by several authors.!?® The usefulness of the equation
has been demonstrated in several accurate calculations
of energy levels for hydrogen® and for positronium.
The validity of the perturbation method used in these
calculations is based on special properties of the electro-
magnetic interaction.
The deuteron differs from the above in two respects:

(a) The interaction is transmitted by a meson field
and cannot be accurately approximated by an instan-
taneous interaction. Therefore the retardation effects
associated with the relative time must be treated co-
variantly. These effects are important because the
velocities of the nucleons are large when they are ex-
changing mesons.

(b) The exact form of the interaction kernel is
unknown. Moreover, even if it is assumed that the
interaction is transmitted entirely by pions, the inter-
action kernel cannot be expanded as a rapidly converg-
ing series in the meson-nucleon coupling constant. In
this work the influence of the retardation effects on the
wave function and the interaction strength will be
studied. The calculations are done with an interaction
kernel which has the form of the lowest order approxi-
mation to a simple field theory.

Recently, exact solutions of the Bethe-Salpeter (B-S)
equation have been obtained for the case of two scalar
particles interacting via a scalar massless field (scalar

* This work was supported in part by the U. §. Atomic Energy
Commission.

t Submitted in December, 1957 in partial fulfillment for
the degree of Doctor of Philosophy at Carnegie Institute of
Technology. Present address: McMaster University, Hamilton,
Ontario.

1 E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951).

2 J, Schwinger, Proc. Natl. Acad. Sci. 37, 455 (1951).

3 E. E. Salpeter, Phys. Rev. 87, 328 (1952).

4R. Karplus and A. Klein, Phys. Rev. 87, 848 (1952).

photons) in the ladder approximation.’¢ The method
used is dependent on certain special properties of the
interaction kernel and does not appear to be applicable
to other types of interaction kernels. It is the purpose
of this paper to introduce methods that are applicable
to an arbitrary form of potential. Although a system of
two bound scalar particles does not correspond to any
system found in nature, it is felt that a thorough
understanding of this problem will be useful for solv-
ing the spinor problem.

The method introduced here is based on a variational
principle. The particular variational principle that is
practical from a computational standpoint requires a
very judicious choice of trial function to obtain suffi-
ciently precise eigenvalues. A thorough study of the im-
portant features of the wave function is necessary to
apply the variational principle intelligently. This is
done by considering the exact solutions mentioned
above. In Sec. Il a new representation of the wave
function in momentum space is presented and is related
to the form used by Wick® and the nonrelativistic per-
turbation approach of Salpeter.® The wave function in
configuration space is discussed in Sec. III. In particular,
the important features of the wave function for non-
relativistic binding energies are presented.

In Sec. IV the accuracy of the variational principle
which is especially suited for arbitrary interactions is
demonstrated by means of a trial function which is
very similar to the wave function obtained from the
Salpeter® approach. Also, it is shown that the accuracy
of the foregoing variational principle is strongly de-
pendent on a cancellation effect when applied to situa-
tions where the binding energy is small. This discussion
shows how this feature of the principle can be used to
obtain high accuracy with rather simple trial functions.
Section V is concerned with the details and results of
calculations for a potential which has a finite range and
is very similar to the Yukawa interaction.

5G. C. Wick, Phys. Rev. 96, 1124 (1954); (hereaiter referred
to as W).
8 R. E. Cutkosky, Phys. Rev. 96, 1135 (1954).
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II. MOMENTUM SPACE SOLUTIONS

In the notation of W, the B-S equation in momentum
space for two scalar particles of equal mass’ interacting
through a massless scalar field in the ladder approxi-

mation is
&*ky (k)

(p—k)

A
BFp=— | )

where p is the relative four-momentum in the center-of-
mass frame of reference and the abbreviation

Fy= (p==m)+1 2

has been introduced for convenience. Recall that 7 is
a four-vector with a component in the p4 direction only
and 7 is related to the binding energy (B.E.) by

[n]=1-[(B.E.)/2]<1. )

It was shown in W that the s states solutions of (1) can
be represented by

+1
V()= f gD P+ 2izpnt1—rTS, (@)

where g(2) satisfies the ordinary differential equation
a’g M (2)
dz (1—z2)(1 n2-zty 2)

with the boundary conditions g(#1)=0. It should be
pointed out that the representation of the wave func-
tion by an integral over a single parameter “z” is a
property of the particular interaction under considera-
tion. For example, if the interaction is through a scalar
field with mass, intergrals over two parameters are
required. The unique property which allows a one-
parameter representation is that the functional de-
pendence on the momentum is reproduced when the
interaction operator [ths of (1)7] is applied to a wave
function of the form

Y(O)~ [P 2ip - 1—n" T (©)

In the extreme nonrelativistic limit, when #*— 1,
£(2) for the ground state develops a kink at =0, in fact,

g@=(1—|z]) and N\=2(1—)¥x,  (7)

which is the nonrelativistic Balmer formula for A. On
substituting (7) for g(z) in (4), the integration over z
can be performed resulting in

¥ (@) ~[F F_(p+1—7) 7, ®)

where F_ is defined in (2).
Equation (8) suggests a new representation of the
wave function

+1
v =[P BT [ asf@Lp+2ispnti—T, ©)

©)

7 Natural units z=c¢=m=1 are used throughout.

S. H. VOSKO

which is especially appropriate in the nonrelativistic
range. Following the method outlined in W, the condi-
tion that (9) satisfy (1) requires f to be a solution of

A(2)
(1-2)

where Q(z) = (1—2+2*?) and f(41)=0. On comparing
Egs. (5) and (10) one can see that f(z)=Cg(2)/Q(2),
where C is a function of » only. Substituting this ex-
pression for fin (9), the B-S wave function is

&
—[0@f(=x]1+ =0, (10)
dz?

+1
Y(p)=[F.F_T f dzg(2)

XCQH ()PP +2izp-n+1—7" 1 (11)

In the extreme nonrelativistic limit, CQ'(z) is
approximately 8(z) and (11) reduces to (8). However,
(11) is a more useful representation of the wave function
than (4), since a large part of the important asymmetric
momentum dependence is exactly accounted for in the
[F.F_]" factor of (11). Moreover, for the ground-state
solution, which is our main interest, g(z) is a slowly
varying function in comparison to 0~'(z). Thus, even
when »=0.95 (which is quite relativistic), with any
reasonable choice for g(z), (11) glves a very accurate
wave function.

In the light of (11) it is interesting to examine the
wave functions used by Salpeter® and by Karplus and
Klein* in their respective work involving the electro-
magnetic interaction. The basis of their method is to
note that essentially all of the binding is due to the
instantaneous part of the interaction. With this in mind
they approximate the true interaction kernel by the
instantaneous part for which they are able to obtain a
solution of (1). The difference between the instan-
taneous part and the true interaction kernel is treated
by perturbation theory. The assumption of an instan-
taneous interaction is equivalent to dropping (ps—k4)*
on the right-hand side of (1) which can then be written

k%()

Yo (p)=[FF_ 1= f &

After Salpeter’ we define a three-dimensional wave
function,

~+0
Y(p)= f b (0,0). (13)

Since the interaction does not depend on ks, we can
immediately integrate the right-hand side of (12) over
k4, which gives

A k
h(B) =[PP~ f Pl
T

(p—k)?

This means that the p; dependence of ¢, is given com-

(14)
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pletely by the [F,F_T" factor in (14). An equation for
Y(p) is obtained by integrating both sides of (14) over
#s. The result is

Y(k)

Y(B) = (D (gLt f Bk
) L. =

which is identical to the Schrodinger equation in mo-
mentum space except for the extra factor (p*-1)—%
However, in the extreme nonrelativistic case, where one
expects the above approximations to be valid, the im-
portant region of p? is of order (1—#?)<1. Therefore,
the (p>+1)~%* can be neglected in a first approximation
and then treated as a perturbation. For the ground
state the solution of (15) is

Y(p) =37 (P*+1—7)"2 (16)
To obtain ¢,(p), substitute for Y in (14) which gives

Yo(p)=[FF_T (P +1—7) an

Before comparing with the exact solution (11) it is
worth nothing that (1—»?) is 1.3X107 for positronium.
For binding energies of this order of magnitude,
C(Q~'(3) can be approximated by 8(z) and (11) gives a
wave function which is very similar to (17) except
that the last factor (p*+p2+1—%*)' is replaced by
(p*+1—72)~1 At first sight this difference might appear
significant ; however, [F+F_]—1 is a highly peaked func-
tion around p4=0. In fact, it is very nearly proportlonal
to F(p)d(ps). This can be seen by writing

FF_=[(p4p2+1—ml+dpi],

and noting that the important region of $? is of order or
less than a few times (1—?). In this region [F,F_]
decreases much more rapidly in the p4 direction than
in the p direction. This shows that the wave function
given by the Salpeter approximation is quite good in the
extreme nonrelativistic range.

(15)

(18)

III. CONFIGURATION SPACE WAVE FUNCTIONS

The wave function in configuration space will be
denoted by & (x) and is related to the momentum wave
function by the Fourier transform

X (x)=(2m) | dipe’>=Y(p), (19)

where = (r,xs) and p-x=p -1+ psxs. To investigate the
solutions around the origin in configuration space we
must consider the partial differential equation for (x).
Taking the Fourier transform of (1) gives

{{—0+ Q=7 — 49"/ 925} X ()
=AV(R)%(x), (20)

where the potential V(R) is

V(R)=4/R:, R=(x.x.)} (21a)

If the field transmitting the interaction has a mass u, the
potential is

V(R)=4uR™'K,(uR), (21b)

K, being a modified Hankel function. The singularity
of V at the origin is given by (21a) for both cases.
Owing to the asymmetry of the differential operator,
the solution must be expressed as a sum of four-
dimensional spherical harmonics C»,

X(x)=2n Hi(R)C..

The radial functions satisfy a system of coupled fourth-
order differential equations. However, the term which
produces the coupling is second order, so that the
indicial equation which determines the nature of the
solution around the origin comes from the fourth-order
part of the operator. The equation we must analyze is

(22)

1 9 2

{[ (R3 )] +O0(R2)40(R") (H(R)=0. (23)
R3 3R\ 4R

Equation (23) is of the Fuchsian type. A general dis-

cussion is given in Ince.® The leading terms of the four

independent solutions are

Hy(R)=R(14-byR24-bsRi4-- - ) (24a)
Hy(R)=1+---R+---RInR+---  (24b)
H3(R)=InR+- - - R*(InR) (24c)
Hy(R)= (InR)*+ - - - R*(InR)%. (24d)

On assuming that the function and its first derivative
must be defined at R=0, the solution is then a linear
combination of H:(R) and H;(R). It is useful to note
that the derivative of Hy(R) and H»(R) vanishes at
the origin. Since this is a general result, we shall make
our approximate functions in Sec. V satisfy this
condition.

To obtain more insight into the important character-
istics of nonrelativistic wave functions so that good
choices can be made for the variational calculation it is
useful to study the configuration space wave function
corresponding to (4). The wave function 9 (x) follows
directly from the Fourier transform which yields

X (x)=87 f ) dzg(z)QH(z)es =" RE(Q}(2)R), (25)

where K;(y) is the modified Hankel function normalized
according to

Ki(y)=y71 as y—0 (26a)
with asymptotic behavior
Ki(y)=~ (n/2)}yde v for large y. (26b)

8E. L. Ince, Ordinary Differential Equations (Dover Publica-
tions, New York, 1950).
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Our problem is to find the region of “z” which is most
significant for obtaining a proper nonrelativistic wave
function. To answer this question a criterion for an ac-
ceptable wave function must be established. Recall
that in the nonrelativistic theory of the two-body
problem the relative time does not enter. The wave
function decays like exp[ — (1—#*)¥] for all values of
the relative time. Thus a reasonable requirement on
the wave function obtained from the B-S equation is
that it decays like exp[ — (1—%)¥] over a wide range
of relative time values (i.e., for |xs Z(1—?)~*). This
means that it tends to zero much more slowly than
exp[— (1—7?)¥,] in the relative time direction.

For the particular point which we wish to bring out
it is best to rewrite (25) as

+1

X(x)=8"1) dafg(2)Q(z)Je*= " p(y), (27)
where

¢(y)=yKi(y) and y=Qz)R. (28)

The wave function X(x) can be interpreted as a sum
of the functions e***" ¢ (y), indexed by the parameter z,
with amplitudes g(z)(~1(z). The advantage of writing
the wave function in the form (27) is that each of the
functions e*@7e(y) has the value unity when R=0.
Thus when we inquire which region of z gives the main
contribution to the wave function for R< (1—42)~} we
immediately see that the functions corresponding to z
values less than a few times (1—4?)} are most important
because the amplitude factor g(z)Q—(s) is very peaked
around z=0. This establishes the importance of the
small values of z. However, we must investigate to see
whether these values of z are sufficient to describe the
wave function for large values of R [i.e., r> (1—5?)~1].
The exponential part of the asymptotic expression of
% (x) follows directly from (26b);

+1
X (2)~ f dg(2)0 ()]

Xexp{—[0#(z) — 2 cosfs IR}, (29)
where cosfs=2x4/R. Since Q¥(z) is always greater than
(2n), the wave function satisfies the boundary condition
X — 0as R— . For a specified direction (cosf, const)
the component with slowest exponential decay corre-
sponds to the value of z which makes [Q}(z)~zn cosf,]
a minimum. The value of z which achieves this is

z2an= (1—2%)% cotfs. (30)
However, if cosfs>1, 2 as given by (30) is outside the
interval of permissible z values and the minimum occurs
for z,==1. The two cases can be summarized as

H. VOSKO

follows:
i) [costs| <n; zmn= (1—n)} cotfy, (31a)
QY2 m)— 2mn cosBy= (1—12)} sinby, (31b)

L (x)~exp{— (1—7?)*R sinf,}

=exp{— (1—y)¥}. (3l¢)
(ii) [cosfs| >9; Zm==1, (32a)
Q4(2m) — zmn cosfs=1—1|cosby|, (32b)
% (x)~exp{—[1—n|cosbs| JR}. (32¢)

For the extreme nonrelativistic imit (i.e., >0.995),
(31) holds for all angles 64 except a narrow arc
Aby~ (1—12)} around the relative time direction, and
(31c) satisfies the general criterion discussed above.
Thus to produce a wave function with the proper
asymptotic form over most of the plane, values of
(29| 2 a few times (1—%%)* must be included. On re-
calling the previous discussion for small R, we conclude
that these values of z are sufficient to produce a wave
function for all values of R. These conclusions can be
corroborated by considering the wave function in mo-
mentum space.

It is interesting to note that the asymmetry of the
wave function (25) is given by the rather simple
e*@n factor. We will make use of the particular way
the asymmetric term enters in choosing trial functions
in Sec. V.

In W it was mentioned that an adiabatic separation
of the configuration space Eq. (20) was possible in the
extreme nonrelativistic range. Actually the method
does not give the correct form of A vs 9 [i.e., Eq. (7)];
however, because of its pedagogical value the method
will be presented. With the potential (21a) and the
space and relative time coordinates written explicitly
(20) becomes

{ [—-V?—f—;+(1—n2)]2—4ﬂ2£2—2]9‘3(’»"4)

0%y %4
4N
=r2+x42£r(r,x4). (33)
To motivate the separation of variables, let
r=(1-m)% and x;=1—9)ir. (349

Then in terms of the new variables (33) can be written as

[Tyt P

a7 1~ 87
4\
(A=) (e*+7?)

In the nonrelativistic limit when n2— 1, the coefficient
of 8?/37% is a large number while all other coefficients

x(e,7). (35)
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are of order one. The situation is analogous to the
problem of separating the electronic and nuclear motion
in molecules. This suggests a solution of the form

L (o,m)=2(0)u(e,7), (36)
where u is the solution of
49 O 4\
—u—§¢(p)u.  (37)

T (=) o (I~ ()

In molecules the nuclear motion is adiabatic with
respect to the electronic motion; here we treat the
spatial motion as adiabatic with respect to the relative
time motion.

The p dependence of £(p) follows directly from (37)
by use of the transformation r=py and is

4 CN)
tp)=——— (38)
1-7 ¢

The differential equation for # in the new variable y is

eu A
—+
dy2 1 + y?

where the 42 in the numerator of the left-hand side of
(37) has been set equal to one. In the spirit of an adia-
batic separation, when (41) is inserted into (35) to
obtain the differential equation for v(p), certain terms
are neglected. The derivatives of # with respect to p

are dropped and
62
[-v-2t1]

[—V.241]
Then using (37) and (38), the v equation is

=Cu, (39)

is replaced by

[—V241T0=—.

(1—?)p?

Although the foregoing approximations appear reason-
able and consistent, they are not correct in the region
around the origin (i.e., R<1). This will be shown by
solving (39) and (40) and then examining the wave
function %(r,t) obtained from their solutions.

The reduction of (40) into the form of a familiar
eigenvalue problem can be done most easily in mo-
mentum space. Let w(gp) be the three-dimensional
Fourier transform of v(p). Then in momentum space
(40) is

[P+ T(0) =AU [Ehal)/p=KI, (@)

(40)

where A=4C/(1—%?). Noting that the kernel of (41) is
the Green’s function of the Laplacian operator, the
integral equation can be reduced to a partial differential

equation by applying the Laplacian to both sides of
(41). This results in

VAH{[p*+1Tw(p)} = —Aw(p).

Since we are concerned with the ground state of the
B-S equation, only s states need be considered which
reduce (42) to

(42)

1 e
— —{p[$*+1Fw(p)} +Aw(p) =0. (43)
p dp?

To complete the determination of A the boundary condi-
tions on w(p) must be investigated.

The boundary conditions on the function v(g) are
the usual ones associated with the Schrodinger equa-
tion. That is, v decays exponentially for large values of
p, and v is defined for p=0. The former condition implies
that w is defined for p=0; therefore,

pw(p)=0 when p=0.

The boundary condition for large values of p can be
obtained from the integral Eq. (41) and the condition
that [pw(p)] tends to zero for large values of p, which
is necessary for v(#) can be defined at the origin. It then
follows that

([P +1Pw(p)} > constas p—> . (45)
With these boundary conditions the solution of (43) is

w(p)=[p+11* (46)

corresponding to the eigenvalue A=3. The wave func-
tion » in configuration space is

o(n)=rKi[(1—n)¥], (47)

where we have returned to the original coordinates.
To complete the determination of the wave function
and the eigenvalue A\, Eq. (38) must be considered. It
can be shown by a straight-forward analysis that (38)
has two regular singular points (y=-7), and an essen-

(44)

© tial singularity at y= . Thus the equation cannot be

solved in terms of well-known functions. However, it
is easy to see that for small values of A

C=m2\/4+4+0(\%), (48)
and for large values of y the function  behaves like
u(y) ~exp[—CH|y|]. 49)
On combining (48) with the relation connecting C and
A, one obtains
A= @R0—)Yr

where higher-order terms of (1—»?%) have been neglected.
This is a very curious result; X has the correct functional
dependence on * but the coefficient is wrong by the
factor (3)}. The corresponding wave function is

& (rywe)= {rKa[(1—n?)br Bu(wa/7),

(50)

(51)
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where #% is an even function and behaves like
u=exp{— (DI1—p)}w|/r} for |x>r. (52)

The wave function is reasonable in the region 7 5 | x|
but is very poor in the region < |wx4|. It is especially
bad around the origin where the function should be very
nearly spherically symmetric. Instead it decreases
sharply in the x; direction. As pointed out earlier the
error arises from dropping the 92/9+% term to obtain
the v Eq. (42). This approximation, which was made to
separate Eq. (33), is good for large values of R since
there the asymmetric term

{{4n*/ (1—?) 10/ 7%}

dominates, but this is not the case near the origin.
These statements can be corroborated by considering
the momentum space wave functions of Sec. II. The
asymmetric p; term dominates for p2< (1—#%); this
corresponds to large values of R. However, for large
values of p the wave function is spherically symmetric.
Therefore the wave function in configuration space
should be spherically symmetric around the origin.

IV. VARIATIONAL METHOD

The reduction of the B-S equation into a one-
dimensional problem is only possible for the particular
interaction due to a scalar massless field. To investigate
solutions for arbitrary interactions one must resort to
other procedures. The method introduced in Sec. V is
based on a variational principle and is applicable to
any form of potential.

There are several variational principles which are
related through the variation-iteration method® for
solving eigenvalue problems. Their formulation is
simple and straightforward.’® The difficulties arise in
performing the necessary integrations with reasonable
trial functions. Although the iterated forms can be used
with crude trial functions, the integrals become com-
pletely out of hand with even the simplest choice for
the B-S equation. Thus the primary concern in choosing
the variational principle is that it gives integrals which
can be evaluated, without excessive labor, when used
with nontrivial trial functions. For arbitrary interac-
tions, only the orthodox (noniterated) variational
principle satisfies this condition. The disadvantage of
this approach is that the main emphasis is put on the
choice of trial wave functions. In this respect the
analysis of wave functions in Secs. IT and IIT will be
very useful.

For purposes of discussion it is most convenient to
employ general operator notation. The B-S equation is

F=AVw, (53)

3 P. M. Morse and H. Feshbach, Methods of Theoretical Physics
(McGraw-Hill Book Company, Inc New York, 1953).

10 For numerical details see S. H. Vosko, Ph.D. thesis, Carnegie
Institute of Technology, 1957.

H. VOSKO

where F represents the operator on the left-hand side of
(1) or (20) and U is the interaction operator. Since F
and U are positive-definite and self-adjoint it follows

that
A=minimum{ (,5%)/ (¥, 0¢)}

is a variational principle for A.

To appreciate the usefulness of the variational
principle, its accuracy can be tested for the scalar
massless field. A basis for comparison can be established
by solving the ordinary differential equation (5). One
must resort to numerical methods because the equation
has four singular points. All calculations will be done
for *=0.99 which is a rather critical test since neither
the extreme relativistic nor the extreme nonrelativistic
approximation is valid. Direct numerical integration
gives!?

(54)

A=0.08382-0.0001.

It is also of interest to consider the solution of (5)
by a variational procedure. With the simple trial

function
gi(z)=(1—[z])+b(1—2), (55)

the minimum occurs for 5=0.491 yielding a value for A
of 0.0858 which is about 239, too large. If the extreme
nonrelativistic choice is made for g; (i.e., 5=0) the value
obtained for N is 0.0888. A better trial function
which eliminates the cusp around 2=0 of the function

(1-1s])is

[z <a,

g2(5)= (1‘—5—5 (56)

(1-1z])

Minimizing with respect to “a’ gives an upper bound
of 0.08414 to X with ¢=0.2 whlch is a considerable im-
provement over g,(z).

To test the accuracy of (54) we shall use the extreme
nonrelativistic wave function (8). By a straightforward
integration the numerator of (54) can be evaluated and

yields
wlP(1—?) I siny—g(1—n)}}.  (57)

The denominator is more complicated and the integrals
cannot be expressed in terms of simple functions. It
can be expressed as

w4 (1=

|z]>a.

x { [n(1—r)} Sin*‘n-i-ln?(l"-n*)‘] sin~tn

(58)

_f z(1+z) (119*]'

In the extreme nonrelativistic limit, 9> — 1, the arc sine
terms dominate in both expressions. On taking
sinT'y=~=/2, the quotient tends to 2(1—x)¥/x as it
should. The terms dropped represent relativistic correc-



APPROXIMATE SOLUTIONS OF THE BETHE-SALPETER EQUATION 511

tions. To compare the variational result for n2=0.99
with the exact value given in (54), the integral in (58)
was evaluated by Gauss’ method using the six-point
formula. The final result is 0.0843, which is only 0.6%
larger than the exact result. It is interesting to note
that this is very much better than using the function
g(@= (1—|z|) to obtain A from (5) by a variational pro-
cedure even though the wave function (8) corresponds
to this choice for g(z). This shows that the variational
principle expressed in terms of the B-S wave function
is not very sensitive to the choice of g(z), and is capable
of giving very accurate results.

Before considering trial functions which are par-
ticularly suitable for the variational principle it is
important to understand how the minimization is
achieved. It will be shown that the minimization is
strongly dependent upon a cancellation of positive and
negative terms in the numerator of (54). How this can-
cellation comes about is not obvious since the operators
are positive-definite. For the purposes of illustration
we shall consider the scalar massless field which is an
extreme example, since the interaction strength tending
to zero with the binding energy is dependent on this
cancellation effect. Substitution of (4) into (54) gives

+1 +
>\=minimum{ f dz | dig(2)F(3,0)8(5) /

-1

f_ ? as f_ Tl deg ()0 (5,08 (%) ] (59)

where
5(e0)= [ 909, —19F, P 24T (60)
V(z,f) =1~ f d*p f ak

XLp, — LA IATE (6D

and the abbreviation

[pz]=p*+2izp-n+1—n

has been used. It follows directly from these definitions
that the kernels F(z,{) and U(z,{) are symmetric and
positive definite. Equation (59) can be regarded as a
variational principle for A in terms of the functional
g(2). The 7 dependence of the kernels can be exhibited
explicitly by the change of variables

m=x(l—m)}, p=y(1—m)} (62)

and the change of the p and £ scale by (1—#?)%. Then
[$,2] becomes (1—#?)(p*+2ixps+1). The change in
variables from (z,¢) to (x,y) in Eq. (59) introduces a
factor n72(1—4?) and the limits of integration become
+¢! where e= (1—9%)}/5. Collecting powers of (1—7?),
the numerator and the denominator of (59) can be

expressed in the form

(1= f i [[dyg@)5:585)

(=) f dx f g (®)F2(x3)¢(y), (63)

and

(1) f dx f dyg()0ux3)g(),  (64)

respectively, where all the kernels are positive definite.
For the extreme nonrelativistic case where e >>1, the
major contributions to (63) and (64) come from the
region |x| <1 and |y| <1, where g(x) is essentially
constant. Then it would appear that both quantities
were of order (1—#?)~2 and the quotient tended to a
constant. This contradicts the previous result of
A~ (1—9?)% Comparing (63) and (64) with (57) and
(58) we see that the difficulty must be in (63). To
reconcile (63) with the previous calculation one must

require that
fdxfdygl(xyy) Z €,

where the limits of integration are ¢ If the limits
=+ are used (e— 0), then the integral should vanish.
By direct integration this can be shown to be the case.

The diagonal matrix elements, F(x,x), must be posi-
tive since F is positive-definite. Therefore the off-
diagonal elements of F(x,y) must be negative so that
the positive contribution from the region =y may be
canceled. The sources of these negative matrix elements
may be understood by examining Eq. (60). Since we
are concerned with the ground state our considerations
can be specialized to g(z) even. Then it is most con-
venient to work with a kernel which has this condition
explicitly exhibited. Define

(65)

1
.= f Pp0p, =51+ [FF-]
X([p, —T+[p4T)  (66a)
which is related to F(z,{) by

Fo(2,8)=5(2,5)+5(z —1). (66b)
Similarly, the interaction kernel becomes
Ve (2,8) =0V (2,8)+0 (2, —). (67)

By collecting the denominators of an individual
bracketed term in (66a), it can be seen that the inte-
grand of (66a) is positive for all values of p when (zn)?
is smaller than [(1—4?)/3]. Therefore, F,(2,{) is posi-
tive when (z9)? and ({4)? are both smaller than
C(1—%*/3]. It may be positive for other values of z
and { but this depends on the details of the integral.
For %.(z,{) to be negative, at least one of the terms zn
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or {n must be greater than [(1—»?)/3]%. The matrix
elements of V,(z,{) are always positive. Expressions for
F(z,¢) and V(z,{) are given in the Appendix.

The main conclusion which may be drawn from this
discussion is that the minimum of (59) is achieved by
a delicate cancellation due to the complicated structure
of the kernel F(z,{). This effect is essential for determin-
ing eigenvalues for nonrelativistic binding energies.

V. APPROXIMATE WAVE FUNCTIONS

This section will be concerned with the problem of
choosing approximate wave functions that can be used
in the variational principle. The choice of functions
will be guided by the criteria discussed in Secs. III
and IV. Particular care is taken so that the cancellation
effect described in the previous section can occur. This
is achieved by using a linear combination of functions
and varying the amplitude of each function so that a
minimum is obtained.

To illustrate the procedure consider the scalar mass-
less field. The form (4) of the exact wave function
suggests a trial wave

‘I/T:z a(zn){[P7 —zﬂ]_3+[p’zn]_3}y (68)

where 0<2,<1 and the sum is over a finite number of
za’s. Substituting this trial function in (54) gives

22 a(30)Fs (Zny$n)a($n)

A=minimum b , (69)
22 a(32)Ve(3n,$n)a($n)

£n 20

where the a(z.) and 2z, are the variational parameters.
The ideal procedure would be to vary all parameters;
however, the labor involved would be prohibitive. A
more practical procedure is to make a judicious choice
of 2, and then vary the a(z,) to produce a minimum.
After some experimentation the following values of z,
were arrived at for the special case (1—7*)=0.01:

Z4m
0.300

zm %2 2m 25m
0.000 0.065 0.173 0.500.
The choice of the first two points is primarily concerned

with the over-all shape of the wave function in accord-
ance with the discussion of Sec. III. The objective

(70)

VOSKO

governing the choice of the other three points is to
minimize the numerator of (69) by exploiting the nega-
tive values of the off-diagonal matrix elements of &,. It
should be noted that large values of z.(2,~1) are not_
needed. For other values of #* some readjustment of
the points would be required.

With the 3.’s fixed the problem of determining the
a(z.) can be reduced to solving the matrix eigenvalue
problem

:Z. Fo(3n,n)a(En) =N %: Vs (20,8 n)a($n), (71)

where F,(2n,{») and V,(24,{») are positive-definite sym-
metric matrices and a({,) is the eigenvector. The solu-
tion of (71) for the ground state is straightforward.
The functional form of &, and U, are given in the
Appendix and a tabulation of the matrices for par-
ticular values of z, are given in Tables I and II. For the
(z.n)’s given in (70) the eigenvector is (1.0000000;
2.5463714; 4.5260774; 1.9318722; 7.9293120) and the
correspondlng eigenvalue is 0083920 which is only
0.129, greater than the exact value. It is interesting to
note that this method gives more accurate results than
the wave function (8) in the variational principle. To
investigate whether a value of (z.7) greater than 0.5
would make an appreciable improvement, a sixth value
of (zxn) equal to 0.7 was added. The resulting eigenvalue
is 0.083875, a very small improvement over the previous
result, which shows the values of 3, given in (70) are
adequate.

Owing to the similarity of Eqs. (4) and (68) there
should be some connection between the values of ¢(z,)
which produce the minimum in (69), and the function
£(2). The values of a(z.) and the corresponding values
of g(z) at the points 2, cannot be compared directly.
A reasonable assumption is that the sum in (68) could
be thought of as a numerical integration of (4). Then
a(z.) 1s equal to g(z.)Az, where Az, varies from
point to point. A rough comparison can be made
by constructing a histogram from the values of a(z,),
where the height of each block is equal to a(z.)/Az.
The choice of Az, is rather arbitrary but any reasonable
choice does not alter the histogram appreciably. The
£(2) plotted for comparison in Fig. 1 is from the varia-
tional solution (56). The histogram is normalized such
that its area is equal to the area under g(2).

TasLE 1. §,(z,¢) matrix for (1—»2)=0.01.»

2 \&n 0.000 0.065 0.173 0.300 0.500
0.000 0.27733333 0.096959036 —0.039726098 —0.027291486 ~0.010824967
0.065 0.096959036 0.054529575 —0.0049262454 —0.011011672 ~0.0062225370
0.173 —0.039726098 —0.0049262454 0.016494543 0.0075587743 0.0014103839
0.300 —0.027291486 —0.011011672 0.0075587743 0.0069608986 0.0032060624
0.500 —0.010824967 —0.0062225370 0.0014103839 0.0032060624 0.0025363315
0.700 —0.0050435419 —0.0033574601 0.000032635305 0.0014553906 0.0016710349

& Note. The factor x2/4(1 —»?)% has been omitted.
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TasLe II. 0,.(z,¢) matrix for (1—%2)=0.01,»

2\ 0.000

0.065 0.173 0.300 0.500
0.000 0.66666666 0.43489565 0.11847216 0.035149843 0.0094487446
0.065 0.43489563 0.29371344 0.088466198 0.028416016 0.0081631006
0.173 0.11847216 0.088466198 0.035725803 0.014529605 0.0051085866
0.300 0.035149843 0.028416016 0.014529605 0.0072270637 0.0030615355
0.500 0.0094487446 0.0081631006 0.0051085866 0.0030615355 0.0015698808
0.700 0.0037577238 0.0033631595 0.0023489828 0.0015690780 0.00090878084

» Note. The factor =2/4(1 —»3)3 has been omitted.

A parametric representation of the B-S wave function
when the interaction is transmitted by a scalar field
with mass is suggested by the analogous problem in
nonrelativistic wave mechanics. The ground state solu-
tion of the Schrédinger equation for the Coulomb
potential is the familiar exponential. The analog of the
Coulomb potential for the B-S equation is (21a) and
the corresponding wave function is (25). The similar
feature of the two solutions to note is that their asymp-
totic behavior in configuration space is characterized
by a single decaying exponential which is precisely the
same as the corresponding Green’s function (see
Appendix of W). On the other hand, the solution of the
Schrédinger equation for the Yukawa interaction
requires a sum of exponentials with different decay
factors. That is, the solution can be represented as

[ daj@ eml—ati-mr)  (720)
+1
in configuration space, or
daf(@)[p*+ao*(1—7) ] (72b)

+1

in momentum space. The corresponding example for
the B-S equation is a scalar field with mass. By analogy,
the B-S wave function for this case may be generated
from the known solutions for the scalar massless field by
including a sum of various decay factors, that is,

) +1

x(x)=8"1 f do dz
+1 -1

X[g(za)aQ7 () Je* = PwK1(w), (73)

where w=aQ?%(z)R. This corresponds to the momentum
space wave function!

o +1
y(@p)=| da| dxg@Ea)psal™, (74
+1 -1
1A similar parametrization has been used by G. Wanders

[Phys. Rev. 104, 1782 (1956)]. Also R. E. Cutkosky and the
author have investigated the wave function [F F_11/dafdz
X f(z,0)[p5,2]; however, the integral equation obtained for
f(z,e) is too complicated to be useful.

where the abbreviation

[pza]= (p+izn)*+o*Q(2) (74a)

has been introduced for convenience. With the proper
choice of g(z,0) Eq. (74) would be an exact solution of
the B-S equation

Ry @)= [ E/ L= b (75)

According to the procedure used in the foregoing, for
a variational calculation the integrals over « and z
could be replaced by finite sums, for example,

Vi (?) =Z Z a(z,.,al)[p,z,.,a,]—3.

al 2n

(76)

The sum over z, depends on the value of #* (i.e.,
binding energy) under consideration. For n*=0.99, the
values given in (70) are adequate. The sum over a;
should include a;=1 to ensure agreement with the
Green’s function for large values of R; other values of
a; could be treated as variational parameters. Sub-
stituting (76) in the variation principle would result in
an expression very similar to (69) except the matrix
elements would be designated by four parameters
(2ny0t1; E81). The determination of the a(zn,0;) which
minimize the quotient can be reduced to the familiar
secular problem as in the previous case. Considering the
results obtained for the scalar massless field one might
expect to determine the interaction strength A to

T T T T T T T T T
10 .
— _
o.e_]——\ .
] -
06 g (z) -
04} m
o2 4
zZ, 3 24 25 .

00 i I il L 1 1 1
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Fic. 1. Histogram for comparison of a(z,) and g(z). The area under
each block is proportional to a(za).
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TasLE III.

Right-hand side

P PK,(P) of Eq. (77)
0.2 0.955 0.964
0.6 0.782 0.792
1.0 0.602 0.604
20 0.280 0.280
3.0 0.126

0.120

within 0.5%, for the case (75) using a wave function of
the form (76) with two a/’s, of which one would be a
variable parameter. Use of the wave function (76)
presents a problem because the matrix elements of the
potential operator cannot be evaluated in terms of
simple functions. At best they can be represented as an
integral over a single parameter which could be evalu-
ated numerically if a very precise solution were re-
quired. However, Eq. (92) does not warrant such
careful treatment since it does not represent any known
physical situation.,

The effects of a finite range potential can be obtained
by a simpler calculation by altering the original
potential slightly. The mode of approximation is sug-
gested by writing the potential (21b) in the form

4R (uR)K1(uR)],

and noting that the function in brackets is generally
similar to

(14-uR)e*+E,

By direct numerical computation it can be shown that
for P less than $

PK, (P)=~ (14-a) ' [(14P)e~P+a(1+42P)e2F] (77)

where ¢=0.66746. Beyond 5 the value of the function
is quite small and relatively unimportant, The accuracy
of (94) is demonstrated by the sample values given in
Table IIL. On using (77), the finite range potential
which we will consider is

U(R)=4R>*(14a)™!
X[(1+uR)e*B+a(142uR)e2E],

Also, it is worth noting that the properties
PK,(P)=1 and d[PK.(P)]/dP=0

(78)

when P=0 are preserved by the function (1+P)eF.

In the spirit of the preceding approximations for
PK,(P), a reasonable ground-state trial function is
[compare with Eq. (73)],

Ar(x)=2 2 a(z,.,az)[\/fazzQ (z.) 1

al zn

X{ez,‘(x.q)_{_e—zn(z‘n)}{ (1—]—(»)6—“’}, (79)
where

w=a(z.)R.

H. VOSKO

The advantage of this trial function is that the potential
matrix elements can be easily evaluated for any poten-
tial containing exponentials such as (78), The summa-
tions over z, and «; are the same as (76) except for the
a; which is to be treated as a variational parameter. It
should be noted that the trial function (79) is even in
x4 since it is a ground state function. Also, the radial
function (14-w)e® satisfies the general condition de-
rived in Sec. IIT that the first derivative with respect
to R vanish at the origin for potentials with the R~
singularity. The corresponding momentum space wave
function follows from the Fourier transform of (79)

Yr(p)=2_ 2 15a(zn00)arQ¥(2,)27}

al zn

X{E?s —Zn, al]—7/2+[-P:zmal]-7,2}' (80)
It is very similar to (76) except the exponent is (—3%)
instead of (—3). The evaluation of matrix elements
with these trial functions are straightforward although
rather complicated algebraic expressions result.l

Potentials with repulsive cores or phenomenological
potentials can be expressed in terms of exponentials, and
their effects could be readily investigated with trial
functions similar to (79).

The scalar massless field can be used to estimate the
accuracy of a variational calculation with this trial
function. If only a;=1 and z.n of (70) are used the
calculation is similar to the previous variational calcu-
lation.”® The result is A=0.08768, which is fair consider-
ing the simplicity of the trial function although not
nearly as good as using the exact type [i.e., RKi(R)] of
function. The effect of including a variable «; is to
lower A to 0.08574, a 29, improvement. In this case
a1=1 and a; is varied to produce a minimum. For each
value of « the tenth-order secular equation is solved for
A and a(za,0;). This ensures that the value obtained for
A is a minimum with respect to the ten independent
variable parameters. The minimum occurs for a;=1.5.

For the finite range potential U(R) with x=0.148
which corresponds to the pion mass, the same set
of calculations was performed. With a single a;=1,
A=0.302. Introducing a second e; as above, the upper
bound on A decreased to 0.210 which illustrates the im-
portance of a second exponential. This is similar to the
Yukawa interaction in the Schrodinger equation where
the addition of a second exponential also makes a large
improvement. The minimum occurs at a;=1.7 and is
quite sensitive to az. Using the error in the scalar mass-
less field as a guide, one might expect that the value
0.210 is approximately 29, too large. The interaction
strength for a finite range potential could be determined
more accurately if the trial function (68) was used
instead of (80).

Table IV illustrates the relativistic effects by com-
paring the just-mentioned results with the values
obtained from the Schrédinger equation with the same
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TaBLE IV.
Scalar Finite range
massless potential,
field u=0.148
Schrodinger equation 0.0637 0.148
Variation solution of B-S equation 0.0857 0.210

binding energy and the equivalent nonrelativistic
potentials. Recall that these calculations correspond
to #*=0.99. Assuming that the results for the B-S
equation are too large by 29, then the true relativistic
result for the finite range potential would be 409,
larger than the nonrelativistic result. Although the
form of the B-S equation used here does not include the
effects of spin, which are quite important in the deu-
teron, the results show that relativistic effects are very
significant. If the true potential for the deuteron has a
repulsive core, the relativistic effects are likely to be
even larger than the preceding calculations indicate.
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APPENDIX

The functions §(z,¢) and V(z,¢) defined by Egs. (60)
and (61) may be evaluated in a straightforward
manner. Use of Feynman formulas to combine denomi-

nators are useful. The results are

w2

F )? =[—'"—
L o

] (xty)*

1—xy 1—xy
{ 24— 61— ) (1—xy)

14a2 1442
— (x+y)[tanx+tany [ (14a?)

(159 +4(1—xp) = (1=7)

X{2(1+2) (1) +4(1—xy)%} 1,
where x and y are defined by
x(1—n))t=2zn and y(1—n’)i={n.

The function (A1) appears to have a singularity when
z=—¢; however, it can be shown that the function is
defined and has the form

(A1)

w2 ‘l 2
a(1—m2tf15(1 a2y
X{6(1+23)+4(1—9*)—S5}.

For the scalar massless field the potential kernel is

56, —2)=|

(A2)

e ] 1
41— 2 (x4 y)?

oG-

(x+y) (1—xy) } A3)

(1423 (1452

Again the singularity for 2= —¢ is only apparent, in fact
(A3) simplifies to

VG -9

X { tan~lx4tan—ly—

——2——]3“1(1+x2)‘3. (Ad)
4(1—72)?

Note that in Tables I and II the common factor
7%/4(1—7%)? has been omitted.
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A rigorous one-one correspondence is established between one-dimensional systems of bosons and of
spinless fermions. This correspondence holds irrespective of the nature of the interparticle interactions,
subject only to the restriction that the interaction have an impenetrable core. It is shown that the Bose
and Fermi eigenfunctions are related by y2=yF4, where 4 (%, - -x,) is 41 or —1 according as the order
$q- - -r, when the particle coordinates x; are arranged in the order x,<x,<---<x, is an even or an odd
permutation of 1- - -n. The energy spectra of the two systems are identical, as are all configurational prob-
ability distributions, but the momentum distributions are quite different. The general theory is illustrated
by application to the special case of impenetrable point particles; the one-one correspondence between
bosons with this particular interaction and completely noninteracting fermions leads to a rigorous solution

of this many-boson problem.

1. INTRODUCTION

N the following section a very simple and general
relationship will be established between one-di-
mensional systems of impenetrable bosons and fermions.
We shall find that the restrictions both to one dimension
and to interactions with a completely impenetrable
core are essential. Nevertheless, there are at least two
motivations for studying such a relationship. First, one
is enabled to obtain a rigorous solution of the many-
boson problem for the case of impenetrable point
particles in a one-dimensional periodic box, and this
solution may serve as a useful testing ground for various
approximation methods. Second, the relationship for
the case of more general interactions may permit com-
parison of approximation methods designed for Fermi
systems with those designed for Bose systems.

The general theory of the Bose-Fermi correspondence
is developed in Sec. 2, and is illustrated in Sec. 3 by
application to impenetrable point particles in a periodic
box, for which the correspondence permits one to obtain
a rigorous solution of the many-boson problem by
relating it to the trivial problem of a one-dimensional
free Fermi gas.

2. PROOF OF THE CORRESPONDENCE

The condition that the interparticle interaction have
an “impenetrable core” is most conveniently repre-
sented by the following subsidiary condition on the
allowable wave functions ¢:

1<j<ign, (D)

where #;---x, are the coordinates of the » particles
comprising the system, and a is the hard-core diameter.
Then the Schrédinger equation is

(T+VW=Ey, 0)

‘Supﬁorted in part by U. S. Air Force Office of Scientific
Research.

t An abbreviated account of this work was given by M.
Girardeau, Bull. Am. Phys. Soc. Ser. I 5, 8 (1960).

§ Now at Boeing Scientific Research Laboratories, Seattle,
Washington.

gl/(xl- . -x,.)=0 if lxj—-x;[ $a,

where V includes all interactions except the hard cores’
and is otherwise completely unrestricted. Consider first
any Fermi wave function ¢F satisfying (2); ¢ is anti-
symmetric in the particle coordinates. We define a
““unit antisymmeétric function” 4 as follows:

A(xy: - -n)=]1 sgn(x;—x1), (3)
>l

where sgn(x) is the algebraic sign of x; an equivalent
definition is that 4 is 41 or —1 according as the
order pg--:r, when the x; are arranged in the order
%p<%4<--- <%, is an even or an odd permutation of
1---n. Then the product

YE=yF4 (4)

is symmetric in the particle coordinates, and hence
describes a Bose system provided that the necessary
regularity conditions are satisfied. To see that they are,
we note that 4 has discontinuities only at the surfaces
x;=x;, where two particles come together. But ¢ is
continuous even at these surfaces, since ¥¥ vanishes
there as a result of the Fermi statistics; indeed, it
vanishes throughout the region of the hard cores as a
result of the subsidiary condition (1). The surfaces
x;=2x; divide the m-dimensional configuration space
into »! disjoint regions, in each of which 4 is constant,
equal to either +1 or —1. As a result, ¥ satisfies the
Schrodinger equation (2) throughout the allowed
portion of configuration space [all |x;— ;| >a(j51)],
by virtue of the fact that ¥ does; for the same
reason, y2—0 as |x;—x| — a from above. In the
remainder of configuration space (where hard cores
overlap), ¢¥ and ¢# are defined by (1). Finally, ¢8 will
satisfy boundary conditions of enclosure in a box if
¥F does, and in the case of odd! total number of particles

1 For the case of odd #, the function 4 (%, - -x,) defined by (3)
remains well defined if the x; are interpreted modulo L, in which
case A satisfies periodic boundary conditions with periodicity
length L. On the other hand, for the case of even # the substitution
x; — x;=4= L changes the sign of 4. Hence our general theorem on
the one-one correspondence is only valid for a system with
periodic boundary conditions if # is odd. There are no restrictions
on 7 for boundary conditions of enclosure in a box.
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n, it will satisfy periodic boundary conditions if ¢* does.
Upon putting together all the pieces of this rather
lengthy verbal proof, we conclude that y2 is a solution
of the Schriodinger equation (1) satisfying Bose statis-
tics and belonging to the same energy as ¢¥, and satis-
fying the same boundary and regularity conditions;
for the case of periodic boundary conditions, we must
add the proviso that the total number of particles be
odd. The above proof cannot be generalized to systems
of particles moving in three dimensions (or any number
of dimensions greater than one) because there does not
exist any generalization of the unit antisymmetric
function 4 [Eq. (3)] to the case where the particle
coordinates x; are vectors rather than scalars; this is
because the “surfaces” x;=x; then fail to divide the
configuration space into disjoint regions (they are
“lines” rather than ‘“‘surfaces”); in two or more di-
mensions one can hold all particles but one fixed and
move the remaining particle about throughout the box
containing the system without encountering any of
the fixed particles, but in one dimension the motion of
one particle is blocked by the others. Even for one-
dimensional systems, our proof is limited to systems
for which the interparticle interaction has a completely
impenetrable core, since only then does the Bose wave
function defined by (4) have a continuous gradient at
the surfaces x;=x; [both the wave function and its
gradient vanish there because of (1)]. In the degenerate
case where the impenetrable core has shrunk to a point
(¢=0), ¥® has discontinuous gradient at the surfaces
%=1, but this is merely a reflection of the singular
point interaction; such a discontinuous gradient at
xj=2; is permitted only if there is an impenetrable
point core.

The relationship (4) establishes a one-one correspond-
ence between all the Fermi and all the Bose energy
eigenfunctions; since 42=1, this correspondence pre-
serves all scalar products. Not only are the energy
spectra of the Bose and Fermi systems identical,? but
also all configurational probability distributions, since
these involve only the square of the wave function. On
the other hand, the momentum distributions will in
general be quite different, since they involve the mo-
mentum wave function, and the result of taking the
Fourier transform depends on the relative sign of the
wave function in various regions of configuration space.
One expects the single-particle momentum distribution
of the Bose system to reflect a tendency toward Bose-
Einstein condensation, while that of the Fermi system
should be dominated by the effects of the exclusion
principle. We shall find that this is indeed the case for
the simple example discussed in Sec. 2.

We conclude our discussion of the general corre-
spondence by noting that the relationship (4) simplifies
for the case of the ground state. We note first that for

2Tt is an obvious corollary that also all equilibrium thermo-
dynamic properties of the two systems are identical.
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a one-dimensional system the Fermi ground state ¢
vanishes only for those configurations x;---%, where
the hard cores overlap [Eq. (1)]; this follows from (4)
and the well-known fact that the Bose ground state
Yo% is positive (aside from an arbitrary constant phase
factor) except where it is required to vanish by boundary
conditions or infinite repulsive interactions.® It follows
that ¢oF has constant sign* throughout each of the #!
regions into which the configuration space is divided
by the surfaces x ;= ;. Thus, since ¥, is antisymmetric,
it has the same sign (aside from a constant phase
factor) as the unit antisymmetric function A4 (x;- - - %)
throughout the whole configuration space. As a result,
the product ¥4 reduces merely to the absolute value
of Yo, and (4) reduces to

YoP= " . (5)
3. IMPENETRABLE POINT PARTICLES®

We consider in this section the simplest possible inter-
action with an impenetrable core, namely the case
when the core has shrunk to a point, and there is no
other interaction. Then the subsidiary condition (1)
reduces to

1<j<i<n. (6)

We seek the Bose eigenfunctions ¥# and energy eigen-
values E of the Schriodinger equation

n B2 OWE
HYP=Ty"=3 ——
=1 2m 9xj;

t,’/(xr . -xn)=0 if Xji=Xi,

=Ey® (7

subject to the subsidiary condition (6)% and to periodic
boundary conditions with period L.

It is well known that for a system of spinless fermions,
point interactions are equivalent to no interaction at
all, since the Fermi wave functions automatically vanish
when two particles come together. Thus the Fermi
energy eigenfunctions ¥ satisfying the subsidiary
condition (6) are just the eigenfunctions of a free Fermi
gas; the Bose eigenfunctions y® satisfying (6) and (7) are
then given in terms of the free Fermi gas eigenfunctions
YF by our general theorem (4).

The ground state ¥ of the free Fermi gas is a Slater
determinant of # free-particle states e?*?; the allowed
values of £ determined by the periodic boundary condi-
tions are k,=27rp/L with p any integer. We shall
assume that #, the total number of particles, is
odd; then the ground state is nondegenerate and is
obtained by choosing the values of p lying within the

3 For a proof see O. Penrose and L. Onsager, Phys. Rev. 104, 576
(1956), Sec. 5.

4+ We assume that the ground state is nondegenerate, so that o
can be chosen to be real.

5 (a) Note added in proof. This model was treated some time ago
in an unpublished work by J. K. Percus and G. J. Yevick (private
communication from Professor Yevick); (b) ¢# is not required to
satisfy the Schrodinger equation on the surfaces x;=ux:, where it
vanishes and suffers discontinuities in gradient (but not in value)
as a result of the infinite repulsive forces.
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Fermi “sphere” —3(n—1)<p<3(r—1). By factoring
e in-D7zilL out of the jth row of the Slater determinant,
one can write this ground state in the form

¢0F(x1. . .xﬂ)
12122 - -zt

=Cexp[—i(n—V)xl™* T a;]|: N PR €)
13,2.2 - -2," ¢
where
z;=expi2wrL7x; )
and the normalization factor C is
C= (n) AL nghn—D), (10)

The phase factor in (10) is chosen to make ¥ real. The
determinant in (8) is of a type familiar to mathema-
ticlans; its value® is just the product of the 3n(n—1)
differences (z;—21), j>1. Thus

Yof =C exp[—i(n—~rL™ L ;]
XTIT [exp(32rL1x;) —exp (32w L xr) ]

>l

(11)

According to (5), the ground state yo? of the system
of impenetrable point bosons is given in terms of the
Fermi ground state (11) by

Yof = [Yo” | = (n!) AL
XTI | exp(i2nLx ;) — exp(i2x L 1) |
>

= (n)"AL424n 0= TT | sin[wr L1 (x;—2) ]} (12)
>

The structure of this wave function is very simple. If
we vary the position of one particle, keeping all the
others fixed, then the wave function is positive and
smoothly varying everywhere except at the position
of each of the other particles, where it vanishes and has
a cusp as a result of the singular repulsive interaction.
According to our general results in Sec. 2, the ground
state energy is the same as that of Y%, i.e., that of the
free Fermi gas

72 31y 42 2 #ip)?
E=— X (2) by,
- L m

where p=#/L, the particle number density.”™ The ex-

(13)

8 A. C. Aitken, Determinants and Matrices (Oliver and Boyd,
Ltd., Edinburgh, 1951), 7th ed., p. 112.

7 (a) Note added in proof. It is possible, by a simple change of
variables, to extend the results for the ground state of the im-
penetrable point Bose gas so as to obtain the exact solution for
the ground state of a gas of hard-sphere bosons with diameter
a>0 enclosed in a one-dimensional periodic box. The resultant
expression for the ground-state energy,

Ey=§(n—n)m((nhp)/(1—pa) P,
differs only by a “surface” term from a result obtained previously
for a Boltzmann system of one-dimensional hard spheres enclosed
in a box [see R. J. Rubin, J. Chem. Phys. 23, 1183 (1955) for
other references]. This agreement is to be expected, since the
ground state of a Boltzmann system is identical with that of the
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pressions (12) and (13) are exact for all odd values of
n2 3, but are not valid for even #'; however, one
expects all extensive properties of the system to be
independent of whether # is odd or even in the limit
n— .

According to Sec. 2, all configurational probability
distributions of our system of impenetrable point bosons
are the same as those of the free Fermi gas,® which are
well known. In particular, the pair correlation function,

L L
D(x)=L2f . f dws- - @2, | oB(0,2,530 - - x4) |2,
0 0 (14)
is given by

sin(mpx) ]2 ; (15)

D(x)=1— [—-————~—
7 sin(rLx)
for particle separation << one can use the asymptotic

expression
sin(wpx)
_— (16)

D(x)zl—-[ ] , aKL.

X

D(x) rises from zero for zero particle separation to
unity for particle separation much larger than p7%.
What is more interesting is the single-particle mo-
mentum distribution, which is quite different from that
of the Fermi gas and should show how the Bose-
Einstein condensation is affected by the “impenetrable
point” interparticle interaction. However, we have not
succeeded in calculating the exact momentum distri-
bution ; the difficulties one encounters in such an evalu-
ation are similar to those encountered in the evaluation
of the configurational integral in the classical statistical
mechanics of interacting particles. An approximate
expression for the momentum distribution, obtained by
considering only the part of y,F representing excitation
of pairs of particles to equal and opposite nonzero
momenta, leads to the conclusion that the interaction
“smears’ the condensation; the number condensed at
the origin of % space is not proportional to #, but
rather to #/lnn, and a large number of other allowed
momentum sites near the origin have an occupation of
the same order of magnitude. The derivation and details
are given in the Appendix; it is hoped that this approxi-
mate result is at least qualitatively correct.

In conclusion, we consider the low-lying excited states
of our Bose system. For simplicity, we limit ourselves

corresponding Bose system. (b) Our previous statement [Bull.
Am. Phys. Soc. Ser. I1, 5, 8 (1960) ] that the ground state is “‘slightly
more complicated” for even # was somewhat overoptimistic; the
fact of the matter is that we have not been able to find it at all
for the case of even .

8Tt is amusing that there exists a soluble one-dimensional
problem in the classical statistical mechanics of interacting
particles in which all configurational probability distributions are
the same as those of the free Fermi gas, hence the same as those
of our interacting Bose system; the interparticle interaction in
this classical problem is, of course, different from our point inter-
a(,(l:;ili)zn). See C. W. Ufford and E. P. Wigner, Phys. Rev. 61, 524
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to the one-phonon states, i.e., the states related by (4)
to those states of the free Fermi gas in which only one
particle is excited above the Fermi sea. The allowed
momenta of these states are® #k;=2x# 5L, where 7 is
any integer except zero. We shall restrict ourselves to
those states y;® with 7>0, since those with <0 can
be obtained from the relationship ¥__;#= (,;%)*. It is
easily shown with the aid of (4) and the well-known
expressions for the eigenstates of the free Fermi gas that

Y8=CA (%1 - -x,) exp[—s(n—1)wL1 3 ; 25]

121212‘ .- Z1n—221"—1+j

X , (A7)

121;2“2' . .znn—2zﬂn—~1+.7'

where C and the z; are given by (9) and (10). The pre-
ceding determinant differs from the determinant in (8)
only by the factor' /; defined as the sum of the

(")

products of the z; taken j at a time and with repetition
permitted, i.e.,

n

h,‘= Z Zs1c + * Bsj. (18)
(Slg-;ﬂ.é‘{if;w)
On taking account of (4) and (8), one finds
Vi2=y¥oh;. (19)

For the smallest possible phonon momentum, namely,
ky=2x/L, this reduces to the Feynman form

¢1B=¢03h1=¢03 Zi eiluz,',

but the excited states of higher momentum have a more
complicated structure.

The energy of the state ¥ ? is" clearly Eo+ e, where
E, is the ground-state energy (13) and

&= 7/ 2m)[ (k+kr)*—kp*]= (W*/m)k (kr+3k) ;

#ky is the Fermi momentum, so kr= (n— 1)x L. Hence,
apart from a term of order 7%,

&= (W*/m)k(rp+3k). (22)

It follows from (4) that, for the case of periodic boundary
condi'tlons, the momentum of the state ¢Z is the same as that of
¥F. Since P=3Z; (k/i)d/9x;is the total linear momentum operator,

one has
PyB=(PYF)A+yFPA.

But it follows from the definition of 4 [Eq. (3) ff.] that the func-
tion PA vanishes except on the planes x;=x;, where ¢ vanishes.
Hence if PyF =hkyF, then

PyB=(PYF)A =hkyF A =hll",
QED.
1o A, C. Aitken, footnote reference 6, p. 116, prob. 2.

1 Here we are labeling the state by its phonon wave number
k rather than by the integer j, which is related to & by 2=2xj/L.

(20)

21)
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This spectrum has a phonon character at low £,

e=hck, k<2mp (23)
with
(24)

the one-dimensional Fermi gas is anomalous in having
such a phonon spectrum, rather than an effective-mass
type spectrum as is the case in two or three dimensions.
The physical interpretation of this phonon spectrum is,
however, quite different in the Bose and Fermi cases.
The phonon character of the one-dimensional Fermi-gas
spectrum results solely from statistics, whereas that of
the Bose gas arises from the repulsive interparticle in-
teractions. The interpretation of the low excitations as
phonons is verified by the fact that the sound velocity
(24) obtained from the low-£ behavior of the excitation
spectrum agrees with that obtained on thermodynamic
grounds from the expression for the compressibility of
the ground state. The pressure p when the system is in
the ground state is

c=nhp/m;

p=—(3Eo/dL)=(p*/n)(3Eo/dp). (25)
On substituting from (13), one finds
p=nh2p3/3m (26)

aside from a term of order »~'. Then, since mp is the
mass density, the sound velocity ¢ is given by

c=(m~19p/dp)t=nhp/m, (27)

which agrees with (24).

4, DISCUSSION

It has been shown that for one-dimensional systems
of interacting particles for which the interaction has an
impenetrable core, there exists a very simple and
hitherto unsuspected one-one correspondence between
the energy eigenfunctions satisfying Bose-Einstein
statistics and those satisfying Fermi-Dirac statistics.
The form of this correspondence is such that not only
are the energy spectra of the Bose and Fermi systems
identical, but also all configurational probability dis-
tributions; the salient differences between the Bose and
Fermi systems are revealed in their qualitatively
different momentum distributions. The one-one Bose-
Fermi correspondence was used to obtain a rigorous
solution of the many-boson problem of impenetrable
point particles in a one-dimensional periodic box;
aside from its intrinsic interest in view of the rarity of
exact solutions of many-body problems, this solution
may also be useful as a testing ground for approxi-
mation methods in many-body theory.

APPENDIX: PAIR APPROXIMATION TO
THE MOMENTUM DISTRIBUTION
We are interested in calculating the single-particle
momentum distribution function # of the ground state
¥ [Eq. (12)] of the system of impenetrable point
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bosons. #; is defined as the mean number of particles
with momentum #% and is therefore given by

np=n 2 kgkn |$o® (kg - - kn)|?

where ¢¢® is the momentum wave function and %;-- -k,
are summed over all wave numbers consistent with the
periodic boundary conditions. ¢¢# is the Fourier trans-
form of B

bo® (k- - - k)

(A1)

L L
=L_*”f .. .f dxl. . .dxnstB(xl. . .xn)
0 0

Xe—ikl,xl.. .o e—"iknln. (AZ)
All attempts at a direct evaluation of #; with the aid of
(12), (A1), and (A2) have failed. Using (4) and the
faltung theorem for Fourier transforms, one can relate
¢o® to the momentum wave function of the free Fermi
gas and the Fourier transform of A (x;---x,), but this
approach does not appear to be fruitful.

Since it is well known that many calculations in
many-body theory are more simply and elegantly per-
formed if one works in terms of a quantized-field repre-
sentation rather than the Schrddinger representation,
it is suggested that we employ such a representation in
calculating the momentum distribution function #;.
If ar and ot are, respectively, the annihilation and
creation operators for Bose particles in the single-
particle momentum eigenstate L™=, then Ni=axlax
is the occupation-number operator for this single-
particle state, and »; is just the expectation value

ne=Yo? | N |¢o®), (A3)

where |¢,?) is the state vector whose Schrédinger wave
function is ¥o®(x;1- - -2,).22 In order to obtain an ex-
pression for the ground state vector |¢oB) in terms of
some operator (a function of the ¢; and ¢;f) acting on

2 Those familiar with Siegert’s work on field operators for
bosons with impenetrable cores [A. J. F. Siegert, Phys. Rev. 116,
1057 (1959)] may raise the objection that the free-particle
annihilation and creation operators ax and ext cannot be used in
treating particles with hard cores. Such an objection is based on
a misinterpretation of the significance of Eq. (A4) of Siegert’s

paper:
P ¥ (2 () = (2 (') =0,

where ¥ (x) and y1(x), respectively, annihilate and create a boson
at point . If this equation were a necessary property of the Bose
field operators for particles with hard cores of diameter @, then
the objection would be justified. However, Siegert’s Eq. (A4) is
a sufficient, but not a necessary, condition for the vanishing of the
Schrédinger wave function when hard cores overlap. All that is
necessary is the much weaker condition

Y@y (x)])=0,

where |) is any state vector describing particles with impenetrable
cores of diameter ¢ (for the case discussed in this Appendix,
a=0). It is more convenient for our purposes to retain field
operators ¥(x), yt(x) satisfying the usual Bose commutation
rules, and hence to interpret the above equation as a subsidiary
condition on allowable state vectors | ); this subsidiary condition is
merely a transcription of (1) into the language of quantized fields.

!x_x,l Say

|z—2'| < a,
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the unperturbed ground state vector,* we first rewrite
Yo? [Eq. (12)]in an exponential form:

YoP (w1- - %)

=’ I>Izl sin[7 L (x;— 1) ]|

=C' exp{} X/ In|sin[x L (x;—x)]|}, (A4

where C’ is a normalization constant and Y ; is a sum
with j#/, rather than with j>/ On introducing the
Fourier decomposition

$ Insin[nZ (x—2) ]| = — Tu heikei=s0,  (AS)
where

L
Apy=—3%L"1 f In sin(rL'x)e~*dx, (A6)
0

\boB(xl‘ . xn) =’ eXp[—ijl Zk )\ke""‘xi“"]. (A7)

In the Schrodinger representation, the particle density
operator p(x) is given by

p(x)=2;8(x—x5),

where § is a periodic Dirac delta function, i.e., its
arguments are to be interpreted modulo L. The Fourier
components of the density are

(A8)

L
= [ p@etds=Te (A9
(1]
Equation (A7) can be rewritten in terms of the py:
KbOB (xl . xn) = (' en Tk Meg—Zk Mepkp—k, (AIO)

To transform (A10) to the quantized-field representa-
tion, we first rewrite it in the form

Yo (21 - xa) = C" e~ Merko—b [ ~in, (A11)

where C”’=C"exp(n X1 As)L}* and the p; are to be
interpreted as operators which reduce merely to multi-
plicative functions in the Schrodinger representation.
The factor L—* inserted on the right side of (A11) is the
Schrédinger wave function of the unperturbed system,
i.e., the system in which the bosons are completely free
so that the subsidiary condition (6) is not imposed.
Upon transforming to the quantized-field representa-

tion, one therefore finds
[$oB) = e~ =h ko3 | ), (A12)

where |#) is the state vector representing the un-
perturbed ground state

|n)= (n!)~}(ao!)"|0) (A13)
with [0} the vacuum state. In the quantized-field repre-

13T am indebted to Professor E. P. Gross for suggesting the
following method of finding the ground state vector [yo®).
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sentation, the operators p, are given by
L
pk'-:Zkfkn a};»faka/f (L—}e—ik’x)e—ikz(L—-,}e,'knz)dx
0

=2k G Qi (Al4)

Equations (A3) and (A12)-(A14) furnish an ex-
pression for n, which is alternative to (Al), but, un-
fortunately, no more amenable to exact evaluation;
the difficulty can be traced to the fact that the argument
of the exponential operator in (A12) is quartic in the a;
and a;!, whereas one only knows how to evaluate
expectation values in states of the form e5|x) if S is
quadratic (corresponding to a linear canonical transfor-
mation of the annihilation and creation operators). We
are therefore forced to an approximate evaluation of
(A3) based on an approximation which renders S
quadratic.

In his pioneering work on the many-boson problem,*
Bogolubov linearized the Heisenberg equations of
motion by treating gy and o' as ¢ numbers. The basic
physical reasoning involved is that the expectation
value of No=asta will be very large if any tendency
to Bose-Einstein condensation survives the effects of
the interparticle interaction; on the other hand,
[a0,a0i]=1. Hence the commutator of @ and aof is
much smaller than their product, so that their replace-
ment by ¢ numbers seems heuristically justified. Bogo-
lubov made the additional approximation of dropping
those cubic and quartic terms that remained in the
Hamiltonian after replacement of ao and a¢t by ¢
numbers. We shall employ similar approximations in
evaluating (A3).

It follows from (A14) that

po=2_raxlax=2_r Ny=N.

But the p; all commute (as can be proved from the Bose
commutation relations for the ax, a;f) and |#) is an
eigenstate of NV belonging to eigenvalue # (the total
number of particles). Upon separating out the term
with =0 in (A12), one accordingly finds

(A15)

[¥e®)=C""e5|n), (A16)
where C" is a normalization constant and
S= —'leﬁo Zk'k" >\kak'+k1dk~_ kTak'dk/' ’ (A17)

in obtaining (A16) and (A17) use has also been made
of the Bose commutation relations in order to throw
the product of annihilation and creation operators into
normal order atatag. Replacing ao and aof in (Al17) by
the ¢ number #o* and dropping terms cubic and quartic
in the ax, @' with 20, one obtains the approximate
expression

Sp=—n0 210 M (@r0-xFarta-x1+2N%),
4 N. N. Bogolubov, J. Phys. (U.S.S.R.) 11, 23 (1947).

(A18)
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where the subscript “p” implies “pair approximation.”
The ¢ number 70 is to be interpreted as the mean
number of particles with momentum zero. To be
consistent, we must also make the replacement aot — #o?
in the unperturbed state |#) [Eq. (A13)]; the pair
approximation to the ground state vector (A16) is
therefore

|¥0” )= Des|0), (A19)

where D is a normalization constant and |0) is the
vacuum state. Because of the replacements ay — nf,
aot— no¥, the total number of particles is no longer
conserved [ [o®,) is not an eigenstate of N, Eq. (A15)],
but we can impose the requirement that the mean total
number of particles be #:

ot a0 WoPp| Ni[$ho®p)=n. (A20)

The state (A19) is not yet in a form in which expecta-
tion values can be readily evaluated, since the operator
¢57 is not unitary; indeed, it is hermitian. We shall
therefore find an equivalent unitary operator by in-
vestigating the relationship between ax|¢¥o®,) and
a-it|¥o?p) (it is obvious from the pair structure of
|¥0®,) that these two states are closely related). Since
Sy is hermitian, the operator e=5» is well-defined, and so

are$?| 0) =57 (e~ 5r4,€57) | 0),
a_11e52|0)=e52(e~Srq_,1eS7) | 0).
We define the similarity (not unitary) transforms'®
(A22)

(A21)

ar(€)=e"SraieSr, a_it(e)=e*Sra_,te*S»,

These can be evaluated by a differential-equation
technique. The “Heisenberg equations of motion” are

da(e)/de=[ai(€),Sp 1= —2nohsLar(€)+a-xT(e) ],
da_it(e)/de=[a-4!(e),Sp] (A23)
=2\l ar(e)+a_rt(e)].

Adding these two equations, one finds that the deriva-
tive of [ax(e)+a-x'(e)] vanishes, and hence that

ar(e)ta_it(e)=art+a_st

since a,(0)=a; and a_x'(0)=q_;!. Differentiating the
first Eq. (A23) once more and using (A24), one finds

d*a(e)/de=0, (A25)

(A24)

and hence
/2] (6) =4 1+ Bre. (A26)

The coefficients A, and Bj can be evaluated from the
initial conditions
ak(O) =Ak= ag,
(dai/de) emo= Br=—2no\c(art+a-11);

the second Eq. (A23) has been used in obtaining the
second Eq. (A27). It follows from (A22), (A26), and

(A27)

15 Note that a_x1(e) #[a_x(e) ]t
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(A27) that

e SraresSr=a,(1) = (1—2n\i)ar— 2no\ia-i1,
and then from (A24) that
e Srg_,leSr=a_; (1) =2nohear+ (1+2noNr)a— '

By (A21), (A28), and (A29) one then finds, using the
fact that a;|0)=0,

areS?|0)= —2nohreSra_i 1| 0),

(A28)

(A29)

A30
a_r1e52|0)= (14 2no\r)e32a_;1|0). (A30)
Let us define
ge= (1— ) Hart+rar- ), (A31)
where
&1=2no\i/ (14 2ne\s). (A32)
Then it follows from (A19) and (A30) that
£ ¥ ) =0. (A33)

Furthermore, it follows from (A31) and the Bose com-
mutation relations for the @i and g, that

[Ehgk’ T:|= akk’s [gkiék'j= Oy

i.e., that the operators & and &' are also Bose annihila-
tion and creation operators for certain “elementary
excitations” which can be thought of as phonons;
(A33) states that the ground state is the state of no
phonons. The canonical transformation (A31) is of
the Bogolubov" type, although the function ¢; is of
quite a different form from his.

We can now use {A31) and (A33) to find a unitary
operator U such that

[¥e®n)=U10). (A35)

Indeed, since the transformation (A31) is canonical,
one can define a unitary operator U by the requirement

(A34)

&e=UaU'=(1—¢d) Hart+dra-r?). (A36)
Then by (A35) and (A36),
£ |YoPpy= (UaU)U|0)=Ua;|0)=0, (A37)

so that (A33) is satisfied. Since |y¥o®,) is uniquely
determined up to normalization by the requirement
(A33) for all £(3#0), and the state (A35) is normalized,
we conclude that the expression (A35), with U deter-
mined by (A36), is indeed correct. The explicit form
of U is not difficult to determine?; it is given by

U=exp[% X ixo (ara_r—arta_it) tanh ¢, ]. (A38)

It is now straightforward to evaluate the approxi-
mate momentum distribution function

== (Yo% p| Nie|90® )
= <0| U-NU|0), ks=0. (A39)

16 M. Girardeau and R. Arnowitt, Phys. Rev. 113, 755 (1959),
Appendix A.

M. GIRARDEATU

One sees from (A38) that U~ can be obtained from U
by replacing ¢ by —¢x; hence by (A36)

U e, U= (1—¢2)H(ar—ora_i?). (A40)
Thus
U-N, U= (U‘lakTU) (U_lde)
={1-oH) (@SNt oN_
—PrGiG- 1 ¢ka;¢Ta_ kT), (A41)
and by (A39) and (A32)
=i/ (1— i) = dno® 2/ (14 2n0dr), k#=0. (A42)
The integrals (A6) for the \; are readily evaluated by
contour integration when one takes into account the
fact that % is an integral multiple of 2r/L; the result is
Ao=1%In2; )\;c=1r/2L|k], k#0. (A43)
Thus

To determine 7o, the number of particles condensed at
the origin of momentum space, we use (A20):

(A45)

Since we are only interested in results valid asymp-
totically as #— o, we can replace the summation by
an integration

—27/L

L 0
z,,,éoa—( f b+ f dk), (Ad6)
27 \Vaox/L o

the interval (—2x/L, 2r/L) being excluded because the
smallest allowed value of |£|0 is 2x/L. Thus, since
n-,x=nr, (A45) becomes

”0+Zk;é0 R =",

@

L
no+-— f nkdkzn
™ ver/L

On inserting (A44) and performing the resultant ele-
mentray integration, one finds

(A47)

n [ 14+-In(1+3n0) J=n. (A48)
For large o, this reduces to
no=n/Inn,. (A49)

This transcendental equation can be solved for 7, by
iteration. The first approximation, obtained by replac-
ing #o by # on the right-hand side of (A49), is

(AS0)

A better approximation, obtained by inserting (A50)
in the right side of (A49), is

no=n/(Inn—1n Inzn). (A51)

Equation (A51) shows that (A50) is adequate for very
large »; thus (A44) becomes

my= (wp/Inn)?[ | k| (|k] +wp/Inn) 7, k=0 (A52)

where p=n/L.

no=n/lnn.
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The expressions (A50) and (A51) show that the inter-
particle interaction ‘“smears” the Bose-Einstein con-
densation'’: the number of particles condensed at 2=0
is not proportional to #, but rather to »/lnn, and a
large number of other allowed momentum sites near
the origin have occupations of the same order of magni-
tude, since for small £ (AS2) reduces to

me=n/(2| j|Inn), 0<|k|=(2x|j|/L)<Knp/lnn, (A53)

where j==41, 42, ---. In spite of this ‘“‘smearing”
effect of the interaction, the condensation is still
complete in a certain generalized sense. We can define
the condensed fraction f as the fraction of the total
number of particles having momenta which are in-
finitesimal compared to any macroscopic momentum:

f=lim lim(»™ X m); (A54)

) n—0 [kl <ep
in cases where the condensation takes place only into

17 The fact that #, is not proportional to » is connected with the
fact that the ground-state wave function (12) possesses long-range
order in view of the very slow rate of change of the factors
sin[xL~1(x;—~x1)]; see O. Penrose and L. Onsager, footnote
reference 3. This long-range order does not show up in the pair
correlation function (15), or indeed those of any finite order; one
has to go to the many-body correlation functions to see it.

523
k=0, this reduces to the usual definition
J=lim (no/n).

Then by (A52)

1 1
= (mp)? lim li
J=(re)? i "‘l{g[n(lnn)zlklgep ]k]([kl-l-ﬂ'P/ln")]

lim & [ 1 f"’ dk ]
=gp lim lim
e 70| (Inn)? Jox/1 k(k-+mp/Ilnn)

1 en en n
=lim lim{—[ln(—)-—ln(—-l— )
0 =2 | Iny 2r 2r 2lnn

. )”=l‘i_1£1=1. (A55)

Thus the Bose-Einstein condensation is comgplete in the
generalized sense (A54). This is because #n; [Eq.
(A52)] falls off quite rapidly with increasing %, being
~ (m/e1nn)? for | k| ~ep; s falls essentially to zeroin a
distance of order p/Inzn. This behavior is in marked
contrast to that of the momentum distribution function
of the free Fermi gas, which is equal to unity for
|k| <mp and vanishes for |%|>wp.

+ln(1+

21lnn
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It is proved that two analytic functions of several complex variables, having the same boundary values
when the imaginary parts of the variables tend to zero inside two arbitrary, but fixed, open cones, possess
a common analytic continuation in a certain open set. This is a generalization of the “edge-of-the-wedge”

theorem, a proof of which is obtained in passing.

N the study of the Wightman functions and Green
functions, or in dispersion theory, the problem
frequently arises of deciding whether certain conditions
imposed on the boundary values of various analytic
functions are equivalent to requirements involving only
domains of analyticity. A very useful tool for dealing
with such situationsis the “edge-of-the-wedge” theorem!
which may be stated as follows: Let 2 be an open set
in C*, containing a nonempty real environment D.? Let
fi(z) and fs(z) be two functions of z= (3, - -,3.) ana-
lytic in (D4+iC)ML and (D4+iCy)N, respectively,
where C, and C; are two real open cones in R*. Further-
more, assume that f; and f, have equal boundary
values (in the sense of distributions) at the real points
of D. Then the “edge-of-the-wedge” theorem asserts
that, if Ci=—C,, or, equivalently, if Cy[)(—C;) is a
nonempty open cone in R*, f; and f, possess a common
analytic continuation in some complex neighborhood
of D.

It is natural to ask what happens if we abandon the
hypothesis that C:(—C,) # .

Typical examples of this situation are provided by
the requirements imposed by local commutativity on
the Wightman functions, or the “two-term identities”
satisfied by the various boundary values of the p-space
analytic function (Green function).? The answer to this

* Visiting Fellow of the National Academy of Sciences of the
United States, on leave from C.N.R.S,, France.

1 The “edge-of-the-wedge” theorem was discovered by H.
Bremmermann, R. Oehme, and J. G. Taylor [Phys. Rev. 109,
2178( 1958)]. See also J. G. Taylor, Ann. Phys. 5, No. 4, 391
(1958)." A new and elegant method for the proof of this theorem
was given by F. J. Dyson [Phys. Rev. 110, 579 (1958)]. This
method was perfected and made valid for distribution-boundary
values by L. Garding and A. Beurling (to be published). In the
case of functions of one complex variable, continuous on the
boundary, the theorem was proved by P. Painlevé [Ann. Fac.
Toulouse, 2, 26 (1888)]. ’

2 By a real environment, we mean any set of the form {z=x+-iy:
y=0 and x&, where Q is an open set in R*. The usual notations
R™ and C» are used in this paper to denote the n-dimensional
vector spaces on the real and on the complex numbers, respec-
tively.

3For general considerations on Wightman functions, Green
functions, etc., see, in particular A. S. Wightman, contribution to
the Collogue sur les Problémes Mathématiques de la Théorie
Quantique des Champs (Lille, 1957), and also Nuovo cimento
Suppl. 14, 192 (1959); "O. Steinmann, thesis, Zurich, 1959;
D. Ruelle, thesis, Brussels, 1959; and references given there. The
various boundary values of the p-space analytic function have
been systematically studied by O. Steinmann, D. Ruelle, N.
Burgoyne, H. Araki, etc.; see for instance, H. Araki and N.
Burgoyne, Nuovo cimento (to be published).

question is suggested by the convex-tube theorem, and
by the edge-of-the-wedge theorem itself. The purpose
of this paper is to prove that if C; and C, are two arbi-
trary real (nonempty) open cones, f; and f; possess a
common analytic continuation in an open set of the
form

{x+iy: ¥ED, yE convex closure of 2. (C:UC2)},

where 2 is a nonempty open sphere in R” defined by:
0Lyl 4+ - - +y:2<pa.

The proof of this theorem will be first carried out in
the case when the common boundary value is a con-
tinuous function. The main tool is a straightforward
generalization of the continuity theorem as it was
applied by Jost to the proof of the convex tube theorem
(the latter proof is reproduced in D. Ruelle’s thesis).?
The extension to distribution-boundary values is based
on the method of regularization (used by Garding and
Beurling in the case of the edge-of-the-wedge theorem).?

L. SPECIAL CASE FOR TWO COMPLEX VARIABLES

Let C; and C; be the two real open cones in R" defined

by
Cr={(y1,y2) : 0<toy1<y2<(to+7)y1},

Co={(1,y2) : 0<—tey1<y2<— (fo+7)31},

where 0<f, 0<7. Let C; and C, be the closures of C;
and Co.

Let fi(21,22) and f2(21,22) be two functions of

2= (21,22) = (¥1F1y1, X2 Fiy2),

possessing the following properties:

(1) f« (@=1,2) is defined and continuous in the region

Ra(p)={23 |21| Sp\/f, |ZZI Sp\/z, (y1>y2)€6a}-

(2) fois analytic and has bounded first derivatives in
the region R.(p)

Ra(p)z {Z: lzll <p\/77 lz2| <p\/_2—1 (}’1,3’2)6(:0:}'

(3) The boundary values of fi, f; for y1=y,=0 and
[21] <pV2, |22 <pV2, are the same.

Then there exists a function f(z) analytic in the
region R(p):

R(p)={(21,22): |%1| <p/4, |22] <p/4, | 31| <0/4,
lya| <p/4, 1o 31| <y2<(tot7)o/4},
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F1c. 1. Points in the w; plane satisfying #a=+%, yo=fy;.

continuous in R(p)_, and coinciding with f; and f; in
Ri(p)NR(p) and R2(p)R(p), respectively. Further-
more, f satisfies the inequality

max |f(z)| < max max

[fa@)1.
3ER(p) a=1,2 Z'ERa )]

(M

Proof

Consider the following analytic change of variables:
w1= %y +191==%1 lzl=w1

Wy= u2+ivg= - 2’5(!22‘{'7012 Zg=— (1/2&) ('wP-— 'I.U2)

where « is a real, strictly positive constant.
If we hold w, fixed, with #,=+2>0; and look for the
points satisfying

>0, yi1=sy, (s real),

which, for 530, may be rewritten y,=1v;, v.>0, we find
(11— at)—u?— (a?f—+2) =0.

If we require that [w,| and |w,| be sufficiently small,
and that o?t—+2>0, the corresponding points in the
w; plane are on an arc of hyperbola ending at the points

U= :i:‘)’, 7)1=0,

and passing through the point

Uui= 0, ‘vl=at-— Eazlz—‘ 2]* for t>v0,
or
u1=0, v1=ai+[a2t2-—‘y2]* for <0

(see Fig. 1).

For 1>ty, 0<y <afy, the function af—[a?2—4*Jtis a
monotonically decreasing function of f. Therefore, for
sufficiently small values of |w;| and |w,|, with
0<wus=7y:<al? the points satisfying ys>to|y:| fill
the region limited by the two areas of hyperbola cor-

‘‘EDGR-OF-THE-WEDGE"’
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THEOREM

¥16. 2. The contours Ty, Ty, Ty, Ty,

responding to ¢=of,. The intersection of the region
(1,92)&C; with the analytic manifold w,=constant is
represented (in the w; plane) by the crescent-shaped
area between the arcs corresponding to f=# and
t="to+7. Similarly the region y&C, is represented by the
points between the two arcs corresponding to t=—fo
and {=— (f-+ 7). Let 7’ and 7"/ be positive real numbers
with 0<7'<+" <r. We denote T'y, Ty, Ty, T3, the arcs
corresponding to i=ftr, i=ttr”, t=—(t+7"),
t=—(to+7"), respectively, with the following orien~
tation: I'y’ and I'; in the direction of increasing u;; I'y
and Ty in the direction of decreasing u:. (See Fig. 2.)

The contours Ty, Ty, Ty, T2’ depend on Rewy=us.
We call B(us) [resp. B'(uz)] the open set between I'y
and T'; (resp. between 'y’ and T'y'), and B(us), B'(us)
the closures of these sets.

Clearly I'y'(us) and T'y'(us) can be parametrized in
the form

F1'(u2)2 w1=§‘(e’”;u2), OSBS'»',
Dy (us): wi=¢(e?;uz), w<OKL2m,

where {(e®; u;) has the following properties:

(i) It is a continuous function in ¢¥ and w., boundedly
differentiable in 8 for = Kr (K=0, %1, £2, ---), and

(ii) For all g, it has a derivative in %, possessing the
property (i).

Consider the function defined, for w, outside of
E'(“z) by
I (wl,ZU2) ='-:~l~ fl (I,WZ)d;‘

2ri Ve $—wn

+_1_ f Ja(g,w2) ‘,
I

2 o’ (22} §' — W1

where fi (w1,02) = f1(21)22), f 2(w1,we) = fa(z1,22). If we
consider that, along '’ and T'y/, { is equal to the function
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{(e?; wy) defined earlier, this can be rewritten

b=tx f~2 (f;‘wz)df

I (wy,we) =— di+— p
—w,

v 2mi

1 f”"’ Fr(tws) 1

6=0 {—w1 d=r

I(w:,wz) is a continuous function of wy, w,;, when
|we| is sufficiently small, w,E B’ (u,), and u, >0, and
vanishes for u,=0, because f; and f, are continuous
and, for #; — 0 the length of the contour of integration
tends to zero while the integrand stays bounded.

We shall now prove that, for [w,| sufficiently small,
1:>0, w,&E B’ (us), the function I (w,,ws) is analytic. In
that region, 7 is continuous in w; and w,, and obviously
analytic in w,, so that it is sufficient to prove the
analyticity in w..*

Let us denote

1 f=g—e T g-,
Ie(w1,'102)=—,f fibe)
2 6

d§
e - g'_wl

+_]_'— f0==21—t f~2(§-)w2)d§.
2mi Vg

—rte  §— W1

Since the contours lie inside the analyticity domain of
fi1and f,, respectively, I.(w1,w.) has partial derivatives

@) (g +v<t
Y2

o

Pa’

(b) (t+T) > 1

PN
)

—~

—

«

Tm R (487
Fm (Rp) N Nyp)

[

Fi16. 3. Imaginary parts of R(o)n\ ¥ (n) and R(4¢n) for 4gn<p.

* See, for instance, S. Bochner and T. Martin, Several Complex
}’&rsu)zblcs 3(2Prmceton University Press, Princeton, New Jersey,
, p. 32.
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in %, and v,, given by

ol 1 O=m—c F Y 1 O a¢
= [w‘«if—f—-—‘ —dg+gd —~)]
6742 27t fume 6u2 ag‘ Buz 6“2
1 §=27—¢ a'l,z WZ ag— 6§'
+— [ [—d;+— Z it ——)]
2 O=r-te 6u2 83' Bug auz
aI‘ 1 O=n—¢ 1 §=2xr—e
avg 2m Peme 3'1)2 21F’L O=yt-e 37)2

Here we have put a(wyf,ws)=[Fa(s02) )/ (C— )
(@=1, 2), and used the fact that the contours lie inside
analyticity regions of ¥, and y,. The expressions ob-
tained have limits to which they tend uniformly (and
absolutely) when ¢ — 0 and |w,| is sufficiently small,
>0, and w,& B’ (u,). Therefore these limits are the
derivatives of I{wjw.) with respect to #; and v,.
Moreover, using the analyticity of fi, fs, we find

oI, 9dI. 1 f=r—eroyy o of
L [ ()

auz 6‘112 2w fe 6{ auz Guz
1 0=27—e a¢2 ag- ag-
T ()]
2w f=xt-e 63‘ 6u2 6u2

1 f=m—¢ ag-
o)
27 Bu=e Ou,
O=27—e ag—
+ f d (‘/’2_—') ])
fmrte du,

al, adI. 1 lile o
+i =—[ —
dus vy 21 OU2 | emr—e ous Oeerte
at % |
V| Ho—| |
au2 | Bz au2 ’0—21—:

When e — 0, this expression tends to zero by virtue

of the continuity of the functions involved, and because

J1(21,%2) and f2(21,22) are equal at real points. Therefore
I (w1,w,) is analytic in w, and, consequently, in both w,
and w,. Since it tends continuously to 0 when % — 0
[whilew, is only restricted by the condition w;€EB’ (us) ],
I (w1,w,) vanishes for all values of w; and w, such that
|w,| is sufficiently small, %,>0, and w;& B’ (u).5
By the same method one can prove that the function
F (s
(' w
J(wl,w2)=—f fl(g- ) 2) g_,
21t iy ¢ —wn -
1
4 f Sa (8 yws) .
2mi Y §—wn
5 If f(3) is a function of z= (21,23) = (x1+-4y1, #2-+4y2), continuous
for |21—a1]| <#, |22] <%, 220, analytic for y2>0 in that region,
and vanishes for y,=0, than it vanishes identically, This can be

seen by applying Schwarz’s reflection principle to f(z1,22) as an
analytic function of 2, for fixed 2.
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is analytic whenever |w,| is sufficiently small, and w,
is not on the contour I'UT'; [but, for w; inside B{(uy),
the argument used to show that I vanishes does not
apply to J since, in this case, when we let the contour
of integration shrink to a point while keeping w, inside
B(u,), the integrand does not stay bounded]. Now, if
w, is between I'y(#3) and I'y'(u2), we have, by applying
Cauchy’s formula,

Fr(wiwe) =1 (wi,wa)+J (wi,we) = J (wy,w),
and if w; is between T'2(#;) and I'y'(#;) we have again
Fa(wi,we) =TI (w1,w2)+J (wi,we) = J (w1,w3).

Thus J(w,w,) provides an analytic continuation of f;
and f; to the points such that |w,| is sufficiently small
and w,E B(u,).

To complete the proof of our statement, we examine
more closely the new points of analyticity just obtained.
They include all points such that

(1) RC'IU2— 0<’Y <¢!(lo+‘r)
(2) wIEB(uz) and all the points (-w1 ,w2) such that
w1'E B(uy), satisfy |2, <oVZ, | 22| <pV2Z

By choosing a=p/(f+7) if tr+7r<1, or a=p if
to+7 21, it is not difficult to verify that the new points
of analyticity include all those for which

3] <——,

—€

P P
] <——, |a2] <—)
4 4

—€ -

p plotr) }

to+ <y < ’
(to+7) 31 <y2<min 2 .

—€

for some ¢>0. By adding points of R;(p) and Rz(p), one
obtains, in particular, the points of R(p). The inequality
(1) follows immediately from the maximum principle
and from the method of construction of f. The con-
tinuity of f(z)=J (w;,ws) in R(p) needs be proved only
for real points of R(p) [at other points it is implied
by the continuity of f; and f, in B;(p) or Rz(p) or by the
analyticity of f]. For this purpose, consider the inter-
section of R(p) with the open set

N(m)={z: |x:] <m, [22] <m, [31] <m, | 32| <n}.

If we denote £=max[1, (1/t+7)] and choose 7<p/4%,
we have

R()NN (n)CR(4kn),
(see Fig. 3).

If we assume that n<p/4f, f; and f, still satisfy the
hypothesis of (I) if we replace p by 49, and so do
fi—f1(0) and fo— f2(0). On applylng the inequality
(1) we find

max 2)— f1(0
2ER(N N () lf( ) fl( )l
< max max

a=1,2 2ER.(4tn) 1fd(z)—f1(0) I .
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Since f1(z) and fy(z) are continuous in R;(p) and R.(o)
and equal to f1(0) for z=0, and since

Ro(48n)=Ra(0)N{z: [21] <4tnV2, |22] <4£nV2),

this implies that f(z) is continuous and equal to H(0)
for z=0. The continuity of f at other real points of £ (o)
can be proved by translating the origin to any such
point.

II. GENERALIZATION TO MORE THAN TWO
VARIABLES IN A SPECIAL CASE
We shall denote 2= (z,,- - -

and x= (%, - *,%5), y= (31, -
parts.

,%) a vector in C*, n>2,
*¥a) its real and imaginary

Lemma 1
Let C; be the real open cone in R* defined by
0<toy1<y:< (o+7)m
{OS lyk| <ay, for k=3, ---,n
where £ >0, 7>0, and 0<a<%.
Let C, be the real open cone defined by
0< ~tey1<y:<— (to+7)3
{0$ |ye| <ays for k=3, .-, n

Let f1(2) and f2(z) be two functions satisfying the fol-
lowing conditions:

(1) fa(2) is defined and continuous in the region

Ra(P)={Z: ]ZJ'I gp\/z(]'=1, -++,n) and yEC_'a}
(=1, 2).

(2) fo(2) is analytxc and has bounded first deriva-~
tives in the open region

Ra(p)={z: | 25| <pV2(j=1, - - -, n) and yEC.)}

(@=1,2).

(3) The boundary values of f; and f; for y=0,
|2;] <pV2, are equal.

Then, there exists a function f(z), analytic in the
region R(p)

R(p)= (x,-[<£(j=1,- L n); t0(y1l<y2<(lo+‘r)£:

P P
[y1I<Z) y2<2; lykl<ay2 for k=3) R,

which coincides with f; and f; in Ri(p) and R»(p), re-
spectively. f is continuous at the real points of R(p)
and satisfies the inequality

). (1)

max |f(z)] < max max
ER ) a=1,2 ¥ERalp)
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This lemma is an intuitively obvious generalization
of the result of Sec. I. A straightforward, but tedious
proof is given in the Appendix. An alternative approach,
kindly suggested to me by Professor H. Rossi, can be
briefly sketched as follows: let ¥'&C; and y"€C; be
sufficiently close to the origin. By a suitable linear
real change of coordinates we can bring the points 4y’
and #y” to have coordinates (iy/, iy,/, 0---0) and
(—1iyy, iy4, 0- - -0) and, using the result obtained for
two complex variables, find an analytic continuation of
f1and f; in the variables 3;, 2; along the straight line
joining these two points. Moreover it is possible to find
a complex open neighborhood N of this line in the
variables 2;, 2, and a polycylinder P in the variables
@3, - %, such that, for any fixed values of 25, -+ -2, in
P, there exists a function ¢(21,22,%3° - -%,) continuing fy
and f» analytically in 2;, 2, in N,

Given the analyticity of ¢=f1 or ¢=/; in the
neighborhood of the “ends” of the “cylinder” NXP,
it is then possible to deduce the analyticity of ¢ in
NX P by a slight generalization of a theorem of Rossi.®

We remark that ImR(p) is the convex closure of the
intersection of Ci{JC; with the cube |y;]<(p/4)
(=1, -+, n). Therefore if we denote Z(r) the open
sphere defined in R* by

n
za? 7
7=1

R(p) contains in particular the set S(p)
e P
S(p)= { z: X2 (Z) , YEZ (Z), and yEconvex
p
closure of E(;)ﬂ (CUCY) }

This permits the following generalization.

Lemma 2

Let €, and C; be two arbitrary open cones in R",
n22, and Cy, C, their closures. Let f, and f» be two
functions of z= (z,,- - -,%.) with the following properties.

(1) fa(2) is defined and continous for
lzl=22;[2<2mp* and yEC. (a=1,2).
F=1

(2) fa(2)is analytic and has bounded first derivatives
in the region R.(p) (a=1, 2):
Ralo)={z: [ls]<2ns?, yECL).

(3) The values of fi(s) and fy(s) for z real and
|l2]|? < 272p? are equal. Then, there exists a function f(s)
analytic in the region S(p),

S(p)={z: 22 (o/4), YK (p)},

8 H. Rossi, thesis, MIT, 1959,
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and coinciding with fi and f, in their domains of de-
finition. Here K(p) is the convex closure of

Z(p/HN(CIUCY).

Moreover, f satisfies the following inequality:

[fa@)]. (1)

max
ERalo)

Remark. Cy and Ce may overlap. Each of them may be
disconnected.

max [f(z)| < max
2ES a=1,27

Proof

This lemma is proved by decomposing C; and C,
into pairs of sufficiently thin open cones, to which the
analysis of I and IT may be applied after a suitable
real linear orthogonal change of coordinates has been
performed. Such a transformation leaves invariant
Z(p/4) and the operation of taking the convex closure.
It is easy to see that one thus obtains all the points of §
except the real points in the case where 0&EK(p). At
all points z obtained,

|f(®)| < max max
a=1,2 2 ERL(p)

[ fa(3)] (2)

by virtue of 1 and 1’. The necessary and sufficient con-
dition for K{p) to contain 0 is that Ci{JC» contain
simultaneously an open cone I' and the opposite cone,
~T. In that case Z(p/4)(\T" is an open set containing
an open sphere w with radius Ap, (0<A<%), and
2(p/4)N(—T) contains —w, so that K{p) contains the
open sphere 2(Ap); we know that f is defined and
analytic in the set S'(p):

S’(p)= {z: x€2(9/4)y yEK(P): y;éo}y

where it satisfies (2). If e<Ap and if N(e) is the open
set: N(e)={5: 2EZ(e), vEZ(e)}, we have

V(NS ()= {z: 2EZ(e), yEZ(e), y#0}CS'(¢/A).

Now the functions f; and f; still satisfy the hypotheses
of the lemma, if we replace p by ¢/A. As a consequence
we have

[fa(2)].

[f()| < max  max
a=1,2 2'CR.(e/N)

max
&N (9N .S"(p)

The same theory can be applied to fi—f1(0), fa—f1(0),
and f—f1(0) so that

max  |f(2)—fi(0)| < max  max
2EN (9 US (p) a=1,2 A#ER.(e/N)
X X |fa(z)—f1(0)],
and since

Ru(e/N)=Ra(p)N{ 121> < 2n(¢/N2)}

and f, is continuous in R.(p), this shows that f is con-
tinuous at the origin. The continuity at the other real
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points of .S(p) can be proved by carrying the origin at
any of these points. It follows that f is analytic at the
real points of S(p). This can be seen by applying the
Painlevé theorem in each variable when all the others
have fixed real values, and by using the fact that a
function, continuous in # complex variables, and ana-
lytic in each of them, is analytic in all % variables. [ For
»n>2 the real points in S(p) form a set of dimension
n<2r—3 and the continuity theorem is sufficient to
prove the required result.”] The inequality (1) holds
at all points of S(p) by virtue of (2) when y>0, and,
for y=0, because zERiNER; and f(z)=f1(z)=12(2) at
such a real point. This achieves the proof of the lemma
which, as has just been seen, contains a special case of
the “edge-of-the-wedge” theorem. The latter will be
obtained in a more general case in the next section
where the proof of the theorem stated in the introduction
will be completed.

III. EXTENSION TO THE CASE WHEN THE
BOUNDARY VALUE IS A DISTRIBUTION

Notations: 2= (21, - -,24) is a vector in C*, z3=x+1y,
%= (%1, * *,%n), Y= (yls' *,¥x). We denote

Jel=3 135172,
uxn=£;::1 |;]2T8,

Il =X 1312

Z(r) denotes the real open sphere defined in R* by
|||l <#>0, and Z(r) the closure of Z (7).
Theorem

Let C; and C, be two real open cones in R, C; and C,
their closures. Let fi(z) and f»(z) be two functions
satisfying the following conditions.

(1) fa(2) is defined and analytic in the region R,:
Ro={z: |2|2<4np?, yEC.}, (a=1,2),
and is continuous at the points of R, where y>0.
(2) When ¢E€D(E[2(n)¥]), for =1, 2,
;i_rflo fo(xt+iy) e(x)da=T(p)
yECs

where TED'(Z[2(n)}]) is a distribution independent
of B.

7See H. Behnke and P. Thullen, Theorie der Funmkiioneu
Mehrerer Komplexen Verinderlichen (Verlag Julius Springer,
Berlin, Germany, 1933), p. 50.
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Then there exists a function f(z) analytic in the
region

S={z: |lz]| <[(n)*—1]p, yEK).

Here K is the convex closure of Z(o/4V2)N(C\JCy).
D(E[2(n)¥]) is the space of C* functions with compact
support contained in the compact set Z[2(n)%], as
defined by Schwartz in Théorie des Distributions (tome
1, p. 64), and D' (Z[2(n)*0]) is the dual of D(E[2(n)}0)).

Proof of the Theorem

Let Fg be the set of distributions To#*& D' (E[ (2n)%p])
defined, for y&C, |ly]| < (2n)%, B=1 or 2, by

To(g)= f o@fs(atin)dz if y=0

T (o)=T(gp)-
Here o&D(E[(2n)%]). Since CsNE[(2n)}]) is a

compact set and since y— Tg¥(¢p) is a continuous
function of y, the set Fis compact in the weak topology
of ©'(Z[(2n)%]). Hence,® Fg is also compact in the
strong topology and is bounded. As a consequence, for
any bounded subset X of D(E[(2#)}]) the set of
numbers

{(aif.”)% YECNEL2n)], vEX

is bounded.
Let o€DE[(n)ko]), o(x)= ¢(—x), and define, for
z= (v+iy), [lx|2 <me?, |ly[? < no?, yECs,

Gpe(2)= (T % ¢)(x)

= f Fae D) o (D)
if y#0.
= f Faliy+8) o(& — )t

We have
Te(9)=Gp?(1y); Gg*(wotat+iy)=Gg¥(x+iy), (3)

where ¥(£)= ¢ (§—x0).

8 See L. Schwartz, Théorie des Disiributions (Hermann & Cie,
Paris, France, 1957), tome 1, p. 74 (hereafter referred toasT. D.1);
N. Bourbaki, Eléments de Mathématique (Hermann & Cie, Paris,
France, 1955), V, Chap. IV, p. 89, def. 5, p. 90, prop. 6 and 7.
D(E[ ()% is a Montel space by the argument of T. D. 1, p. 70.
Its dual is therefore a Montel space. According to Bourbaki, V,
Chap. IV, prop. 6, compact (resp. bounded) sets coincide in the
strong and weak topologies. Hence Theorem XIII (T. D. 1, p. 74)
and the subsequent statements hold for D'(Z[(n)}e]). See also
I. Gelfand and G. Shilov, Obobshchennye funkisii (Moscow, 1958),
Vol. 2, p. 66 fi.
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For B=1, 2, Gg*(2) is a continuous function of z
when [|x|]2<np?, |y|[2<np®, y&Cs? Moreover, it is
analytic in z when 2& Ry,

RB,= { Hx||2<np2, Hy“2<”’p27 yecﬁ}

By virtue of the remarks made earlier about the
boundedness of the set :

(‘Zj (o)},

the set

{icsv@ }

axj
is bounded for fixed ¢ when 3&Rg’, because

AT s

ad
a—%cpv(x+iy>=( )(w), W(©) = o(6—2)

ax,-

and because the set of the functions ¢ is bounded when
¢ is fixed and [|x||2<np?. But, in Ry, we have

d i}
—Gg*(x+iy) =i—Gp(x+iy).
0x; 9y;

Thus, all the first derivatives of Gs*(2) are bounded for
2ERs. Since G1#(x)=Gy*(x)= (T * ¢)(x) for real «x,
||]|2 <#p%, we can apply the lemma 2 of Sec. II. We
find that, for o€ D(E[(n)¥p]), there exists a function
G*(z) continuing G,* and G,?, and analytic in the region

S'={z: ||s|? < (p%/32), yEK},

where K is the convex closure of Z(p/4V2)N(C1UC3).
Furthermore,

max|Ge(z)| < max max |Gs*(7)].
€S’ g=1,2 7Ry

When ¢ — 0 in DE[(n)}p]), Gs*(z’) tends to zero
uniformly in 2/, ’€R,’. Hence G¥(2) tends to zero
uniformly in z, 2&S’. This implies that, for zE5’,
¢ — G*(2) defines a distribution. Let 7v be the dis-
tribution given by 7%(¢)=G*(iy), for yEK,

PEDE[(n)}]).

9 It is_fairly obvious that vaﬁz) is a continuous function of 2
for y€C5, y#=0, ||z|* <no?, lly|l? <ne®. For y=0, Gye(z) is a
uniformly continuous function of real x. Moreover, Gs?(x+iy)
=Tp(¥), where §(8)= p(t—). When  is fixed in DE[ (W),
¢ depends continuously on x and describes a compact, therefore
bounded set when x describes the compact set Z(ndp). Since
Ty — T_g" weakly when y — 0, Tg¥ also converges strongly to Tg0,
i.e., uniformly on any bounded set. Therefore Gs*(x+iy)
=T () = Gg®(x) uniformly in x when y — 0, The continuity
of Gg?(x+4y) in both x and y follows.

H. EPSTEIN

By analytic continuation of (3), we have, for

]l <p/4VZ, yEK, oEDE[(nt—1/4V2)p)),
G (x+iy)=G¥(iy), (&)= o(¢—x),

G (x+iy)= (TY * ¢) ().

Because G*(2) is analytic in S, T¥ is an infinitely differ-
entiable function of ¥&K in the weak topology of dis-
tributions and, therefore, also in the strong topology.
T¥ can be considered as a distribution f in 2 variables
as can be seen by the nuclear theorem, or by defining
directly

ie.,

1@~ [arree]

where ®=®(x,9)ED{Z[((n)}*—1)p]XK}. By consid-
ering functions ® of the form ¢(x)x(y), we find that

af/ dx;+1df/9y;=0.
By applying the regularity theorem™ to the operator

n s 02 92
322,
~1\9x7 dy}

we see that f is a C* function, therefore an analytic
function in S. It coincides with f; and f» in their domains
of definition because they coincide there in the sense
of distributions, while they are C* functions. This
completes the proof of the theorem.
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APPENDIX
Proof of Lemma 1

Let E be the open set of all points satisfying

73] <oV2, |z2| <pV2
0 <to| 31 <ye
w=Et ez, k=3, n
£ <p/2, |e&|<a; &, & real.

10 For proofs of the regularity theorem, see for instance, P. Lax,
Communs. Pure and Appl. Math. 8, 615 (1955); L. Schwartz,
Lectures on Elliptic Partial Differential Equations (National
University of Colombia, Bogota, 1956) ; E. Nelson, lecture notes,
Princeton University, 1960.
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If we fix &4 and & (B=3, - -,n), fi(z) and fa(2)
become two functions of z; and 2, satisfying the
hypotheses of I. Therefore by virtue of the preceding
argument in two variables, there exists, for each ad-
missible value of £= (0,0,&,: - «,£,) and = (0,0,e3," - - ,¢n),
a function ¢(21,32; £,¢), analytic in 2, and 2z, for

3 b b3 ¥
1 }’1 2 2

, p(tot+7)
to i Vi { <y:< 4 s

and coinciding with f. (2, 22, &+ e22) in their domains
of definition.
The region E contains all points satisfying:

p p p
Ly} <y.< (fo‘f'f);; [21] <;, B <;,

p
y2<“7

Iyl <=
b4t 4: 4

zk=$k+ekz2y !Eh!<ﬁ/2, !Ekt<a’ (k=3,"',ﬂ).

The last conditions can be rewritten,

p
<=
2

[] <ays,

Ve
Xp——X»
{ ¥2
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This is satisfied, in particular, by all points for which
P P p
bly] <p<(totr)-, |:l<- 2| <,
4 4 4
{ l <P - <P
b4 = Y2~
A
p
lyk‘ <ayy lxk‘ <; (k=3a MRS ”)7

namely, in R(p). We now prove that, if 2& R(p), then
F(3)=¢(21,22; £,¢) is analytic at z. Here it is under-
stood that

o= —Y6%e/Ys, =1/ Vs

Let B(p) denote the projection of R(p) onto the space
of the variables z;, « - -, 2.. Let (5%, -+ -, 2,%) be a point
in B(p). If z= (a1, 22 ---, z), then F(z) is analytic
in z; for

a€A (20 ={z1: || <ip, [31] <ys/to}.
Moreover, F(z) is analytic in all » variables for
2EA(Y)={z1: |®1] <o, yo/ (bt 7) <y1<ys/to}.

Applying the generalized Hartogs theorem (see foot-
note 4, p. 141), we conclude that F(z) is analytic
in R(p). Our construction of f, using the result of
the two-variable case, makes it obvious that the
inequality (1’) holds. The continuity of f at the real
points of B(p) follows from an argument similar to that
made in the case of two variables.
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The problem of introducing a Cartesian position operator canonically conjugate to the momentum
operator into relativistic one-particle theories is investigated independent of any particular relativistic
wave equation. The known result that such a description is possible for particles with nonvanishing mass
is rederived. The general problem of introduction of canonical variables into relativistic theories is formulated
and solved. The configurational indices so obtained correspond to directed plane wavefronts rather than

point particles.

1. INTRODUCTION

PINNING particles are associated with covariant
differential equations within the framework of

relativistic quantum mechanics.! Thus for spin 1/2
particles one has the Dirac equation, for spin O par-
ticles one has the Klein-Gordon or Kemmer equation;
and for the photon one has the Maxwell equation. To
demonstrate that these relativistic “wave equations”
do describe relativistic quantum-mechanical particles
it is necessary to carry out a particle interpretation of
these equations.? But in most of these particle inter-
pretations there are puzzling features associated with
the configurational space descriptions; the appearance
of such puzzling features is perhaps best known in the
case of the Dirac equation, but they are nevertheless
present in the case of the other equations as well.

These paradoxes always arise from an incorrect iden-
tification of the covariant amplitude entering the
relativistic equation with the Schrodinger amplitude
describing the particle. While the covariant form of the
equations exhibit the Lorentz invariance of the theory,
it is necessary to be able to reduce the covariant equa-
tion to the canonical form involving the Schrodinger
amplitude, since it is this amplitude which undergoes
the unitary transformations under the various opera-~
tions belonging to the proper inhomogeneous Lorentz
group®; and this unitary transformation property is
basic? to a quantum theory with an underlying Hilbert
space (the scalar products in which are to be relativistic
invariants). In the case of the Dirac equation this re-
duction from the covariant amplitude to the Schrodinger
amplitude is accomplished by the Foldy-Wouthuysen-
Tani transformation.® In a subsequent paper Foldy has
carried through this reduction in a simple manner for
the spin O and spin 1 equations also. In all these
“reduced” forms solutions with both positive and

1 See, for example, S. S. Schweber, H. A. Bethe, and F. DeHofi-
man, Mesons and Fields (Row, Peterson and Company, New
York 1955) Vol. 1; E. M. Corson, Tensors, Spinors and Relativistic
%gge) Egquations (Blackle and Sons, Limited, London, England,

2P. A. M. Dirac, Proc. Roy. Soc. (London) Al55, 447 (1936);
N. Kemmer, zbid. A173 91 (1939); R. H. Good, Jr Phys. Rev.
105, 1914 (1957).

3C. Fronsdal, Phys. Rev. 113, 1367 (1959).

1E. P. ngner, Ann. Math. 40 149 (1939).

5L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950),
S. Tani, Progr. Theoret. Phys. Kyoto 6, 267 (1951).

negative frequencies appear on a symmetrical footing
and this is a consequence of the covariance of the
relativistic equations with respect to the complex
Lorentz group.®

Two points are to be noted. First of all, the starting
point here is a covariant wave equation and one might
ask the question as to whether the final results depend
on the particular type of wave equation one started
with; this is especially important for higher spin equa-
tions. We shall show that the position operators are
independent of the choice of the relativistic equation
and are very simply related to the structure of the
unitary irreducible representations of the Lorentz
group. Secondly, the standard methods fail for particles
with vanishing mass and finite nonzero spin; it is
known, for example, that the photon cannot have a
localized state in the sense of being an eigenfunction of
the three components of the vector position operator.®
It is the purpose of this paper to investigate what is the
maximal configuration specification that one can provide
in such a case; it will turn out that the maximal speci-
fication corresponds to a “front” form, i.e., the basic
elements correspond to directed planes rather than to
points. Here again, one starts with the irreducible
representations to which the configuration indices are
directly related.

2. CANONICAL VARIABLES FOR A
RELATIVISTIC PARTICLE

In classical mechanics, with each degree of freedom
one associates a pair of dynamical variables p, ¢ which

6 This is an example of the fact that requiring a quantum-
mechanical system be describable by ‘“Euclidean” differential
equations (i.e., covariant equations not involving the sign of the
time components of timelike four-vectors) imposes further re-
strictions on the system going beyond relativistic invariance alone.
All the relativistic wave equations that are usually studied are
Euclidean equations and'these equations hence remain invariant
under the complex Lorentz group. On the other hand, the physical
requirement of relativistic invariance does not demand Euclidean
invariance. In fact, Euclidean equations cannot be written down
for a system with only positive energies; and the appearance of
an arbitrary but fixed time direction in every realization of the
‘‘particle type” representations of the inhomogeneous Lorentz
group is no accident. Similar ideas have been discussed previously”
by Schwinger and by Nakano.

7J. Schwinger, Proc. Natl. Acad. Sci. S. 44, 956 (1958);
T. Nakano, Progr. Theoret. Phys. Kyoto 21 241 (1 59).

( ;;P)D Newton and E. P. Wigner: Revs. Modern Phys. 21, 400
1949).
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obey the fundamental Poisson bracket relations

{pi,9i} =8, {pupi}=1{g:9i}=0 (1)

at any instant of time, the indices referring to the
various degrees of freedom. A triplet of such pairs of
canonical variables is associated with a ‘“particle”
(without spin), provided the three momenta p; and the
three coordinates g¢; transform as the three components
of a vector under rotations. Under such transformations
the Poisson brackets are preserved and therefore rota-
tions are canonical transformations. For the simplest
kind of particles the dynamical variables J; which
constitute the three components of the angular mo-
mentum pseudovector are algebraically related to the
momenta and coordinates in the form

Ji=eijngipr=Li. 2

It may be, however, that the angular momentum is not
equal to this expression but is of the form

Ji=L+S: )

Then we say that the particle is spinning and the three
components S; constitute the pseudovector spin
operator. Since the angular momentum variable is also
the infinitesimal generator of rotations, using the ex-
pression (1), (2) we obtain

{Supi}={S:q:}=0. “)

On using this result together with the fact that the
angular momentum operator J is a pseudovector, one
obtains the further result

{S:,S;} = €&jxSk. %)

Thus the spin variables do not belong to a canonical
set, nor are they expressible in terms of the canonical
momenta and coordinates.® For a “free” spinning par-
ticle, the symmetry with respect to translations and
rotations in three-dimensional space, i.e., the inho-
mogenous Euclidean group, requires the momenta p;
and the total angular momenta J; to be constants of
motion. In addition, if the Hamiltonian is independent
of spin variables, the spin variables S; will also be
constants of motion. Notice that invariance under the
inhomogeneous Euclidean group does not prevent the
pseudosclar variable Sip; from entering the Hamil-
tonian; if it does, then the spin vector is no longer a
constant of motion, but the “longitudinal spin” or
helicity
1 1
h=—Sipi=—Jip (6)
Fd ¥

is a constant of motion; consequently any supple-
mentary condition involving a specific value of % is
preserved in time.

*We mean by ‘“canonical variables” what Schwinger calls
‘“‘canonical variables of the first kind”; compare J. Schwinger,
Handbuch der Physik (to be published).
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Turning to quantum mechanics, the “particle” is now
associated with the same set of dynamical variables
which are now represented by noncommuting operators.
The Poisson brackets are to be related to commutators
and by virtue of the relations (5) and (6) the spin and
helicity become quantized; however, the important
point to notice is that an elementary quantum-me-
chanical system is associated with irreducible repre-
sentations of the inhomogeneous Euclidean group in
three dimensions and #of canonical operators. The
Euclidean group consists of the six generators of trans-
lations and rotations which obey the commutation
relations
ETi; TJ']=O;
[R:R;1=ie. Rz, (M
[Ri,Tj]=i€ijka.

The two operators

T?=T.T;; T-R=R-T=T.R; (8)

commute with all the six generators T,, R; and are
therefore represented by numbers in every irreducible
representation, the first number being nonnegative.
Coordinate or spin operators cannot be defined over
these irreducible represéntations, since the translation
generators are identical with the momentum operators
so that ¢;, for example, would not commute with either
of the quantities 72 or T-R.

Such a mixing of the various irreducible represen-
tations is already brought about by the requirement of
relativistic invariance. The irreducible unitary repre-
sentations of the inhomogeneous Lorentz group have
been investigated by Wigner,#'® and he has found
several classes of representation. We shall be par-
ticularly interested ‘in three such classes: class I cor-
responds to particles with finite mass and finite spin;
class II to particles with zero mass and finite spin; and
class III to particles with imaginary mass and zero
spin.!! In the first case the manifold of states corresponds
to the irreducible representations of the Euclidean
group with «©>T220 and h=—s, —s+1, - --s where
h=(T®)*T-R and 2s is a nonnegative integer; the
second class has those with ©>7220 and %2=s with
2|s| an integer; the third class has o« >T722 |m?| >0
and 2=0. In all cases the energy is real and non-
negative. The Schrédinger amplitude may hence be
written® as ¥(p,¢) with p and { corresponding to the
three components of momentum and the single helicity
index. The Schrédinger equation becomes

a

1V, Bargmann and E. P. Wigner, Proc. Natl. Acad. Sci. U. S.
34, 211 (1948).
1 E, C. G. Sudarshan and V. K. Deshpande (to be published).
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and the unitary scalar product

#)=% f P (0,0)6 (D). (10)

From (9) one can see that the energy is positive definite.

3. DIRAC EQUATION

Let us now consider the simplest relativistic equation,
namely, the Dirac equation which represents particles
of spin §. The covariant differential equation

[y*(0/3x#*)+im 2y=0 1
can be reduced to the pseudo-Hamiltonian form
i0y/81= (e p+Bm (12)

by multiplication by ¢y° It is well known!? that if one
tries to identify yY(x,f) with a Schrédinger amplitude,
so that x is the representative of the position, then the
representative of the velocity is the matrix a. This has
the consequence that the components of the “velocity”
do not commute with each other; and the eigenvalue of
any component of the ‘“velocity” is 4=1 (in units of the
velocity of light) and, further, the velocity and sign of
the energy cannot be simultaneously diagonalized. The
identification of the covariant amplitude ¢ as a
Schrodinger amplitude appeared to be sanctioned by
the positive definiteness of the probability density y*y.
Rather than reject the identification of ¥ (x) with the
Schrédinger amplitude, these unusual features were
attributed to be a mysterious feature of relativistic
equations. Another such feature was in the lack of time
independence of the ‘orbital angular momentum”
x X p for the free particle.

The correct position operator and localized ampli-
tudes were worked out by various people’® but the
correct identification of the Schrodinger amplitude was
made by Foldy and Wouthuysen® who showed that the
amplitude

o(xl)=—i explﬁ:;’ tan—‘(ﬁ) ]¢(x,¢) (13)

m

satisfies the Schridinger-like equation

de
1'3;=ﬁ(;1>2+m2)*¢. (14)

For ¢(x,f) the standard identification of position and
orbital angular momentum operators* leads to no

2P, A. M. Dirac, Principles of Quantum Mechanics (Oxiord
University Press, New York, 1947), 3rd ed.

13 See, for instance, M. H. L. Pryce, Proc. Roy. Soc. (London)
A195, 62 (1948).

4 Foldy and Wouthuysen distinguish these proper identifica-
tions by the prefix ‘““mean’” ; we prefer to omit this prefix since the
Dirac position operator (whose representative is the operation of
multiplication of the covariant amplitude by =), for example, is
not an operator defined over the states of the particle (since it
mixes the positive energy solutions with negative energy solu-
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unusual features. Notice that according to (13), ¢ is
unitarily related to ¥ so that the probability density is
unaltered; but the probability current is altered in
going from y to ¢. This alteration is brought about by
dropping all terms which mixed positive and negative
energies. We also notice that all the identifications of
the dynamical variables of the particle commute with
the operator 3 for the sign of the energy. Hence the
proper Schriodinger equation is obtained by restricting
¢ in (14) to contain only positive energy solutions: we
would then get the true Schrédinger equation

08/ 3t=+ (pP+m?)}d,

where ® is a two-component amplitude.

With this formulation of the theory we find that the
position operator g has the representative x. In other
words, we have a Cartesian position operator with
commuting components.! Foldy has shown!® that the
Klein-Gordon and Proca fields also can be reduced to
the forms (14) and (15) in an analogous manner, so
that we can define Cartesian position operators for
these systems also. In passing, we also notice that the
position operators are canonically conjugate to the
momentum operators

[xr,pe]=10rs. (16)

In contrast to the representation introduced by
Foldy-Wouthuysen and by Tani (the C representation),
another representation (called the E representation)
may be introduced’” in which the analog of (15) is

given by
i0¢p/0t=(a p/p)($*+m") o5 (17)

In connection with this amplitude ¢ a new E-position
operator was also introduced [which was defined on
positive and negative energy solutions of (17) sepa-
rately] which had several new features. The com-
ponents of the E-position operator did not commute,
but Eq. (16) was satisfied. The ‘“longitudinal com-
ponent” of the E-position operator

Xgo% =3 (Xg - p+p- xp)p,

(15)

(18)
where

b=p/p (19)

was identical with the longitudinal component of the
C-position operator; but the transverse parts were not
identical. Hence the E-position operator could not be
used!® to specify the “localization indices,” i.e., a set

tions). Of course both the C-position operator as well as the
E-position operator introduced in the following are defined over
the (positive energy) states of the particle.

15 Of course, any unitary transform ¢=U ($2)qU1(p?) is also a
Cartesian position operator and U can be a function of #* only
if the polar vector transformation property of q is to be preserved.

16 1,. L. Foldy, Phys. Rev. 102, 568 (1956). See also K. M. Case,
ibid. 95, 1323 (1954).

17 M. Cini and B. Touschek, Nuovo cimento 1, 422 (1958);
S. K. Bose, A. Gamba, and E. C. G. Sudarshan, Phys. Rev. 113,
1661 (1959).

18 The “remedy”’ suggested by Y. Pac, Progr. Theoret. Phys.
Kyoto 22, 857 (1959), is incorrect since the ‘“‘mean E-position
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of three numbers which could be used to specify a
coordinate system in Hilbert space.’® But the E-position
operator has the nice feature that the E-orbital angular
momentum is the transverse part of the total angular
momentum; and furthermore the E-position operator
was defined for a “two-component” neutrino (ie., a
zero mass, spin 3 particle with only one helicity) for
which the C-position operator cannot be defined.
Since xg satisfies (16) it follows that

[xsts-51=0.

Hence these quantities constitute configuration indices;
these are only three independent indices since the unit
vector § is completely specified by two angles and
together with these xg'°"¢- provide only a distance

p=3(xz P+ xg),
=1(x-p+5-x). (21)

The configurational description provided by the set
(p,p) is that of a directed wavefront for which $ indi-
cates the unit normal and p is the perpendicular distance
from an arbitrarily chosen origin. The wavefront for a
free particle advances normal to itself and the speed of
advance

(20)

v=8p/d1=p/ (p*+m?)}

is the speed of a particle of momentum p. Since the
values of (p,p) are continuous, the eigenstates are not
normalizable but are the limits of normalizable func-
tions. If by |o’,6,¢) we represent such an “ideal” state,
a normalizable state is given by

[ ))=1("8,0)|0"8,0),

(22)

(23)
with

S10= [ 160,0)16 0)5%00' sinadsd

=1. .

Since these considerations hold for finite mass and zero
mass particles (including the two-component neutrino)
one expects them to be of more general validity than
the Cartesian configuration description. By a reduction
similar to the one employed by Foldy'® we can demon-
strate this result for the Klein-Gordon, Proca, and
Maxwell equations, but nothing essentially new is
obtained in this fashion. Instead we demonstrate the
generality of the “front” form of configurational de-
scription by relating the configuration indices (p,$) to
the Lorentz group.

It is perhaps appropriate to point out that the choice
from among a set of unitarily equivalent position

operator” introduced there, namely, x— (1/2?)(eX p) does not
commute with the sign of the energy of the E representation and
hence is not defined on positive and negative energy states
separately.

1 Tt is well known that the transverse part of the “‘spin” is not
gauge-invariant in the case of the photon.

535

operators's is an arbitrary one and is equivalent to the
assignment of a specific law for the interaction of the
system with prescribed external fields which are
“known” to be “localized” in a suitable manner.

4. CONFIGURATIONAL INDICES AND
THE LORENTZ GROUP

We have remarked (in Sec. 2) that the proper
Lorentz transformations already mix the irreducible
representations of the three-dimensional inhomogeneous
Euclidean group. For class I particles the manifold*1®
responds to all possible real values for the three mo-
mentum components. Hence in this case the operator
Q.=1i(8/3P,) which differentiates the momentum am-
plitude can be defined. For class II particles there is the
helicity restriction so that one cannot differentiate freely
with respect to the three components but the operator

Q'=3[(P.P.)*P,Q.+Qs(P.P;) 1P, ] (25)

is defined. Finally for class III particles, since the
momentum spectrum excludes a sphere of radius
(—m?)}, not even Q! is defined.

Let us now construct the generalized E-position
operator qgz. For this purpose introduce the operator

Qtr=(P.P,)"'PX]J (26)
and write

qE=Qtr+Ql(PrPr)—iP-

By direct computation one can verify that in the case
of the Dirac equation gz so defined coincides with the
E-position operator. We also notice that for a non-
relativistic spinning particle, for which J=L4-§,

qe= X“I‘ (PTPT)_lPX S,

which shows that this operator differs from the standard
position operator by “spin” contributions. In the general
case the two terms on the right-hand side may not be
separately defined but ¢z is defined in all cases. In
complete analogy with the Dirac particle case, the
components of qg do not commute and one has

J-P

[qrE:an] =ier———P;=
‘p.py

@7

(28)

iersi——P;  (29)
(P.P,)?

so that the lack of commutation is a “spin” effect.
Finally the generalized E-orbital angular momentum

azXP=J-J.PP (30)

is equal to the transverse part of the total angular
momentum. All these operators are defined for both
class T and class II particles. Thus the E-position
operator is a more “natural” position operator.!!
However, for spinning particles pg cannot be used
as a set of configuration indices, but we can proceed in
exactly the same fashion as in the previous section and
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introduce the “front” form?® with
p=0'=3(P-Q+Q-P). (31)

Thus a uniform description of all observed particles
(belonging to class I and class II) is made possible in
the “front” form.

The question now arises as to when one can introduce
a “point” form in terms of a Cartesian position operator
in analogy to the C-position operator. From the fore-
going demonstration it follows that this is equivalent
to the possibility of separating out the spin part
[compare Eq. (28)]. For this purpose it suffices to be
able to define the pure orbital angular momentum
L=1J—S§; this can always be done if Q. can be defined
since L=QXP. Hence the “spin” can be separated
out and the Cartesian configuration indices introduced
in the case of class I particles. Thus for class I particles
we can use either the “front” form or the “point” form
of configurational description but for class II particles
only the “front” form is possible. For either class of
particles, in the “front” form the helicity may be used
along with the configurational indices for a complete
specification of the state.

5. DISCUSSION

The development in the previous sections shows that
if we are willing to identify the simplest relativistic
quantum-mechanical entities with relativistic particles,
at least for spinning “particles” of zero mass, the notion
of position does exhibit unusual features. Notice that
this unfamiliar nature has nothing to do directly with the
vanishing mass (and consequent infinite Compton
wavelength) since for zero mass particles without spin,
one can define localized states; and one could do this
for a Dirac particle with vanishing mass. It is curious
that such particles do not seem to exist and that the
two known particles of zero mass, namely, the neutrino
and the photon, do not permit configurational de-
scription in the “point” form.

It is of particular significance to note that the photon
does not admit a “point” description and hence the

20 The definitions and notions introduced here are different in
principle from those of Dirac. See P. A. M. Dirac, Revs. Modern
Phys. 21, 392 (1949).
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statement that a photon is at any specific point at a
definite instant is meaningless. And the notion of
“signal” propagation and signal velocity in relativistic
quantum mechanics is much more subtle than has been
generally acknowledged. We also notice that while
special relativity requires the invariance of dynamical
laws under change of the Lorentz frame, physical inter-
pretation requires the choice of a definite (arbitrary,
but fixed) time direction. The specification of the
proper quantum-mechanical state and more generally
the description of a sequence of quantum-mechanical
phenomena is then dependent upon this chosen time
direction. This chosen time direction enters in a natural
fashion into the realization of the representations of the
Lorentz group by (infinite-dimensional) unitary ma-
trices. In the physically interesting cases of free particles
considerable ingenuity has gone into the construction
of covariant relativistic equations to represent free
particles of class I and class II. The elegance of formal
manifest covariance is thus an irrelevant feature. The
question naturally arises whether one can demand that
interacting particles be represented by local manifestly
covariant differential equations. If there is any funda-
mental reason for such a requirement, the present
authors are unaware of it; and the analysis of the
quantum-mechanical description initiated in the fore-
going sections casts doubts on the existence of any such
reason.

From our point of view the choice of the time direc-
tion is a necessary prerequisite to any attempt at
physical description; and thus the generalization of the
notion of localized states to class II particles given by
Fronsdal® is unacceptable within this framework.

In this paper we have confined our attention to free
particles only. The study of interacting relativistic
particles is best done in relation to specific relativistic
equations. The systematic analysis along these lines is
to be presented in another paper in collahoration with
K. Bardakci.
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It is known that there exist no nontrivial static regular solutions of the Einstein vacuum equations
Ri=0 which are asymptotically Galilean at infinity, One may ask correspondingly whether there exist
static solutions of the equations Riz=Xgu(A<0) which are regular at all finite points and asymptotic (in a
sense to be defined) to a space of constant curvature at infinity. The answer to this question is here shown
to be in the negative. The proof rests upon the possibility of writing a certain quadratic invariant density
of the Riemann tensor in the form of an ordinary divergence.

1. INTRODUCTION

T is well known -5 that there exist no static solutions
of the Einstein vacuum equations®

sz-'-“‘-o (1.1)

which are regular everywhere and asymptotically
Galilean at infinity, other than those representing
everywhere flat spaces. The static and asymptotically
‘Galilean character of the solution is understood to mean
that in a properly adapted coordinate system the metric
tensor satisfies the conditions

8as=0, gr1,4=0; (1.2)

and ;
lim gu=nw, (qu=diag(—1, -1, =1, +1),

d*= “ﬂabxaxb)) (13)
respectively. In the stated result the assumption is
implicit that the entire ¥, can be covered with a system
of topologically Euclidean coordinates.

The question naturally arises as to whether it may
be possible to arrive at any analogous results when one
contemplates the Einstein vacuum equations including
the cosmological term

Ry=M\gu, (1.4)

in place of (1.1), that is to say when one considers
Einstein spaces (A<0) instead of special Einstein
spaces (A=0). In that case the imposition of conditions
regarding “flatness at infinity” plainly become mean-
ingless, and need to be replaced by some other corre-
sponding conditions. This paper therefore considers the

* On leave from the Physics Department, University of Tas-
mania, Hobart, Tasmania, Australia. .

1 R. Serini, Atti accad. nazl. Lincei (5) 271, 235 (1918). [Pre-
sented in outline in footnote reference 3.]

2 A. Einstein, Rev. univ. nac. Tucumén Ser. A, 2, 11 (1941).

3 A. Einstein and W. Pauli, Ann. Math. 44, 131 (1943).

* A. Lichnerowicz, Compt. rend. 222, 432 (1946).

5 A. Lichnerowicz, Théories relativistes de la gravitation e de
Pélectromagnétisme (Masson, Paris, 1955), Chap. 8.

8 As regards roman indices, those denoted by the first eight
letters of the alphabet run from 1 to 3, and the remaining letters
from 1 to 4; x* is the timelike coordinate.

following question, made more precise in Sec. 8: do
there exist static regular Einstein spaces of a certain
type which are asymptotic at infinity to a space of
constant (negative) curvature’ but not of over-all
constant curvature? This problem, though somewhat
specialized, corresponds to that described earlier in a
natural way, and the answer to it turns out to be in the
negative.

Now the general methods based on global theorems
concerning elliptic linear differential operators® on the
one hand, and the method of surface integrals in terms
of the integrands used previously'™ on the other do
not seem to be readily adaptable to the case in hand.
For the purpose of using the method of surface integrals
it will therefore first be shown explicitly how a certain
quadratic invariant density & of the Riemann tensor
may always be written as an ordinary divergence B¢ ,,
whether the metric be static or otherwise. In the non-
static case I have been able to obtain Z8¢ explicitly only
in the form involving the components of the linear
spinor connection.® Whether this is an essential feature
of L, if the latter be required not to involve third or
higher derivatives of the gi;, is an open question. In the
static case IB* can be written in a variety of forms, all
of which are remarkable for their simplicity, especially
when the V', is an Einstein space; 8¢ is then a vector
density in Vj;, ie., the three-dimensional subspace
at=const [the coordinate system satisfying (1.2)]. At
any rate, the present development is intended not so
much to show how a particular problem may be solved
as to indicate a method whereby certain questions
concerning the existence of various types of solutions
of the field equations might possibly be answered.

2. QUADRATIC INVARIANTS

(a) In a general ¥V, the Riemann tensor possesses
four independent quadratic invariants, which may be

7 “Constant curvature” is always intended to mean constant
Riemannian curvature. )

8 The spinor analysis involved herein, and the notation used is
that of L. Infeld and B. L. van der Waerden, Sitzber. preuss.
Akad. Wiss. Physik, math. Kl. (1933), 380.
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chosen to be

Ks=RyR®, Ks=Rp.RF,
(ekiat= (— g)dekiet),

K,=R?,

K4= eklqukl”qust, (2.1)

It is known®! that (in a V,) the Hamiltonian derivative
of K, and of the invariant

K=K~ 4K, +K, (2.2)

both vanish identically. The fact that there are just
two such invariants suggests that they may appear in
a natural way as the real and imaginary parts, respec-
tively, of a complex invariant .S formed of the spin
curvature tensor.! This is, indeed, the case; and the
identical vanishing of the Hamiltonian derivative of .S
may be shown in a particularly simple way, without
the introduction of special coordinate nets, etc. Thus
consider the invariant

S= ekl”Ppkz“Pasgﬁ, (23)

where S is the spin curvature tensor of Infeld and van
der Waerden.? Expressing it in terms of the Riemann
tensor one has

S=eklstgmhagn; oopiBoa; R 1iR pasts
or, using the properties of the ¢ symbols,?

S= %e""‘(g""‘g"q‘l'g"‘qg“”— gmpg”q'l'iemnpq)Rmnktquxt
= K.;—I—%ie""‘e"‘""qunuquat-

The second term on the right may be transformed as
follows:

e““emnMRmnkbquat = ekl”emnpq-RmnkLquat
= _6mnqulstRklm"Rstpq= _4K,

the generalized Kronecker delta having been written
as a determinant of simple Kronecker deltas. Accord-
ingly, one has the required result

S=—K—}K. (2.4)

(b) Consider now the integral
J= f (—g)iSd®Wa= f st Pag, P8, d Wy,

Then for infinitesimal variations of the spinor connection
which vanish on the boundary of the region of inte-

? R. Bach, Math. Z. 9, 110 (1921).

10 C. Lanczos, Ann. Math. 39, 842 (1938).

1 Now and hereafter the signature of V, is always understood
to be —2,

2 Harish-Chandra, Proc. Indian Acad. Sci. 23, 152 (1946).
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gration
5]=Zfe"“"P“ﬁkl(sP'gaudwx
=4fe"“‘P“,gkz(5I‘5at);,d“’x

=—4 f ekistPag,, 578, d®x=0,

In the first step the spinor version of “Palatini’s trick”
has been used, the second step is the result of an inte-
gration by parts, and the last represents an application
of the Bianchi identity. These few lines therefore suffice
to demonstrate the property of K4 and K in question.

3. IDENTITY f=%,

From the foregoing results, one will conclude that
[ =(—g)?*K] in particular should be expressible as an
ordinary divergence. The question therefore arises as
to the explicit form of a quantity T3¢ such that =28
identically. It may be obtained by inspection as follows.
From (2.3) and the definition of Pgy;* one has

S=4etet(Tgg, 1 +-T 8T 1) (TP e, 1+ TP sl ,0)
=4e*5 TP, o (T %1, 1+ 25T 201),

the remaining terms vanishing identically, since the
antisymmetrized product of an ever number of I's all
of whose spinor indices are paired so vanishes. With
this remark in mind one then sees immediately that

@= u,:‘,
where
Ne=4eb1oT8,, (T s, 1+ 2 T2\ ). (3.1)
Hence in any V, (which has the signature —2)
=L, ¢, Wi=—2TImll (3.2)

L is, of course, determined only to within an arbitrary
additive term of the form ! ., but as far as integrals
over closed surfaces are concerned this is of no con-
sequence.

4. STATIC CASE

(a) When the V, is static T* may be exhibited in a
very simple tensorial form, the only allowed trans-
formations of coordinates now being of the type
"xo="g2(x?). Instead of using (3.1) it is more convenient
to start ab ¢mitio. On taking the metric in the form

ds?= gdada®+ gua(dx)?,  (gr2,4=0), 4.1)

and writing

gu=e*=f?, (4.2)

whichever is the most convenient, the only essentially
distinct surviving components of the Riemann tensor
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are easily found to be
Rpea=oR%ca, (4.3)

Here tensors having a subscript 0 on the left, covariant
differentiation, and juggling of indices all refer to the
" space whose metric tensor is ge, i.e., to the subspace
Vs of V4 defined by x*=constant. Then

K= (¢Rapea) (6R%%)+4R% 4R P4,

RYyes=q;001q;8q;c= 1o, saYy.

(4.4)
Again,

Roy=oRaptlap, Ru=f%, (t=19); R=,R+2.
Using (4.3-5) one finds thus that
K=K — 853 (sR?*)+40R1.

However, in any® V,,

4.5)
(4.6)

Ropea=4g1a1a(Rejo) — 18anR),
which implies (K =0. Now

(—@)t=f(—detga)!=fw, say,

and it is convenient also to write f for wf, but in so doing
one has to remember that f does not arise from f through
multiplication by (—g)} In other words f is a scalar
density in V5. Then

R=46Rf,15— 8R,00=8[ (3°* R —oB*) . ],
in view of the identity of Bianchi. Hence one has finally
We=8(4g** oR—oR**) i, T*=0. (4.8)

It may be remarked that 8¢ is itself a divergence (in
the covariant sense), viz.,

We=Fehs, =83 R— o)1,

4.7)

(4.9)

5. ELEMENTARY APPLICATION

It may be appropriate to interpolate at this stage
the derivation of a known result. Consider any static,
topologically Euclidean solution of (1.1) which is
asymptotically Galilean at infinity, but does not repre-
sent a space which is everywhere flat. Let X (p) be the
value of the integral of & extended over a sufficiently
large region W of V; bounded by a ‘‘spherical” surface
Q: r=constant=p, say. Then in virtue of the theorem
of Gauss

%(p)= f Benad @, 5.1)
Q

Using quasi-polar coordinates it is not difficult to
confirm on the basis of the linear approximation that
LB is at most 0(r3) for sufficiently large r. Accordingly
the integral on the right of (5.1) tends to zeroasp— «,
so that X[=%(«)]=0. However, if at any erbitrary
point P one introduces coordinates such that (gx1)p=1x1
then, at P, K (=K, here) is the sum of terms of the

1B L. P. Eisenhart, Riemannian Geometry (Princeton University
Press, Princeton, New Jersey, 1926), Chap. II, p. 91.
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form (Riimx)?, keeping in mind that components of the
Riemann tensor an odd number of the indices of which
have the value 4 here vanish identically. K is therefore
positive semidefinite and so must vanish everywhere if
X is to be zero. By the same token the individual
summands must vanish separately, ie., Rimn=0.
There exist therefore in fact no solutions of the type
here contemplated.

6. STATIC EINSTEIN SPACES

(a) Let it be supposed that the V,is a static Einstein
space, i.e., the metric (4.1) satisfies the Eqgs. (1.4).
Then it follows from (4.5) that

RA=N—%, (RA=)=N,  (61)
ie.,

%gab OR— &Rabz job= f—lf,'ab.

Equation (4.9) then assumes the remarkably simple
form

We=8A(fie), (6.2)

where A is the Laplacian operator in V. Alternatively
one has from (4.8)

BWe=4wf(ff?) (6.3)

(b) In the case of a static space of constant (negative)
curvature the integral X(p) will obviously diverge as
p° as p— o, and the same will be true if the Einstein
space is in some sense asymptotic to such a space of
constant curvature (cf. Sec. 8). It is therefore convenient
to introduce the tensor

Jtmn=Ritmn—ENErinEml 1. (6.4)
Then

K'=Tpmat Pmr = K3— (8/3)N (6.5)

However, because of (1.4), K;=K, and since the space
is static K’ is positive semidefinite'*; thus

K'=K— (8/3)\>0. (6.6)

If V4 is of constant curvature K’, unlike K, vanishes
identically.
(c) Now, by (3.2) and (4.7)

R'(= (=K =L .2~ (8/3)01. (6.7)

On the other hand, the second member of (6.1) may

be written
f#e=2f. 6.8)

Using (5.4) and (6.8) it follows from (6.7) that &’
also may be written as an ordinary divergence, viz.,

K= O =dwfi(fofi'—nf)e  (6.9)
Incidentally one has here, analogously to (4.9),
Oe="FP%, 'Tr=8(f*—g?f).  (6.10)

1 See the argument of Sec. 5.
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7. STATIC SPACES OF CONSTANT CURVATURE
If a V., is of constant curvature, then

Rei=Engi1:00". (7.1)

If a V4 is static it follows from this and the first member
of (4.3) that V3 is also of constant curvature and hence
there exist coordinates such that!®

gav=(1—u) e, 12u=DNAn.ax°x?; (7.2)

and then

f=Q0+uw)/(1—u). (7.3)

If one writes A= — 342 and introduces new coordinates

a'=7 sinf cosp, #®=7 sind sing,
=2k [ (14+-R2r2)}—17,

then the metric of the static space S of constant cur-
vature becomes

dst= — (14-k?)~Ldr2— 1> (d62+sin6dg?)
+(1+Bde. (1.5)

If % is real (and this condition will henceforth be
imposed), then (7.5) is a static form of the metric of
an open de Sitter space.

It should be noted that it would be useless to consider
closed de Sitter spaces (A\>0) in the present context
since in such a space the spatial distances from the
origin of all points of the space have an upper bound.

P=7cosh, xi=¢,

8. STATIC SPACES S* ASYMPTOTICALLY OF
CONSTANT CURVATURE

This section deals with the definition of those
Riemann spaces S* asymptotic to .S which are to be
admitted for consideration. An S* is defined by the
following conditions [of which (4) is merely one of
convenience :

(1) there exists a set C of topologically Euclidean
coordinates x* covering the entire space, such that

(2), (3), (4) relative to C the metric tensor of S*
satisfies the conditions (1.2), is regular (of class C?) at
all finite points, and has determinant —1; while

(5) the transformation of coordinates (7.4) gives the
metric the form

ds?= — (14222 2mr 1 4-w1) 2dr:— 2 (1+w2)d6?
—12(sin204-w;)dd®— 2r2nd0de

+ (1B = 2mrHwi)de,  (8.1)
m=constant; w,=0(r"?), 9x,=00"%),
aew-=0("°2); anz‘O(f_z)a

for all »>r,, where 7, is sufficiently large!¢;
(6) the Egs. (1.4) are satisfied.

15 Footnote reference 13, Chap. 2, p. 85.

16 For the purposes of later sections weaker conditions upon .

the asymptotic behavior of ws and ws, and of all the first deriv-
atives of w, other than 3w would actually be adequate.

(7.4)
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The function 7 is fixed by condition (4) since the deter-
minant g of the metric tensor must now be —7*sin?6.
The somewhat strange choice of the generic form of
the metric is one of convenience; it is important for g
to have the chosen form, but in that case one cannot in
general orthogonalize the metric completely.

In the first place it may be remarked that when k=0,
so that .S is flat (though this possibility will hereafter
be excluded), the usual linearized field equations show
that with a suitable choice of coordinate system the
metric tensor must (then) have the form (8.1) to the
required order. Further, the same is true (250 now)
when V; is spherically symmetric, for then (8.1) with
w,=0 is in fact an exact solution of the field equations
when 7 is not too small. If one adopts a physical view-
point'” one may look upon (8.1) as representing the
asymptotic form of the solution of the field equations
corresponding to a finite distribution of “particles”
about the origin. Then in a sense the foregoing de-
finition implies the assumption that the effects of the
“multipole moments” of the distribution asymptotically
fall off more rapidly than the effects of the “‘monopole
moment.” It is possible that the formal counterpart to
this behavior may be deducible from the field equations.
However, though it is easy to write down the generic
linearized equations, viz.,

Dhst+h; st 2h(c; n= 2k2 (hat'“‘ gslh)y
(]1:]1,,, hr=hst: l)y (82)

where k,, are the “infinitesimal”’ differences between
corresponding components of the metric tensors of S*
and S, the explicit form of these equations is so complex
that I have hitherto been unable to arrive at any
definite conclusions in this respect. At any rate, the
definition of S* given in the foregoing will here be
adopted.

9. PROOF THAT m MUST VANISH
Equation (6.8) may be written
(wg®f p) a=Mf,
or, since w f=17sind,
(72 sinfge® 1 f 1) o= A% siné. 9.1)

Now integrate both members of (9.1) over W, taking
p>r1 (cf. Sec. 5), and apply the theorem of Gauss,
keeping in mind condition (3) of Sec. 8. Then

f (#* sinfgl {11 1), d0dp = —dxk2P.  (9.2)
Q

Using (8.1), the left-hand member of (9.2) is easily
evaluated, the result being —4x[4%*+m+0(p~)]. By
allowing p to tend to infinity it therefore follows at
once that m must be zero.

17 One should then, to be consistent, restrict m to be non-
negative.
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10. PROOF THAT S* MUST BE OF OVER-ALL
CONSTANT CURVATURE

The theorem of Gauss may now be applied also to
the integral of &’ extended over W. Thus, because of
(6.9), using a nomenclature analogous to that occurring
in Sec. 4.

X' (p)= f Rd®x= f (OY,_,d6d¢.  (10.1)
w Q

Now from (8.1), when r>ry,
g% f o f.c=—F[FBr+2mr 4002,
— I\ =Rk 41— 2mr ' 4-0(r2) ],
glwf1=—[14+0("*) ] sind,
where despite the result of the previous section m has
not been set equal to zero for the time being. It therefore

follows that
X' (p)=—16xmk*+0(p™"),

and therefore as p —

XK'= —16mmk?. (10.2)
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Setting m=0 at this stage in accordance with the result
of Sec. 9 one has &’=0. Then the same kind of argument
which was used in Sec. 5 to show that there Rym. had
to vanish will show here that one has to have

Jktma=0, (10.3)

i.e., S* must be of over-all constant curvature.

As a final remark it may be noticed that if one
imposes the restriction >0 from the outset (cf.
footnote reference 17) then Sec. 9 may be omitted
entirely, and at the same time one need no longer
bother with the normalization of g. This is at once
obvious from (10.2) since certainly X’ >0.
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Invariant-theoretical considerations are employed to obtain constitutive equations for the current
density vector, the heat flux vector, and the magnetic intensity field in isotropic materials (both holohedral
and hemihedral) when an electric field, a magnetic induction field, and a temperature gradient are simul-
taneously present in the material. Certain of the interaction effects which are indicated by these constitutive

equations are discussed.

INTRODUCTION

N two previous papers,’? the manner in which in-
variant-theoretical considerations may be used to
derive nonlinear constitutive equations in continuum
physics has been discussed. In a subsequent paper,?
these ideas are applied to the formulation of the
constitutive equations for electrical or thermal conduc-
tion in an isotropic solid which undergoes deformation.
In the present paper, a similar approach is taken to the
formulation of constitutuve equations which describe
the possible effects on the electrical current density
vector J, the heat flux vector q, and magnetic field H
resulting from the simultaneous presence in a material
of an electric field E, a temperature gradient =, and a
magnetic induction field B. The materials with which
we are concerned in this paper are isotropic and both
the cases of holohedral and hemihedral isotropy are
considered. However, the approach taken may readily
be applied to materials with other types of symmetry.
It is assumed that the materials with which we are
concerned do not undergo deformation, i.e., thermal
expansion, electrostrictive and magnetostrictive effects
are neglected. Methods similar to those used in the
present paper could be extended to include such effects.
In formulating the constitutive equations, J, q, and
H have been taken as the dependent variables and E,
=, and B as the independent variables. This is not a
unique choice and some other choice of three dependent
and three independent variables from these six vectors
might prove preferable from certain points of view;
however, for any particular choice the resulting con-
stitutive equations can easily be obtained by appro-
priate substitutions from those derived here, to which
they are, of course, algebraically equivalent.

In the present paper, the constitutive equations are
first derived without restriction on the magnitude of the
variables involved. It can easily be seen that they de-
scribe many well-known thermoelectric, galvanomag-
netic, and thermomagnetic effects. They also indicate
the possibility of the existence of further effects which,
as far as the author is aware, have not yet been re-
ported. A complete analysis of all such effects would

! A. C. Pipkin and R. S. Rivlin, Arch. Rational Mech. Anal. 4,
129 (1959).

2R. S. Rivlin, Arch. Rational Mech. Anal. 4, 262 (1960).

3 A. C. Pipkin and R. S. Rivlin, J. Math. Phys. 1, 127 (1960).

probably not be a worthwhile task out of the context
of an experimental program aimed at observing them,
since their nature is fairly evident directly from the
constitutive equations.

The general constitutive equations derived in this
paper are specialized to the cases when they are linear
in the independent variables, of second degree in
these, and of third degree.* The constitutive equations
so obtained may be expected, for a given material,
temperature, etc., to apply for increasingly large ranges
of values of the independent variables.

The ranges over which each of these sets of constitu--
tive equations provide a close approximation to experi-
ment will depend, of course, on the material, its tem-
perature, and so on. From the experimental results
(see, for example, Jan®) on such galvanomagnetic and
thermomagnetic effects as the Hall effect, the magneto-
resistive effects, the Nernst and von Ettinghausen
effects, it is apparent that at any rate in solids the
magnitude of such interaction effects generally in-
creases as the temperature is lowered. With this increase
comes the need for constitutive equations which include
higher-degree terms and possibly those of the full
generality obtained in this paper.

In previous work, constitutive equations equivalent
to the first-, second-, and third-order equations con-
sidered here have been derived for the holohedral
isotropic case and for the various crystal classes. The
constitutive equation is taken (as in the present paper)
to be a polynomial relation between a dependent vector
and a number of independent vectors. The restrictions
imposed by the material symmetry on the coefficients
of terms of given partial degrees in the independent
vectors are then considered. This is usually an ex-
tremely laborious procedure and can only be carried
out for terms of relatively low total degree. A brief
description of some of this work is given in the review
article by Jan,? where references to the original papers
are given. This approach is also taken in a review
article by Smith.® In contrast, the more powerful in-
variant-theoretical method adopted in the present

4 The third-degree constitutive equations are discussed explicitly
only in the case of holohedral materials.

§J.-P. Jan, in Solid State Physics, edited by F. Seitz and D.
Turnbull (Academic Press Inc., New York, 1957), Vol. 5, p. 1.

8 C. S. Smith in Solid State Physics, edited by F. Seitz and D.
Turnbull (Academic Press Inc., New York, 1957), Vol. 6, p. 175.
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paper yields constitutive equations of closed form
which are applicable generally, without limitation on
the degree of the polynomial.

In some of the earlier work, the further restrictions
imposed on the form of the constitutive equations by
the assumption that they must obey Onsager’s principle
are also discussed. Such restrictions are not discussed
here since it is considered that the area over which
Onsager’s principle may legitimately be employed is in
considerable doubt.

2. CONSTITUTIVE EQUATION FOR THE
ELECTRICAL CURRENT
We assume that an electric field E, a magnetic induc-
tion field B, and a temperature gradient field = act in an
electrical conductor or semiconductor. Let J be the
associated current density vector. Then we may assume
that J is a polynomial” function of the vectors E, B,

and =, thus:
J=F(EB,<). (2.1)

We now consider the restrictions imposed on the con-
stitutive equation (2.1) by symmetry of the material.
Let {S} denote the group of orthogonal transformations
characterizing the symmetry of the material and let S
be a generic transformation of this group. Then

S.§t=8:-8=I, 2.2)

where S¢ denotes the transpose of S and I is the unit
matrix.

The constitutive equation (2.1) must be form-
invariant under the group of transformations {S}.
This implies that

J*=F(E*B* %), (2.3)
where
J*=S.J, E*=S-E, B*=4+S'B
and

(2.4)

the positive sign in the expression (2.4) for B* being
taken if S is a proper orthogonal transformation and
the negative sign if it is an improper orthogonal
transformation.

From (2.1), (2.3), and (2.4), we obtain

F(E*B*<*)=S-F(E,B,x), (2.5)

where E*, B*, «* and E, B, < are related by (2.4). If
is an arbitrary absolute vector and

¢*= S- ‘E:
we obtain from (2.5), with (2.2),
‘I!* ) F(E*7B*7 ‘E*) = ‘L’ ' F(E;B; ‘:) = E(say) (27)

& is then an absolute scalar invariant under the group
{S} of the three absolute vectors ¢, E, and = and the
axial vector B. It may therefore be expressed as a

=82,

(2.6)

7We mean by this that each component of J in a given rec-
tangular Cartesian coordinate system is a polynomial in the com-
ponents of E, B, and « in the same system.
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polynomial in the elements of an integrity basis for
these vectors. We note that it is linear in {¢. We note
also that

F(EB,z)=95/94.

3. HEMIHEDRAL ISOTROPIC MATERIALS

If the material considered is a hemihedral isotropic
material, then the group {S} describing its symmetry is
the proper orthogonal group. We may, in this case,
treat the vector B as though it were an absolute vector.
On omitting elements which are nonlinear in 4, an
integrity basis for the vectors 4, E, B, and = under the
proper orthogonal group is formed by (see, for example,
Weyl?)

\l['E, ‘bBy 1&'1; [‘kvE;B]’ [lL’,‘F,B], [']{!E)‘c] (31)
and
E-E, B-B, ==, E-B, =B, E-«, [E<B], (3.2

where square brackets denote the scalar triple product.
¥ is therefore expressible in the form

F=a1§ B4+ Bty v+a ,EB]
+a5[¢7 "7B:|+a6['159E1 1]7 (33)

where the o’s are polynomials in (3.2). From (3.3),
(2.8), and (2.1) we obtain

J=aE+a:B+ast+asEXB+ast XB+asEX =.

4. HOLOHEDRAL ISOTROPIC MATERIALS

The constitutive equation for a holohedral isotropic
material may be obtained from the constitutive Eq.
(3.4) for a hemihedral isotropic material by introducing
the further requirement that it be form-invariant under
the central inversion transformation S=(—1, —1, —1).

We note that for this transformation, we have

(2.8)

(3.4)

E*=—E, B*=B, ~*=—x, J*=-],
E*xB*=—EXB, +*XB*=—1xXB,
E*x<*=Exz, (41)
E*.E*=E.E, B*-B*=B-B, <*-t*==<-1,
E*.B*=—E-B, E*.#*=E.z, <*B*=—<-B
and

[E*,=*B*]=[E,~B].
We therefore have, from (3.4), that

a1(E-B,z-B)E+a:(E-B,z-B)B+a;3(E-B,= B)<
+a4(E-B,2-B)EXB+0a;5(E-B,z-B)=XB
+as(E-B,z-B)EX < ‘
=a1(—E-B, —«-B)E—a:(—E-B, —=-B)B
+a3;(—E-B, —z-B)e+ay(—E-B, —<-B)EXB
+as(—E-B, —z-B)XB
—as(—E-B, —z-B)EX~, (4.2)

8H. Weyl, The Classical Groups (Princeton University Press,
Princeton, New Jersey, 1946).
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polynomial dependence of the o’s on E-E, B-B, =-=,
E- <, and [E,«,B] being understood. It follows from
(4.2) that a2 and as must be polynomials of odd degree
in E-B and «-B, while the remaining «’s are of even
degree in E-B and =-B.

The constitutive equation for the electrical current
in a holohedral isotropic material may therefore be
written as

=a;E+ast+aEXB+astXB
-H:ag'E -B+a,"<-BIB
+[as’E-B+as’’ = BJEX =,

where the a’s are polynomial in
E-E, B'B, =z, E-z, [E,=B], (E-B)(=-B) (E-B)?

and

4.3)

(=B (4.4)
The constitutive Eq. (4.3) may be expressed in an
even simpler form by employing the identities
(E-B)EX +=[E,x,B]JE— (E-E)xXB+ (E-)EXB

and 4.5)

(=-B)EX t=[E,+,Blx+ (z-t)EXB— (E- )= XB

which may be easily derived from the identity (9.3) in
the Appendix by making appropriate substitutions.
On using these relations, we see that (4.3) may be
expressed in the form

J=a;E+asr+aEXB4astXB
+[a’E-B+a,"<-B7B, 4.6)
where the a’s are polynomials in the quantities (4.4).
S. FIRST- AND SECOND-ORDER CONSTITUTIVE
EQUATIONS FOR THE CURRENT

If we neglect terms of higher degree than the first in
E, B, and = in the constitutive equation for the current,
then in the hemihedral case it takes the form

J=a1E+azB+a31, (51)
and in the holohedral case it takes the form
J=a1E+a31, (52)

where the o’s are constants. Equations (5.1) and (5.2)
are the first-order constitutive equations for hemihedral
and holohedral isotropic materials, respectively.

If we neglect terms of higher degree than the second
in E, B, and «, the constitutive equation for the hemi-
hedral isotropic material becomes

J=a1E+a2B+a31+a4EXB+as‘eXB+a5EX % (53)
and that for the holohedral isotropic material becomes
J=a;E+ase+aEXB+aseXB, (5.4)

where again the o’s are constants. Equations (5.3)
and (5.4) are the second-order constitutive equa-
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tions for hemihedral and holohedral isotropic materials,
respectively.

We shall now make the assumption® that the material
is such that J=0 when E=0 and £=0. Then ay;=0 in
(5.1) and (5.3). In the first of these cases the consti-
tutive equation takes the form (5.2), i.e., the first-order
constitutive equations for hemihedral and holohedral
isotropic materials are the same. Taking =0 in (5.2),
we see that o is the ohmic electrical conductivity of the
material. Taking E=0, we see that a temperature
gradient = gives rise to an electrical current in the same
direction, the Thomson effect.

Turning now to the second-order constitutive equa-
tions, we see that if a;=0 and we take t=0, the equa-
tions for the hemihedral and holohedral cases become
the same and take the form!

J=a;E+a:EXB.

a1 is again the electrical conductivity and the coefficient
as determines the magnitude of the Hall effect. If
+7#0, the second-order constitutive equations differ
in the holohedral and hemihedral cases. In the holo-
hedral case, we see that if B=0, it reduces to the first-
order constitutive equation. Taking E=0, we see that
if a temperature gradient ¢ and magnetic induction
field B exist in the material, then apart from the
current resulting from the Thomson effect an additional
current perpendicular to = and B will, in general, be
produced (the Nernst effect). This effect may also arise
in the hemihedral isotropic case, but in this case we
observe the possibility of a further effect resulting from
the presence in the constitutive Eq. (5.3) of the term
asEX «. This leads to the possibility! that if an electric
field and nonparallel temperature gradient exist, a
current may be produced at right-angles to both of
these even if B=0.

(5.5)

6. CONSTITUTIVE EQUATIONS FOR
THE HEAT FLUX

We now assume that the heat flux vector q is also a
polynomial function of the vectors E, B, and «. Since
q is an absolute vector, we may, by considerations
similar to those used in discussing the constitutive
equation for the electrical current, derive a constitutive
equation for the heat flux vector which is similar in
form to (3.4) in the hemihedral case and to (4.6) in the

® This assumption need not necessarily be valid for all hemi-
hedral isotropic materials.

To the degree of approximation involved in deriving this
equation, it is equivalent to the equation

E= 01]+G4J><B,

where a; and a4 are constants. The latter equation is usually
employed when a constitutive equation which describes the Hall
effect is required. However, it is usually derived from a considera-
tion of the mechanism which results in the Hall effect. Here,
Eq. (5.5) and the remaining constitutive equations are derived
purely from invariant-theoretical considerations.

11 As far as the author is aware, this effect has so far not been
observed.
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holohedral case. In both cases, we merely replace J by q
and bear in mind that the ’s are not the same functions
of their arguments as in the constitutive equations for
the current density vector. The first- and second-order
constitutive equations for q may be obtained in a
manner similar to that used in deriving the first- and
second-order constitutive equations for J. If we make
the assumption that q=0 when E=0 and =0, we
obtain as the first-order constitutive equation, in both
the hemihedral and holohedral cases,

q= BIE+ﬁ3"1

where the 8’s are constants.
The second-order constitutive equation for hemi-
hedral isotropic materials becomes

q=B8:E+837+BEXB+B8seXB+8EX < (6.2)
and that for holohedral isotropic materials becomes
q=B:E+B8sx+BEXB+8;<XB, (6.3)

where the 8’s are again constants.

From Eq. (6.1) we see that 83 is the thermal con-
ductivity of the material. Provided 8, is not zero, we
see that an electric field E in the material gives rise to
a parallel heat flux. From Eq. (6.3), it is seen that for a
holohedral isotropic material in which nonparallel
electric and magnetic induction fields exist, a heat
flux may be produced perpendicular to both of these
(the von Ettinghausen effect). Also, if a temperature
gradient and nonparallel magnetic induction field exist
in the material a heat flux may be produced perpen-
dicular to both of these (the Righi-Leduc effect).

These effects may also be obtained in a hemihedral
isotropic material. It is seen from Eq. (6.2) that, in
addition, if an electric field and nonparallel temperature
gradient exist in the material, a heat flux perpendicular
to both of these may be produced.?

6.1)

7. CONSTITUTIVE EQUATION FOR THE
MAGNETIC FIELD INTENSITY
We assume that the magnetic field intensity H is a
polynomial function of the vectors E, B, and =, thus

H=G(EB,=). (7.1)

Again, this constitutive equatioﬁ must be form-in-
variant under the group of transformations {S} de-
scribing the symmetry of the material. This implies
that

G(EB,z)==+S-G(EB,x), (1.2)

where S is a generic transformation of the group {S}
and the positive or negative sign is taken accordingly
as S is a proper or improper orthogonal transformation.
E*, B* <*and E, B, © are related by (2.4).

If the material is hemihedral isotropic, the restriction
(7.2) implies, with (7.1), that H must be expressible in

18 Ag far as the author is aware this effect has so far not been
observed. :

545

the form

H=7v,B+7v,E+v;z+v.EXB
+vseXB+vsEX =, (7.3)

where the v’s are polynomial functions of the quantities
(3.2). This result may be derived in precisely the same
manner as the constitutive Eq. (3.4) for the electric
current density, from the fact that the positive sign
applies in (7.2) for proper orthogonal transformations.

If the material is holohedral isotropic, then (7.3)
must be form-invariant under the central inversion
transformations S= (—1, —1, —1). By using the results
(4.1) and the relation H*=H, we obtain

v1(E-B,z-B)B+~.(E-B,z-B)E++;(E-B,z-B)=
+7v4(E-B,z-B)EXB+~v;(E-B,z-B)=XB
+v¢(E-B,=-B)EX =
=v,(—E-B, —x-B)B—v,(—E-B, —z-B)E
—v3(—E-B, —2-B)x—v.(—E-B, —=-B)EXB
—vs(—E-B, —=-B)zXB
+vs(—E-B, —z-B)EX <=, (7.4)

polynomial dependence of the v’s on E-E, B-B, =«
E- <, and [E,«B] being understood. It follows from
(7.4) that ¥, and ys must be polynomials of even
degree in E-B and =B, while the remaining 7’s are of
odd degree in these arguments.

The constitutive equation for the magnetic field
intensity H in a holohedral isotropic material may
therefore be written in the form

H=vB+[v.E-B+7."v-BJE+[vs/E-B+v;"+-B]=+
+[v+/E-B+~/'=-BJEXB
+[v'E-B4+vs" < Ble XB+v:EX %, (7.5)

where the y’s are polynomials in the quantities (4.4).

By using a relation of the type (9.3), we may, without
loss of generality, take y4'=0 or v5'=0in (7.5).

If we neglect terms in the constitutive Eq. (7.3) for
H of higher degree than the first in E, B, and =, we
obtain the first-order constitutive equation for the
magnetic field intensity in a hemihedral isotropic
material :

H=71B+‘72E+‘Ya“s

where the v’s are constants. Similarly, we may obtain
from (7.5) the first-order constitutive equation for H
in a holohedral isotropic material :

H=+,B. )]

If we further assume that H=0 when B=0, then
vs=73=0 in (7.6) and it is seen that (7.7) represents
the first-order constitutive equation for H for both-
holohedral and hemihedral isotropic materials.

The second-order constitutive equation for H in a
hemihedral isotropic material is, with H=0 when B=0,

H=vB+v.EXB+v5tXB, (7.8)

(7.6)
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where the s are constants. The corresponding equation
for a holohedral isotropic material is (7.7).

8. THIRD-ORDER CONSTITUTIVE EQUATIONS FOR.
HOLOHEDRAL ISOTROPIC MATERIALS

If, in the constitutive equations for a holohedral
isotropic material, we neglect terms of higher degree
then the third in E, B, and =, we obtain, with the condi-
tion that H=0 when B=0,

J= (a1+a11E- E+a12B . B+a13‘e . 1+a14E . C)E
+ (a3+a31E "E+a32B . B-|-a33‘= . 1—|—a34E * ‘E) <
+aEXB+aseXB+[e’E-B+a:"<-B]B, (8.1)

and

H= (’)’1+’YnB’B+’)’12E' E+7131 g ‘V+’Y14E‘ T)B
+v:'E-B+7:" = BJE+[vs'E-B+v5"=-B]s, (8.2)

where the o’s and 4’s are constants. The constitutive
equation for q is similar in form to (8.1).

We shall now consider some effects, additional to
those discussed for the first- and second-order equations,
the possibility of which is allowed by Eq. (8.1). If
<=0, Eq. (8.1) becomes

J=(a1+auE -E4-a1.B-B)E+a.EXB+ (a)’E-B)B. (8.3)

Let us suppose that the vectors E and B are inclined
at an angle ¢. We choose the reference system x in such
a way that the x; axis is parallel to E and the x, axis
is in the plane formed by E and B, so that E=(£,0,0)
and B= (B cos¢, Bsing, 0). It then follows from (8.3)
that

Ji= [a1+al1E2+ (a12+a2' COS2¢)BZJE,

2=ay EB? sing cos o,
Js=a4EB sine.

If a0, we have non-Ohmic electrical conductivity.
The presence of a magnetic induction field B produces a
change of current in the direction of E proportional
to B2 Also provided that ¢50 or 7/2, and a,'#0, it
also gives rise to a current proportional to B? in the x,
direction. The current density component J3 is, of
course, the Hall current given by the second-order
constitutive equation.

We now consider that E=0, but =><0. Equation (8.1)
then becomes

J= (as+a32B'B+(1331 . 1)T+051XB+C¥2"(1 B)B (8.5)

We suppose that the vectors ¢ and B are inclined at an
angle ¢. Then, in a manner similar to that employed in
discussing the case when <=0 but E0, taking
©=(7,0,0) and B= (B cos¢, B sing, 0), we obtain

J1=[astasr*+ (ass+as” costp)B]r,
Je=ay"'TB?sing cosg,

(8.4)

(8.6)
J3=asrB sine.

If a33#0, we have a nonlinear Thomson effect. The
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presence of a magnetic induction field B produces a
change, proportional to B? in the Thomson coefficient
relating the temperature gradient and the current
density in the direction of this gradient. Also, provided
that ¢#0 or 7/2, and a»”0, we obtain a current
proportional to B? in the x, direction. The current
density component J; is, of course, obtained from the
second-order constitutive equations and is associated
with the Nernst effect.

Since the constitutive equation for the heat flux
vector is similar to that for the electric current density
vector, the effects of the magnetic induction field on the
heat flux vector are similar to those on the electric
current density.

We shall now discuss the constitutive equation (8.2)
for the magnetic field intensity in a similar manner. If
=0, but E>0, the equation becomes

H= (‘Yl+’71lB'B+’)’12E ' E)B+ (‘)’2'E‘B)E-
Then, choosing the reference system % so that

B=(B,00) and E=(E cose, Esing, 0),
we obtain

Hi=[vi+vuB*+ (y12+72 cos*p)E*]B,
Hy=v,'E'Bsinp cose and H;=0.

Similarly, if E=0, but =520, Eq. (8.2) becomes
H= (vi+vuB-B4y157 )B4 (vs"=-B)x. (8.9)

Then, taking B= (B,0,0) and == (7 cosg,  sing, 0), we
obtain

(8.7)

(8.8)

Hi=[vi+7vuB+ (vis+7s"'7* cos?p) B,

Hy=v;"Bsinp cosy and H;3=0. (8.10)

9. APPENDIX

If 6;; denotes the three-dimensional Kronecker delta
and e;;, the three-dimensional alternating symbol, then!

9.1)

If A;, B., Cy, and D; are the components of four vectors

A, B, C, and D, then multiplying (9.1) throughout by

A;B,CiD;, we obtain

A:BieyinCiDi— AL iejinBiDi+AD e jinBCr
—A ,,.e,-HB]Csz=O.

SijCrim— i€ tm=+0i1€ 5k m— Oimeir1=0.

9.2)

This relation may be rewritten in vector notation as

(A-B)CXD=(A-C)BXD—(A-D)BXC
+[B,C,D]A.
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The long-range and short-range order parameters are computed for the Ising lattice using a Monte Carlo
sampling scheme. The square lattice, the simple cubic lattice, and the body-centered cubic lattice are
considered. In the three-dimensional calculations both the antiferromagnetic and ferromagnetic cases are
considered as well as the coupling to an external magnetic field of various strengths. Good agreement is
found where the results can be compared with the exact two-dimensional results, and in the three-dimen-
sional case the results agree well with those obtained from series approximations in the regions where the
series approximations are valid. The present method appears to give good results for the short-range
order even very close to the critical temperature, but in this neighborhood the long-range order estimate is
crude. The computations were performed on the high-speed computer ILLIAC, located at the University

of Illinois.

I. INTRODUCTION

N a recent investigation' the Monte Carlo method
was used to compute parameters describing the
short-range and long-range order in a face-centered
cubic binary alloy. That investigation was preceded by
some computations? of order parameters in a two-
dimensional Ising lattice® as a test of the feasibility of
the Monte Carlo method for this kind of calculation.
This early work was quite successful and the continu-
ation of this work to a treatment of three-dimensional
Ising lattices is the subject of the present paper. Since
the early work on the two-dimensional lattice has not
been previously reported in detail, it has been included
in the present discussion. Two three-dimensional lattices
are treated in the present work: the simple cubic and
the body-centered cubic. This treatment includes both
ferromagnetic and antiferromagnetic coupling, and
coupling to an external magnetic field. Parameters
describing the short-range order and the long-range
order have been computed.

The method used here was first used by Metropolis
and others? to treat the two-dimensional hard sphere
gas, and it has been used subsequently by others5# for
further computations on the equation of state of gases.
The essence of this method can be described briefly as
follows. A sequence of configuration states for the

* Supported in part by the Office of Naval Research.
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881 (1954).

8 W.W. Wood and F. R. Parker, J. Chem. Phys. 27, 720 (1957).
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system is developed using transition probabilities p;;,
where p;; gives the probability that state ¢ will be
followed immediately by state j. These transition
probabilities are chosen to make the distribution of
states in the sequence tend toward a Boltzmann dis-
tribution as the number of states in the sequence
increases. At some point the sequence is truncated and,
neglecting some of the initial states in the chain, the
states of the truncated sequence are used as an ensemble
to estimate the average value of certain system param-
eters; in the present case, estimates of the average value
of the order parameters are computed. It seems appro-
priate to describe this approach as a “mathematical
experiment’’ because it is somewhat analogous to ob-
serving the parameters directly in the real physical
system, as in a physical experiment. In the latter case
nature provides the averaging, whereas in the mathe-
matical experiment this is simulated on a model. It
should be quickly pointed out, however, that the
kinetics associated with the mathematical experiment
do not necessarily represent those of the real system;
they may represent the real system kinetics to some
degree, but it is not essential to the method. This
approach can provide a very good physical picture of
the microscopic character of the system and it is
therefore capable of providing new insights to the
problem which might be very difficult to obtain from
a more conventional, analytical approach in which the
system is represented in a comparatively abstract
fashion.

Without a high-speed computing machine this
approach would not be feasible. It is not surprising
therefore that interest in this method has increased as
these machines have become more available, and it is
to be expected that this interest will continue to grow
as the capabilities of these machines grow. The ILLIAC,
a high-speed computing machine located at the Digital
Computer Laboratory of the University of Illinois, was
used to perform the computations described in the
present work,

-
{
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II. GENERAL REMARKS ON APPLICATION OF
MONTE CARLO METHOD TO ISING
LATTICE PROBLEM

The fundamental ideas of the method which was
used in these computations have been discussed in the

references cited in the introduction, especially footnote

references 1, 4, and 6. A familiarity with these ideas
will be assumed and here our attention will be directed
at their application to the Ising lattice problem.

Each site of the Ising lattice has an associated two-
valued spin coordinate u(k) for the kth site; u(k)=-1
or —1, corresponding to the two allowed orientations of
the spin on the kth site. The sth configuration state of
a lattice of N sites is completely described by the
N-component vector y;, whose components are the NV
spin coordinates, u;(k). The energy of this spin array
is assumed to be due to nearest-neighbor interactions
and the interaction with an external magnetic field. In
particular, the energy of the ith configuration is given

by
E=—J g:k(” ui(R)ui(k')+H Zk: wi(k), 1

where the first sum extends over all pairs of sites in the
lattice such that % and &’ are nearest neighbors and the
second sum extends over all sites in the lattice. It will
be recognized that the change in the coupling energy
for a nearest-neighbor pair going from a state of
parallelism to a state of antiparallelism is 2J, i.e.,
(M) —e(11)=2J. The array is ferromagnetic if J is
positive and antiferromagnetic if J is negative. On
referring again to Eq. (1), it will be observed that the
change in the energy arising from the external field
coupling is 2H when a spin changes from a state of
parallelism with the field to a state of antiparallelism
with the field, ie., e(4)—e(})=2H. Since it is con-
venient and customary to use parameters which are the
ratios of the coupling energies to kT, where %k is the
Boltzmann constant and 7 is the absolute temperature,
we define K=J/kT and L=H/kT.

The order in the system, at equilibrium, is computed
as a function of K and L. To describe the short-range
order, the parameters f;(j) are used where f;(7) is the
fraction of jth neighbor sites which are occupied by an
antiparallel pair of spins in the 7th configuration

1
DL (B (R')], 2
a(j)NEk[ wi(R)ui (k)] (2)

fi(f)=

where a(7) is the number of jth neighbors of a lattice
site, and the summation extends over all pairs of sites
k and %’ where & and &’ are jth neighbors. Using
Boltzmann statistics, the average value of this param-
eter for jth neighbors is given by the usual formula

JG =2 fi(gle Finr/3; e Fint, ©)

where the summations extend over all configuration
states of the system. In the Monte Carlo estimation of
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this quantity the expression on the right is replaced by
the average over a small sample of f;(j)’s drawn from
a distribution in which the ith configuration state tends
to be proportional to exp(— E;/kT). This proportionality
holds strictly only in the limit as the sequential process
of generating new configurations is continued inde-
finitely. However, the proportionality usually holds
with sufficient accuracy for worthwhile results when
the sequence is truncated in order to keep the computing
time within reasonable bounds. For the two-dimensional
square lattice and the body-centered cubic lattice the
average of the first-neighbor order parameter f(1) is
estimated. In the simple-cubic lattice both f(1) and
f(2) are estimated.

The long-range order of the ith configuration state
is described by the parameter S;, where

1
Si=—|2 mi(k)|, 4)
N &

the summation extending over all sites. The average
value of S;, denoted by S, is given by the formula
analogous to Eq. (3) and the Monte Carlo estimate of
S is likewise obtained from sampling as indicated
before for f(j). Estimates of .S have been obtained for
the two three-dimensional lattices. It is known that
for an infinite lattice and L=0, S vanishes at a critical
value of K, denoted by K., and that for K <K., S
remains equal to zero. The finite system used in these
computations can only be expected to approximate
this behavior, and one expects a rapid decrease in §
in the neighborhood of K., but S will remain nonzero,
though small, even when K<«K.. When the external
magnetic field is zero, S can be identified as the spon-
taneous magnetization per spin.? For a lattice composed
of an infinite number of spins a very small positive
magnetic field removes all states of the lattice from the
ensemble average for which the total spin is negative,
but with a finite lattice this is not strictly true. This
approximation to the spontaneous magnetization of an
infinite array will be worst near the critical temperature
where the difference in behavior between the infinite
system and the finite system becomes particularly im-
portant.

The procedure for generating the ensemble of con-
figurations over which the averaging is to be performed
is very similar to the one described in footnote reference
1. We are given a lattice of NV sites which is in a par-
ticular configuration state; say ; hence u;(£) is known
for all £. A site of the lattice is selected and the change
in energy AE which would accompany a reversal in
orientation of the spin on that site is computed. If
AE <0, then the spin is reversed and if AE>0, then
the spin orientation is reversed with probability
exp(—AE/kT). The latter process is done by generating
a pseudo-random number £ from a uniform distribution

9 C. N. Yang, Phys. Rev. 85, 808 (1952).
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on the interval (0,1) and if {<exp(—AE/ET), the spin
orientation is reversed; otherwise it is not reversed.
Next, another site is selected and the process is repeated.
The sites were numbered and selected sequentially and
when all sites of the lattice had been treated once, as
just described, an iteration of the calculation was said
to be completed. At the end of an iteration the values
of the order parameters f;(4) and S; were recorded ; the
details of this step varied somewhat in the different
calculations and they will be described more fully in
the following sections. The iterations continued until a
condition for stopping was satisfied at which point the
last R samples which were generated were used to
compute the averages

1 1 1
1)=— ,'1, = i 5 S=— Si, 5
) R%f() 1) R(%‘f(Z) R% )

where in each case the sum extends over the last R
samples. In the three-dimensional computations the
stopping condition was based on a comparison of
results from two independent computations, similar to
that described in footnote reference 1; the details will
be presented later.

It is not difficult to see that this process satisfies the
necessary and sufficient conditions' for producing a
sequence of configurations which tends toward a
Boltzmann distribution as the length of the sequence
tends toward infinity. The ergodic condition is satisfied:
Any pair of configurations can be linked by at least
one finite sequence of configurations in which one spin
at a time is reversed, and the probability for this
reversal is nonzero. The other condition is also satisfied:
The 2¥ component probability vector ¥ with com-
ponents

\I{i=e—E£/kT/Zi e~ Ecikr (=12, -, 2N (6)
is an eigenvector, with eigenvalue unity, of the sto-
chastic matrix P, whose elements p;; are the transition
probabilities linking the 2¥ configuration states of the
lattice in a complete iteration. This can be seen as
follows. The stochastic matrix P may be regarded as
the product of N matrices P(1), P(2):--P(N), where
P(k) has components p;;(k) which are the probabilities
for a transition from state ¢ to j by a reversal in the
orientation of the spin on site k. For given ¢ there is
exactly one j, say j/, for which $;;(k) =0 and p.:(k)
=1—p;(k). ¥ E;>Ej we have p;y(k)=1 and if
E.<Ej, we have p;; (k) =exp[— (Ey—E;)/kT]. Simi-
larly, for given j there is exactly one i, say 3’ for which
$.;(k) %0, where i’ j. In short, there will be either
one or two nonzero elements in every row and column
of P(k). Consider the product

WP (k)=,
and in particular

2 Vapii(k)=4¢;. M
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Let p.-j(E) be the nonzero off-diagonal element in the
jth column of P(k). If Ey>E; then p,;=1 and
pis=1—exp[— (Ev—E;)/kT] and it follows from Eqs.
(6) and (7) that

G=AeEv ¥ [1— g~ (Bi—ENIKT]f g EilkT
hence
¢;=Ae FiltT,
where '
A=Y, e BT,

If Ei'<E_,', then Pi'j= —(Ej~Ein) /kT gand pjj=0 and it
follows from Egs. (6) and (7) that

¢j= [e—(Ej—Ei’)/kT]Ae—Ei'/kT’
hence
¢j=Ae“Ei/kT.

It follows that @=\", hence W is an eigenvector of
P(k) with eigenvalue unity and since this is true for all
k it is true for the product P=P(1) P(2)---P(N). It
is to be noted that this result is independent of the
order in which the sites are numbered. This result is
also true for
_ ¥ p®
Q ¥ )

k=1

which is the transition matrix when a site is selected
at random and the same process performed on it. The
details of the individual computations follow.

III. SQUARE LATTICE

The two critical items affecting the practicality of
the method, namely the rate of convergence of the
generated ensemble to a Boltzmann distribution and
the size of the lattice needed for worthwhile results,
were investigated using this model. The short-range
order parameter f(1) was computed and compared with
the exact value for an infinite system. The com-
putations were made at different values of the parameter
#=e"2% and with zero external field, L=0. Periodic
boundary conditions were imposed by linking the left
edge of the lattice to the right edge by nearest-neighbor
bonds and similarly the top edge was linked to the
bottom edge.

The lattice configuration was represented by binary
numbers in the computer, with each binary digit cor-
responding to a lattice site and the value of that digit
representing the orientation of the spin on the site. In
each iteration of the computation the sites were selected
for consideration systematically. The successive sites
along a row were considered until the end of the row
was reached and then the sites in the next adjacent row
were considered until finally all ¥V sites had been con-
sidered.

At the completion of one iteration the value of f;(1)
was recorded. To examine the behavior of estimates of
f(1) as it is computed at different points along the

1 B, Kaufman and L. Onsager, Phys. Rev. 76, 1244 (1949).
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TasiE 1. Values of f(1,7) obtained for the square lattice. The exact value for f(1) (footnote reference 10) appears at the
end of the right-hand column for every x.

10X 10 lattice 2020 lattice 37X 37 lattice
Initially Initially Initially Initially Initially Initially
x 7 ordered disordered ordered disordered ordered disordered

0.30 1 0.0209::0.0020  0.0428--0.0054 0.0222::0.0010  0.0760+=0.0045 0.0229:4-0.0006  0.0444--0.0037
2 0.0238+0.0023  0.02400.0023 0.0220:+0.0009  0.0220--0.0012 0.0230:0.0005  0.02280.0006
3 0.0246::0.0021  0.02464-0.0021 0.0234::0.0011  0.02284-0.0013 0.02234-0.0006  0.0227+-0.0006
4 0.0199:+:0.0019  0.01944-0.0019
5 0.0204:+:0.0019  0.0200+0.0018
6 0.0208-+0.0020  0.0212+0.0021 f(1)=0.0223 {exact)

0.40 1 0.0956:-0.0044  0.1338+0.0074 0.1043::0.0026  0.1198--0.0041 0.1026:-0.0015  0.1497--0.0037
2 0.1083::0.0043  0.1194+-0.0061 0.0992::0.0021  0.1007+-0.0023 0.115540.0013  0.1104-0.0017
3 0.0896-+:0.0045  0.1052:0.0052 0.1027:£0.0026  0.1076:0.0027 0.1112::0.0016  0.11924-0.0013
4 0.0884::0.0044  0.0947::0.0046
5 0.09124:0.0044  0.0940-+-0.0050
6 0.0867::0.0041  0.0886-:0.0043 f(1)=0.1074 (exact)

0.43 1 0.1650-+:0.0050  0.1702:+0.0058 0.1656::0.0036  0.1879:0.0041 0.18192:0.0017  0.1859:+-0.0028
2 0.1568-+0.0053  0.1802-0.0066 0.1748::0.0032  0.1841-0.0030 0.18334-0.0015  0.1968+0.0014
3 0.1768-:0.0070  0.1690--0.0061 0.1708:£:0.0030  0.1630--0.0032 0.17594:0.0018  0.1958-+-0.0014
4 0.1436+0.0056  0.1621+0.0055
5 0.14794:0.0055  0.1501+0.0058
6 0.1640:+:0.0061  0.14034-0.0052 J(1)=0.1900 (exact)

0.45 1 0.2085::0.0057  0.2024-+-0.0058 0.21454:0.0028  0.2091+0.0029 0.2127+0.0018  0.2186:0.0022
2 0.1858-+:0.0055  0.2170--0.0059 0.2162:+:0.0032  0.2236::0.0024 0.2236:+:0.0011  0.2293:+-0.0012
3 0.2061-+-0.0062  0.2131-+0.0056 0.2718-0.0027  0.2305::0.0024 0.2271+0,0011  0.22794+0.0014
4 0.1892:+0.0051  0.1800+-0.0057 0.2316::0.0024  0.2256--0.0030
5 0.1968-::0.0048  0.1986:-0.0052
6 0.20184-0.0058  0.2110+0.0055 J(1)=0.2245 (exact)

0.50 1 0.2820:+:0.0053  0.2904--0.0045 0.28333:0.0026  0.28984-0.0021 0.2784+0.0016  0.2838+-0.0018
2 0.2808:+:0.0052  0.2812::0.0043 0.27700.0021  0.2778+-0.0021 0.28464-0.0013  0.28634-0.0011
3 0.2788-+:0.0043  0.2756:-0.0049 0.2827£0.0022  0.2839-+-0.0022 0.28304-0.0012  0.28383-0.0018
4 0.2682-+:0.0054  0.2841-0.0049
5 0.27214:0.0046  0.27562-0.0045
6 0.2804:4-0.0039  0.2906--0.0042 f(1)=0.2834 (exact)

0.60 1 0.3616::0.0038  0.3652+-0.0036 0.3568::0.0022  0.3583+0.0018 0.3554--0.0014  0.3561-:-0.0012
2 0.3606:0.0036  0.3560-+:0.0038 0.3533:+0.0017  0.35824-0.0020 0.35624-0.0009  0.3574-:0.0010
3 0.3620-0.0033  0.3607--0.0037 0.35644-0.0015  0.3543:-0.0020 0.35624-0.0009  0.3556-0.0009
4 0.3500-+0.0040  0.3571+0.0036
5 0.3570+0.0037  0.3597-0.0037
6 0.3506::0.0038  0.3504-0.0041 f(1)=0.3570 {exact)

0.70 1 0.3976::0.0035  0.41764-0.0038 0.3964::0.0035  0.40224-0.0016 0.4001-0.0035  0.4076--0.0011
2 0.4122:+:0.0035  0.4118+-0.0033 0.4055::0.0020  0.4062-:0.0017 0.4068--0.0009  0.4078-:-0.0009
3 0.4135::0.0028  0.4020-£0.0034 0.4037:-0.0015  0.4049£0.0016 0.40274-0.0008  0.4048+-0.0010
4 0.3918::0.0034  0.3924--0.0033
5 0.4099+-0.0036  0.417234-0.0036
6 0.4088--0.0035  0.39984-0.0042 f(1)=0.4056 (exact)

0.80 1 0.4330:-0.0041  0.43564-0.0033 0.43013-0.0048  0.45124-0.0016 0.4116::0.0070  0.4413+4-0.0008
2 0.4376::0.0031  0.43124-0.0030 0.4424:+0.0015  0.4475+-0.0016 0.4425+0.0010  0.4421-£00008
3 0.4472:+-0.0030  0.43314-0.0036 0.4426:::0.0015  0.43674:0.0018 0.4441-:0.0007  0.437140.0009
4 0.4500--0.0037  0.44243-0.0033
5 0.4485::0.0028  0.4493+-0.0029
6 0.4345:+:0.0029  0.4498-£0.0030 f(1)=0.4432 (exact)

chain, the sequence of values of f,(1) was broken into
groups of 128 and the average and standard deviation
computed for each of the groups: the sequence of aver-
ages thus generated will be denoted by f(1,1), (1,2),

fQ,3)---.

The computations were performed for three different
lattice sizes: 10 sites on an edge, 20 sites on an edge,
and 37 sites on an edge. The computing time to complete
one iteration was approximately 2 sec for the 10X10
lattice and this time varies linearly with the number of

sites in the lattice."

In order to observe the effect of the choice of the
initial configuration on these results, all of the com-
putations were performed twice, using quite different
starting conditions for the two cases. In one case the

initial configuration was one of complete order with all

spins up; that is, u(#)=1 for all & In the other case
the initial configuration was highly disordered; this
configuration was generated by assigning the values of
u(k) such that there would be equal probability for up
and down spins.

The results of the calculation of f(1,7) are shown in
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Table I. From the exact treatment of the square Ising
lattice it is known that there is a second order phase
transition, located at x=0.4142, at which the configu-
rational specific heat becomes logarithmically infinite.
Since the specific heat is proportional to the variance

of the energy
&E)/dT =« (LE—(E)}),

it is not surprising that the strongest fluctuations and
largest errors in the results occur in the neighborhood
of x=0.43.-1t is interesting to note that standard devi-
ations vary proportionally to 1/N# as is to be expected
for purely statistical reasons. It is satisfying to find that
a prohibitively large lattice, and the 37X37 lattice
approaches this, is not really needed for a good estimate
of f(1). In fact the difference in accuracy between the
two larger systems can hardly be called significant.
Hence, it appears that beyond the 2020 lattice a large
increase in N, and consequently a large increase in
computing time, would be needed for a small increase in
accuracy. It also appears that the effects of the initial
configuration are lost rather quickly and in fact the
average taken over the first sample of 128 configurations
is frequently in good agreement with the exact value:
this is particularly true for the system which started
from a completely ordered configuration. It should be
pointed out here that the very first configuration, the
completely ordered one or the disordered one, is not
included in the averaging.

IV. SIMPLE CUBIC LATTICE

The ILLIAC program which was prepared to do the
computations on the simple cubic lattice is more
elaborate than the one which was prepared for the
square lattice computations. An important part of the
present program is a test to determine a point in the
sequence of configurations at which the computation
of the ensemble averages is to commence. This test,
called the convergence test, resembles a similar test
used in the work described in footnote reference 1, and
its present application is explained in the following.

The problem of obtaining a reasonably accurate
result without using enormous amounts of computing
time depends partly, as mentioned earlier, on the rate
of convergence of the generated ensemble to a Boltz-
mann distribution. The work on the square lattice has
shown that in many cases the convergence is quite rapid.
With the square lattice the exact solution provides a
guide for checking the ensemble averages, but when the
exact solution is not known a rule must be made for
selecting the point at which the averaging may
commence. The problem of constructing such a rule
is tricky. One might consider the successive values of
a parameter, such as the short-range order parameter,
and commence averaging where this sequence appears
to be steady in some sense. This is dangerous for there
may be two, or more, sets of states each of which has a
relatively high probability of occuring, but which are
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linked by small transition probabilities. Such a situation
would result in fairly steady sequential values for
certain parameters except that here and there the
apparent equilibrium value of the parameter might
change abruptly. It may happen that these abrupt
changes occur so infrequently that they would not even
occur in a very long (on the computational time scale)
computation. In this instance an average taken over
the apparently steady sequence might give a very
incorrect result. Since the region in phase space which
contributes significantly to the ensemble average
becomes broader near a phase transition it is to be
expected that this phenomenon is likely to occur in
such a region. It is true that no such difficulties were
ever apparent in the two-dimensional lattice compu-
tations but similar difficulties have been encountered
in the hard-sphere equation of state computations.
The rule which has been adopted for the present
computations is characterized by the fact that two
statistically independent sets of results are developed
and the point of convergence is established when these
results agree within a given margin of error. Two distinct
lattices are used to develop two statistically independent
sequences of configurations. One of the sequences starts
from a configuration of complete order, while the other
starts from a disordered configuration, just like the two
initial configurations discussed in the square lattice
computations. The difference between the present case
and the former is that now the two sequences are
developed simultaneously and hence may be compared,
one with the other, as the two sequences are developed.
We denote the sequence starting from a configuration
of complete order as the low-temperature (LT)
sequence. Correspondingly, the sequence starting from
a disordered configuration is called the high-temperature
(HT) sequence. The generation of the ensemble is
divided into three stages. In the first stage an LT
sequence of M, configurations and an HT sequence of
M, configurations are developed. Three parameters
associated with each configuration are held in the com-
puter store: f;(1), f:(2), and S:. In the second stage the
average of f;(1) taken over the last M, configurations
is computed for each sequence and similarly for fi(2):
these are designated [ f(1)Jcr, [f(1)]ar, [f(2)]or, and
[f(2)]gr. The convergence test is passed when the
following two inequalities are satisfied for the first time:

[Lf()Jer—Lf(1)Jaz| <

€1, (83.)
CrQ)Jer+Lf (1) Jar
[Lf(@)]er—Lf(2)]ar] e (8b)
L (2)Jer+Lf(2)Jur

where ¢; and e are small positive numbers. If both
conditions are not satisfied a new configuration is
generated for the LT sequence, and for the HT sequence.
The oldest information in the sequence, namely, that
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TasLE II. Summary of results from the simple cubic lattice. The superscript ‘‘a” on the 7D number indicates the large
(16X 16X 16) lattice.

ID K L S 71) 12) M, AM Total
1 0.5000 0 0.9919--0.0004 0.0079-0.0003 0.0080-:0.0003 50 50 156
2 0.4500 0 0.9823-:0.0009 0.0169-:0.0007 0.0174=:0.0008 25 25 55
3 0.4000 0 0.9699+0.0014 0.0280=-0.0010 0.0293:0.0011 25 25 62
4 0.3380 0 0.9424+0.0011 0.0516=-0.0006 0.0549=+0.0007 100 300 403
5 0.2857 0 0.8653220.0060 0.1073+0.0021 0.11810.0026 50 50 102
6 0.2500 0 0.7440+-0.0025 0.1853+0.0011 0.2096:0.0013 100 300 400
7 0.2381 0 0.6551+0.0060 0.2286+0.0024 0.2623-0.0029 50 50 161
8 0.2381 0 0.6486--0.0024 0.2313:0.0010 0.2652-+0.0013 50 50 100
9 0.2273 0 0.4976-0.0090 0.2841+0.0024 0.3315--0.0031 50 50 116

10 0.2174 0 0.3054--0.0123 0.33010.0026 0.3891-:0.0033 50 50 100

11 0.2174 0 0.1883-+0.0091 0.3405:0.0016 0.4013-0.0020 50 50 100

12 0.2000 0 0.1603-0.0040 0.3713+0.0007 0.4344+0.0008 100 300 400

13s 0.2000 0 0.0781+0.0062 0.370820.0013 0.4341+0.0017 50 50 100

14 0.1667 0 0.0819+-0.0022 0.4047-£0.0005 0.4639+0.0005 100 300 400

15 0.1430 0 0.0686:0.0018 0.42110.0004 0.4755-:0.0003 100 300 400

16 0.1250 0 0.0563=:0.0030 0.4329-0.0007 0.4818+0.0006 50 50 100

17 0.2500 0.0625 0.8184+0.0032 0.1449+0.0017 0.1599+0.0020 50 50 102

18 0.2273 0.0625 0.7354+0.0044 0.1958+0.0021 0.2192:0.0025 50 50 101

19 0.2000 0.0625 0.5529+0.0062 0.2847:0.0024 0.3237:0.0028 50 50 100

20 0.1667 0.0625 0.3284+0.0071 0.3678+0.0018 0.4179+0.0021 50 50 100

21 0.1250 0.0625 0.18343-0.0052 0.4203:0.0009 0.4620-0.0008 50 50 100

22 0.0500 0.0625 0.1025--0.0086 0.4709=+0.0009 0.4946--0.0007 25 25 50

23 —0.1000 0.0625 0.068020.0112 0.5525+0.0008 0.4893£0.0010 25 25 50

24 0.338 0.1250 0.9601-£0.0010 0.03722:0.0007 0.0388=-0.0008 50 50 128

25 0.2857 0.1250 0.9158-0.0018 0.0746+0.0012 0.0797+0.0014 50 50 121

26 0.2500 0.1250 0.8683-0.0023 0.1116-0.0014 0.12104-0.0016 50 50 105

27 0.2381 0.1250 0.8383+0.0022 0.1340+:0.0013 0.1459-:0.0015 50 50 105

28 0.2273 0.1250 0.8094:-0.0025 0.1533-£0.0014 0.16810.0017 50 50 105

29 0.2174 0.1250 0.7678-£0.0054 0.1788-0.0024 0.1972:0.0028 50 50 100

30 0.2000 0.1250 0.6917:0.0053 0.2249-:0.0023 0.25022:0.0028 50 50 100

31 0.1667 0.1250 0.53032-0.0050 0.3084+0.0019 0.3445£0.0022 50 50 100

32 0.1250 0.1250 0.34152-0.0045 0.3880:0.0013 0.4286=-0.0014 50 50 100

33s 0.1250 0.1250 0.3369+£0.0019 0.3892-0.0006 0.4297-0.0007 50 50 100

34 0.0750 0.1250 0.2145+-0.0060 0.4424+0.0010 0.4722+0.0010 25 25 S0

35 —0.1000 0.1250 0.0920-0.0096 0.5505--0.0009 0.4871+0.0011 25 25 50

36 —0.2000 0.1250 0.0613-0.0023 0.6266-0.0023 0.4342+-0.0031 25 25 50

37 0.2857 0.2500 0.9390+0.0013 0.0562-:0.0009 0.05870.0010 50 50 109

38 0.2381 0.2500 0.8966--0.0018 0.0909-0.0012 0.0969:0.0013 50 50 103

39 0.2000 0.2500 0.8127+0.0024 0.1548:0.0014 0.16700.0016 50 50 102

40 0.1250 0.2500 0.5655--0.0034 0.3082:0.0015 0.3341+0.0016 50 50 100

41 0.0750 0.2500 0.3965-:0.0053 0.3938+0.0016 0.4175+0.0016 25 25 50

42 0.0625 0.2500 0.3678-0.0050 0.4091+0.0013 0.43032:0.0013 25 25 50

43 0.0250 0.2500 0.2896-+0.0054 0.44860.0012 0.4586+0.0011 25 25 50

4 —0.0500 0.2500 0.1964+0.0038 0.50562-0.0007 0.4798-0.0006 50 50 100

45 —0.1000 0.2500 0.1566:0.0038 0.5394+0.0007 0.4785+0.0007 50 50 100

46 —0.1500 0.2500 0.1264+0.0040 0.5729-:0.0008 0.4674--0.0008 50 50 100

47 —0.2000 0.2500 0.10303-0.0037 0.6171+0.0013 0.4366-0.0015 50 50 100

48 —0.2250 0.2500 0.0829-:0.0025 0.6673+0.0034 0.3840+-0.0041 25 25 61

49 —0.2500 0.2500 0.0564+0.0014 0.7960=0.0024 0.2274-:0.0029 50 50 122

50 —0.2750 0.2500 0.04232-0.0019 0.8655+0.0023 0.1460-£0.0026 25 25 67

51 —0.3000 0.2500 0.0297+-0.0017 0.9033-:0.0020 0.1040-0.0023 25 25 81

52 —0.3500 0.2500 0.0173£0.0007 0.9504=-0.0010 0.0519+0.0011 50 50 106

53 —0.5000 0.2500 0.0064--0.0006 0.9876:0.0006 0.0126-0.0006 25 25 79

54 0.1875 0.7500 0.94732-0.0014 0.0498--0.0010 0.0513+:0.0011 25 25 62

55 0.1000 0.7500 0.8424+0.0026 0.1405+-0.0016 0.1452-0.0017 25 25 52

56 0.0500 0.7500 0.7450-£0.0030 0.2165+0.0019 0.2216-0.0019 25 25 51

57 —0.0250 0.7500 0.57930.0041 0.3381+-0.0015 0.3324::0.0016 25 25 50

58 —0.1000 0.7500 0.4350-:0.0058 0.4377+0.0017 0.40010.0013 25 25 50

59 —0.1500 0.7500 0.3624-0.0064 0.4915+0.0018 0.4206-0.0015 25 25 50

60 —0.1875 0.7500 0.31433-0.0059 0.5331+0.0021 0.4223+0.0016 25 25 50

61 —0.2500 0.7500 0.21993-0.0029 0.6561=0.0037 0.3416-0.0038 25 25 55

62 —0.3000 0.7500 0.1157+0.0021 0.8374:0.0028 0.16130.0030 25 25 89

63 —0.3750 0.7500 0.0469--0.0014 0.9408+-0.0012 0.0589+0.0012 25 25 67

64 0.338 1.250 0.9921-0.0004 0.0078-:0.0003 0.0079-:0.0003 50 50 101

65 0.2000 1.250 0.9834+0.0007 0.0163=-0.0005 0.0165--0.0005 50 50 101

66 0.0500 1.250 0.9053:0.0014 0.0902:0.0019 0.0911:0.0014 50 50 100

67 —0.0500 1.250 0.767020.0020 0.2103-0.0012 0.2065--0.0012 50 50 100

68 —0.1000 1.250 0.6778-£0.0023 0.2840=0.0011 0.2697+0.0011 50 50 100

69 —0.1500 1.250 0.5852:0.0027 0.3578=0.0011 0.3239-:0.0000 50 50 100

70 —0.2000 1.250 0.5016-0.0033 0.4261:0.0012 0.3598-0.0008 50 50 100

71 —0.2500 1.250 0.42213-0.0035 0.4960+0.0013 0.3754+-0.0008 50 50 100
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ID K L s 1) £2) M, AM Total
72 —0.2750 1.250 0.3786:0.0061 0.5384:0.0027 0.36790.0021 25 25 50
73 ~0.3000 1.250 0.3131-£0.0022 0.6216:0.0026 0.3169+0.0023 50 50 129
74 —0.3250 1.250 0.2282-0.0033 0.7358+-0.0032 0.2280-:0.0028 25 25 52
75 —0.3500 1.250 0.1690-0.0020 0.8088-0.0020 0.17112£0.0018 50 50 116
76 —0.4000 1.250 0.0961-£0.0020 0.8940-0.0017 0.09930.0015 25 25 58
77 —0.5000 1.250 0.0298-0.0007 0.9686-:0.0006 0.0307-£0.0006 50 50 134
78 0.2000 0.4000 0.8834+0.0022 0.1035:0.0015 0.1091-0.0017 25 25 64
79 0.1750 0.3500 0.8171:0.0033 0.1543:0.0018 0.1645+-0.0021 25 25 79
80 0.1500 0.3000 0.7121-£0.0047 0.2251:0.0025 0.2430+0.0028 25 25 95
81 ~0.0500 0.1000 0.1080£0.0123 0.5233-0.0008 0.4964+0.0009 25 25 50
82 —0.1000 0.2000 0.13640.0086 0.5443-0.0011 0.4821+0.0012 25 25 50
83 —0.1500 0.3000 0.1544+0.0076 0.56870.0013 0.4675:0.0014 25 25 50
84 —0.2000 0.4000 0.1604-£0.0052 0.60352:0.0018 0.43410.0015 25 25 51
85 —0.2500 0.5000 0.1260+0.0025 0.7397+0.0040 0.2806+0.0049 25 25 60
86 —0.3000 0.6000 0.08630.0017 0.86220.0021 0.1404-0.0023 25 25 87
87 —0.0500 0.2000 0.1679+0.0084 0.5133:0.0012 0.48710.0011 25 25 50
88 —0.1000 0.4000 0.2468-£0.0067 0.5182:0.0016 0.4629:0.0013 25 25 50
89 —0.1500 0.6000 0.2915+-0.0059 0.52453-0.0018 0.44102-0.0013 25 25 50
90 —0.2000 0.8000 0.3204+0.0055 0.5362-0.0020 0.4168+0.0015 25 25 50
91 ~0.2500 1.0000 0.3260+£0.0055 0.56652-0.0024 0.3823+0.0017 25 25 50
92 —0.3000 1.2000 0.2889+0.0030 0.6466=-0.0039 0.3046+0.0036 25 25 11
93 —0.0500 0.4000 0.3023-£0.0052 0.4759:0.0014 0.4536+0.0013 25 25 50
94 —0.1000 0.8000 0.4638-0.0051 0.42260.0015 0.3886:0.0012 25 25 50
95 —0.1500 1.2000 0.5635-£0.0051 0.3736:0.0018 0.3357+0.0014 25 25 50
9% —0.2000 1.6000 . 0.6321-0.0042 0.33130.0016 0.2958--0.0012 25 25 50
97 —0.2500 2.0000 0.6898--0.0038 0.2906+-0.0015 0.2574:0.0014 25 25 50
98 —0.3000 2.4000 0.7282-+0.0033 0.2595:0.0014 0.2314-0.0012 25 25 50

pertaining to the configuration which occurred M,
iterations before the present point, is thrown out to
make space for the information on the new configura-
tion. Thus, the order parameters for the last M, con-
figurations in each chain are retained. As each new
configuration is added to the LT sequence and to the
HT sequence the convergence test is repeated. When
the convergence test is finally passed the third stage
of the computations begins. All of the values for f.(1)
in the two sequences are collected into one sum, 3 fi(1),
and similarly for f;(2), and S; As each new con-
figuration is generated in each sequence the values for
f:(1), f:(2), and S; are added to the corresponding sum.
When AM new configurations in each sequence have
been generated then the sums are divided by
2(Mo+AM)=R, the number of configurations in the
ensemble, to obtain the final estimates of the quantities
(1), f(2), and S. In the third stage of the computations
the sum of squares of each of the parameters is also
generated in order to calculate the standard deviations.

This process does not ensure against the possibility
of obtaining an erroneous answer because of the chains
being trapped in a set of metastable states. It can be
expected, however, that the chance of detecting such a
situation is better than it would be if only one sequence
was considered. Of course, if memory space and com-
puting time permit, then one can extend this method
to include a still larger number of independent chains.

The model for almost all of the computations had 8
sites on an edge, and thus contained a total of 512 sites.
Some computations were done on a model with 16 sites
on an edge but because of the large amounts of com-
puting time required this work was rather limited. The

amount of time required to complete one iteration for
the 8X8X 8 array was about 6 sec and it was approxi-
mately eight times this for the 16)X16X16 array. As
with the square lattice, periodic boundary conditions
were always imposed. The sites were selected system-
atically for detailed consideration in an analogous
fashion to the method used with the square lattice:
successive sites in a row were treated, then successive
rows and finally successive planes.

The results of this computation are compiled in
Table IL Order parameters S, f(1), and f(2) are shown
as functions of K in Figs. 1, 2, and 3, respectively. In
Table IT the numbers in the first column are simply
identification numbers (ID). The next two columns
contain the energy parameters K and L. In the last
three columns the numbers My and AM appearing
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Fic. 1. Long-range order S in the simple cubic Iattice shown as
a function of K for different L (solid curves) and L/K (dashed
curves).
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F1G. 2. First-neighbor short-range order parameter f(1) in the
simple cubic lattice shown as a function of K for different L (solid
curves) and L/K (dashed curves).

there have already been defined and the numbers in the
column headed “total” are the total number of itera-
tions performed. Hence, in row 1, the values Mo=>50,
AM =50, total=156 mean that 50 configurations were
generated in the LT sequence and 50 configurations
were generated in the HT sequence before the con-
vergence tests began (since Mo=>50); next, after con-
vergence 50 more configurations were generated in each
sequence (since AM =50) to make a total of 200 con-
figurations in the ensemble; since the total number of
iterations was 156 it follows that the convergence test
was passed upon completion of the one hundred and
sixth iteration and therefore the first 56 configurations
in each sequence were discarded. In the columns fol-
lowing K and L the order parameters .S, f(1), and f(2)
are presented. The spread indicated for each order
parameter is the standard deviation of the mean. The
results are listed in order of decreasing X (i.e., increasing
temperature for fixed J) in groups in which L is fixed.
Near the end of the table, starting at /D=78, some
results are grouped together in which L/K is fixed:
note that L/K=H/J, the ratio of the external field
coupling energy to the nearest-neighbor coupling
energy, which is independent of T'. In the figures the
results are plotted for fixed L (solid lines) and for fixed
L/K (dashed lines). Although the order parameters can
be computed analytically at K=0, the curves for
constant L/K have not been extended through K=0
because computations were not performed in the region
of K=0 and an extrapolation of these curves from the
available data did not seem appropriate.

It will be noted that three different values for M,
appear in the table: 100, 50, and 25. In the very first
(chronologically) computations the large value of M,
was used together with AM =300, but because of the
large amounts of computing time being absorbed it was
decided to set M, and AM both at 50. Still later, for
reasons of economizing on computing time the still
smaller values My=25 and AM =25 were introduced.
In the first two cases the convergence test parameters
were given the value 0.02: e;= e,=0.02. In the last case,
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in an attempt to compensate for the relatively small
value of My=25 the parameters were given the value
0.01: e1=€,=0.01.

Since the size effect can be expected to be most sig-
nificant in the zero field case in the neighborhood of the
apparent critical temperature, some computations for
a 16X16X16 array were made in this region: these
have identification numbers 8, 11, and 13. When these
are compared against the corresponding results for the
8X8X 8 system, it will be noted that there is a marked
difference in the value of S for the two cases. The
differences in the results obtained for the short-range
order parameters on the other hand are relatively
slight. Hence, it appears that although the estimate of
of S is a crude approximation of its value for the infinite
system in this region, the estimates of f(1) and f(2)
are rather good. In the case of LZ=0.125 a computation
was made with the large lattice (JD=33) in the region
where S can be expected to be most sensitive to size
effects. Comparison of these results with those for the
88X 8 lattice shows that the difference in the results
obtained for S, as well as*for f(1) and f(2), is slight.
Hence, for this value and higher values of L the
estimates of .S can be expected to be fairly a good
approximation to the value for an infinite system.

In the antiferromagnetic region the value L/K=—6
is a critical one. For L/K greater in magnitude than
this value the external field coupling dominates the
nearest-neighbor coupling and at low temperatures the
system tends to the state in which all spins are parallel
to the external field. For L/K smaller in magnitude
than this value, the nearest-neighbor coupling domi-
nates, and at low temperatures the system tends to the
state in which all nearest-neighbor spins are anti-
parallel. The series of computations at L/K=—4 and
L/K=—8 illustrate the alternate behavior in the
order parameters as the parameter K tends to large
negative values (i.e., as 7 — 0 for J equal to a negative
constant). It is interesting to notice that a relatively
large number of iterations had to be performed in the
computation with 7D=92 before the convergence con-
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Tagie III. Comparison of results obtained from the Monte
Carlo calculation with results obtained from evaluation of series
expressions (footnote reference 3) for the simple cubic lattice.

S Fi¢3]
Monte Monte
K(L=0) Carlo Series Carlo Series
0.5000 0.9919 0.9945 0.0079 0.0054
0.4000 0.9699 0.9795 0.0280 0.0195
0.3380 0.9424 0.9504 0.0516 0.0453
0.2000 sue cen 0.3713 0.3756
0.1665 0.4048 0.4050
0.1430 0.4210 0.4217

dition was satisfied ; in computations 85 and 86 a similar
situation is noticed. The reason for this is that we are
near the critical magnitude of K while below the critical
magnitude of L/K. In the region K<0, ~6K>L>0
there are two states of minimum energy (the two states
in which all neighbors are antiparallel), just as there
are on the line K>0, L=0. Thus, there will again be a
critical value of K, around which configurations con-
sisting of mixtures of these two states will tend to
persist. As the line L/K=—6 is approached, a third
configuration also assumes importance, that in which
all spins are parallel to the external field. This explains
why computation 92 (L/K=-—4) is even slower in
convergence than computations 85 and 86 (L/K=—~2).
It is significant that the existence of this situation is
strongly brought to one’s attention because of the rules
which have been set up for convergence testing. In a
test based on the examination of one sequence of con-
figurations there is a greater chance that one would
fail to observe this near-critical situation since the
sequence might remain entirely in one set of con-
figurations during the computations. Furthermore, it
should be noticed that the standard deviations in these
cases do not indicate anything unusual. One can infer
from the small standard deviations that once the con-
vergence conditions were satisfied both the sequences
remained in the one class of states which was most
probable.

For regions in which series expansions of the long-
range order and short-order can be used a comparison
with results obtained from the present Monte Carlo
method is possible. The series given in footnote reference
3" have been evaluated for a few cases and a comparison
with the Monte Carlo results is shown in Table IIIL

V. BODY-CENTERED CUBIC LATTICE

The computations for this lattice are not as extensive
as those for the simple cubic lattice. The convergence
test is the same as the one used with the simple cubic
lattice except that since only .S; and f;(1) are calculated

1 1t should be pointed out that the series expressions given in
Eqs. (7.5)-(7.7) of this paper are incorrect. Each series is given
in the form 57 (polynomial in z) whereas it should be —alnz
~+ (polynomial in 2).
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during each iteration, just the first inequality (8a) is
required to be satisfied. The value of ¢; was set at 0.02.
In the third stage of the generation of the configuration
sequence (i.e., after the convergence condition was
satisfied) the results for the two independent sequences
were not combined but instead they were left separate.
Thus, two separate estimates of the average were
computed, one based on the HT sequence and theother
based on the LT sequence. The LT sequence for positive
K was started with an initial configuration in which all
of the spins were parallel to one another and parallel
to the external field. When K was negative the initial
configuration for the LT sequence was one in which all
nearest-neighbors were antiparallel. In the simple cubic
lattice computations the LT sequence always started
with a configuration in which all spins were parallel to
each other and to the external field, even when K was
negative.

In most of the calculations a model consisting of
eight unit cells on an edge, and therefore 1024 sites,
was used. In a few cases a smaller lattice having four
unit cells on an edge was used. Twenty seconds was
required to complete one iteration on the larger lattice.
This program was not quite as efficient in its use of
computer time as the simple cubic lattice program.

The sites were selected for detailed consideration in a
systematic fashion. The two sublattices of the system
were processed separately: that is, all the “center” sites
were first processed sequentially, then all “corner” sites
were processed sequentially to complete one iteration
for one lattice.

The results are compiled in Table IV and displayed
graphically in Figs. 4 and 5. In Table IV the upper
value for S and for f(1) is obtained from the LT sequence
and the lower value for .S and for f(1) is obtained from
the HT sequence. In the initial calculations the larger
samples with My=>50 and AM =50 were computed, but
to conserve on computer time this was later reduced

y
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(dashed curves).
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TaBLE IV. Summary of results from the body-centered cubic lattice. The superscript “a” on the 7D number
indicates the small (four unit cells on an edge) lattice.
ID K L K () Mo AM Total | ID K L S £ Mo AM Total
0.9804:£0.0007  0.0189 -0.0007 0.7361 +£0.0047  0.2130:0.0032
1 0.3 0 50 50 101 | 25 0.125 025 20 30 50
0.9800+0.0018  0.0188 -:0.0012 0.7379:0.0042  0.2119 :£0.0027
0.8966 £0.0060  0.0908 -£0.0045 0.6084-0.0052  0.2905 £0.0029
22 0225 O 50 50 100 |26 01 0.25 = 20 30 50
0.893110.0129 0.0866 4:0.0064 0.6056 4+-0.0053  0.2946 +0.0030
0.9067 £0.0019  0.0831 =-0.0015 0.37894-0.0055  0.4089 40,0023
3.0m5 0 02400032 oo0se7s0oots . 0 ‘% |27 0o 025 20 30 S0
. . - - 0.3712+0.0069  0.4108 =-0.0024
. 1875 0 0.8023+0.0028  0.1607 -0.0018 o s o1 |, s o 0.9222 40,0037  0.072050.0030 -
- . . 2 50
0.78502:0.0095  0.166220.0034 0.919840.0020 0.0741 0.0018
0.7127:£0.0109  0.2173 £0.0063
5a 0.175 0 50 50 100 29 015 0.35 0.8718£0.0033  0.11434-0.0026 20 30
0.6717£0.0202  0.2251 +0,0088 .1 . 50
* 0.8795£0.0027  0.1081 =:0.0023
0.6884::0.0050  0.2251 -:0.0027
6 0175 0 50 50 109 0.8135+0.0034  0.1596 -:0.0026
0.6697 +£0.0102  0.2321 -:0.0035 30 0.125 0.35 20 30 50
0.8076 :0.0040  0.1649 -0.0029
0.5216+0.0091  0.2981-0.0033
7 0.1625 0 50 50 100 0.7105+£0.0042  0.2329 40.0027
0.5246 +0.0103  0.2982 --0,0032 31 0.1 0.35 20 30 50
0.7164+£0.0040  0.2293 :0.0026
. ots o 0.2159+0.0132  0.3734:0,0027 0w s
. 0 101
0.1602:£0.0101  0.3850 40,0017 32 005 ogs A9TOR00051 03621300025 - o o
, s o 0.093840.0095 0.4030 20,0023 o 0.4943:0.0049  0.3613 -0.0024
. 0 100
0.2451 00060  0.4922 =-0.0023
0.1091+0.0071  0.4099 :0.0013 33 —0.05 0.35 20 30 50
o ous o | GOT4=000TL 04179x00017 0.24630.0085  0.4916::0.0018
. 0 100
0.1849 +£0.0050  0.5304 -0.0020
0.0684-£0.0051  0.4223 £0.0013 4 ot 0.35 0 30 S0
0.1366:0.0103  0.4430-£0.0030 0.1870£0.0059  0.5361:0.0017
11+ 01 0 50 50 100
0.1433+£0.0107  0.4376:0.0029 0.1387+0.0033  0.5954 20.0021
35  —0.15 0.35 20 30 51
0.0441:0.0038  0.4404 --0.0012 0.1360-:0.0028  0.6010-0.0034
12 0.1 0 50 50 100
0.0484£0.0036  0.4430-0.0010 0.0681:0.0024  0.8300 ==0.0050
36 —0.2 0.35 20 30 63
0.1031:0.0098  0.4635 -£0.0036 0.0646:0.0021  0.8501 --0.0028
13+ 005 O 50 50 100
0.1169:0.0074 0.47140.0022 0.0296:0.0011  0.9386 4-0.0047
37 —0.25 0.35 20 30 51
0.0453 £0.0062  0.4684 -£0.0026 0.0268+0.0015 0.9461 =£0.0017
14 005 O 50 50 101
0.0318+0.0024 0.4767 £0.0018 0.3431 +0.0057 0.4591 40,0025
38 —0.05 0.5 20 30 50
0.8809£0.0029  0.1044 +-0.0023
is 0.2 0.05 0 30 58 0.3467 £0.0065  0.4601=-0.0157
0.8823 £0.0031  0.1030 2-0.0024 s s 0.306040005 0.5278:£00032 “
39 —0.1 0. 50
16 o625 oos O7i36+00056 0210£00032 0.30440.0036  0.53212:0.0167
0.7137:0.0052  0.2185:0.0030 o , 087900025 0.11742£00021
0 o 1. 20 30 55
7 o015  opos 61o0£00093 0271500042 o 0.8725£0.0025 0.1180-:0.0022
0.6018-£0.0073  0.2769 -0.0036
0.5127+£0.0067 0.3947 -£0.0044
0.3135:£0.0102  0.3869 -0.0027 41 —01 1.0 20 30 50
18 0125  0.05 20 30 50 0.5133:0.0088  0.3945 =-0.0063
0.3165:0.0130  0.3853 -£0.0039
0.4107 £0.0056  0.4715 =-0.0036
0.1530:0.0076  0.4351 £0.0014 42 -0.15 1.0 20 30 50
19 0.1 0.05 20 30 50 0.4119+0.0074 0.4738 £0.0044
0.1516-£0.0094  0.4330:0.0023
0.2704:0.0035  0.6472 £0.0055
0.7657 £0.0047  0.1906 +-0.0031 43 —0.2 1.0 20 30 56
20 0.15 0.15 20 30 51 0.2734-0.0028  0.6472 +-0.0037
0.7663 £0.0047  0.1902 :0.0028
N s os Oc0siz00062 078572000 " —ons o 0.1299::0.0038  0.8472 4-0.0054 % 30 52
. . 0 53
0.6113-0.0063  0.2836 -0.0030 0.1222:£0.0025  0.8604:0.0028
0.438820.0077 0.3652 0.0031 0.0655:0.0066  0.9247 =-0.0091
22 ol 0.15 20 30 so |45 03 L0 osssi00016 090000016 - 0 %°
0.4441:0.0086  0.3632 4-0.0033 <0548 0. - -
0.2338+0.0064 0.4517 +0.0018 0.2003 £0.0078  0.77440.0091
23 005 015 20 30 50 | 46 —0.325 1.25 20 30 50
0.2349 4+-0.0066 0.4472 +0.0016 0.192130.0025 0.7877 +0.0028
0.8371£0.0034  0.1416 -£0.0025 0.6734::0.0057  0.2991 =£0.0051
24 015 025 20 30 51 | 47 —0.2 2.0 20 30 50

0.8338 £-0.0034

0.14300.0024

0.6728 +:0.0064

0.3002 =-0.0055
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to Mo=20 and AM=30. In all cases the convergence
parameter had the value ¢=0.02.

Comparison of the results for the smaller lattice,
having four unit cells on an edge, with those for the
larger lattice shows again the relatively strong de-
pendence of the estimate of long-range order on lattice
size. On the other hand the short-range order estimate
again is not so sensitive to change in lattice size. Com-
parison of results for the LT sequences with those for
the HT sequences indicates that although the differences
between the pairs of results are not large, they are
frequently larger than the spread indicated by the
standard deviations. This is not surprising, since the
correlation that exists between the sequential con-
figurations tends to reduce the standard deviation
from what it would be if the configurations in the chain
were completely independent.

It is well known? that the Ising model is equivalent
to a model of a binary substitutional alloy and from
this viewpoint one can compare the present results with
the results of the measurement of long-range order in

TasLE V. Comparison of results obtained from the Monte Carlo
calculation with results obtained from evaluation of series ex-
pressions (footnote reference 3) for the body-centered cubic lattice.

S s
Monte Monte
K (L=0) Carlo Series Carlo Series
0.300 0.9804 0.9806 0.0189 0.0188
0.9800 0.0188
0.150 e 0.3734 0.3955
0.3850
0.050 0.4684  0.4742
0.4767

B-brass made by Chipman and Warren.? This com-
parison appears in Fig. 6. The results of the Bethe®
second approximation, according to Chipman and
Warren, are also shown. In this figure the results have
been normalized so as to make T, coincide with the
experimentally observed value of 465°C. For this nor-
malization we set K,=0.1616; this choice is discussed
in the next section. The Monte Carlo results seem to fall
closer to the experimental results than do the results
of the Bethe second approximation at low temperatures.
However, the relative position of the Monte Carlo
curve depends on the normalization and the apparent
deviation of the Monte Carlo curve from the Bethe
curve and the experimental curve must be viewed with
this in mind. Experimental measurements of the short-
range order which may be compared with the Monte
Carlo results do not seem to be available.

VI. ESTIMATION OF THE CRITICAL POINT

The finite size of the model precludes the existence
of a true critical point. Nevertheless the model does

2D, Chipman and B. Warren, J. Appl. Phys: 21, 696 (1950).
BH. A. Bethe, Proc. Roy. Soc. (London) A150, 552 (1935).
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L (solid curves) and L/K (dashed curves).
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exhibit a behavior in a fairly narrow range of K which
is similar to that associated with a critical point or
“Curie point” in these systems: the long-range order in
the ferromagnetic case falls off sharply to very small
values and the specific heat, as indicated by the standard
deviation of the short-range order, appears to go through
a maximum. It would be desirable to obtain from this
information on a finite lattice an estimate of the critical
point K. One procedure for obtaining such an estimate
would be to record the values of K at which the specific
heat becomes maximal as the size N of the system is
increased. Treating these results as a function of 1/N
and extrapolating to 1/N=0 would provide the desired
estimate. Unfortunately this procedure demands such
enormous amounts of computing time that it does not
seem to be practical at the present time. Since it is
convenient to have some definition of the apparent
critical point simply so that it may be discussed without
ambiguity we use here the value of K at which S=%;
the value of K defined in this fashion is denoted by Kj.
This parameter has the virtue that it can be computed
relatively accurately from a small number of calculations
of S in the neighborhood of the apparent critical point
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F16. 6. Comparison of long-range order with experimental
results on B-brass by Chipman and Warren, and with the results
of the Bethe second approximation.
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and there is no need to make the disagreeable subjective
decision which attends extrapolation of the long-range
order above K, to zero, or extrapolation of the inverse
susceptibility below K. to zero. In addition to this it
seems reasonable to expect that K3 will be close to K,
for the following two reasons. The abrupt vanishing of
the long-range order at K, which one expects to find in
three-dimensional lattices on the basis of the exact
results for the infinite two-dimensional square lattice
implies that K3 for an infinite three-dimensional lattice
will lie very close to K,. Yang’s® exact calculation of the
long-range order in an infinite two-dimensional lattice
yields a value for the fractional error (Ki—K.)/K, of
about 1.6X27%. The tighter coupling of the three-
dimensional lattice should make this error still smaller.
The second reason is that the portion of the long-range
order curve in the neighborhood of S=1% is, relative to
the “tail” of this curve, fairly insensitive to changes in
lattice size and it is therefore expected that K3 for the
finite lattice of the model used here lies close to K3 and
hence close to K, for an infinite lattice. Unfortunately
a quantitative estimate of this is lacking, but the
qualitative behavior of our results indicates that this
conjecture is reasonable. For the simple cubic lattice,
performing a linear interpolation between /D=7 and
ID=09 of Table II, we find

K3=0.2275 (simple cubic).

For the body-centered cubic lattice, performing a linear
interpolation between ID=7 and ID=8 of Table IV
(averaging the upper and lower values of S first), we find

K3=0.1616 (body-centered cubic).

This figure has been identified as K. for the normali-
zation of the long-range order curve of Fig. 6 which was
introduced in the preceding section.

EHRMAN, FOSDICK, AND HANDSCOMB

VII. CONCLUSION

The Monte Carlo method appears to be well suited
to the computation of short-range order in an Ising
lattice. In the two-dimensional lattice, where the results
can be checked against the exact treatment, the ac-
curacy of the Monte Carlo results for a 20X20 array
is quite good. With one exception, which occurs in the
immediate neighborhood of the critical temperature,
the errors are 59, or less. In the three-dimensional
systems, arrays of 512 sites for the simple cubic and
1024 sites for the body-centered cubic provided esti-
mates of the short-range order which were relatively
insensitive to changes in the size of the array even in
the neighborhood of the critical temperature. The long-
range order, on the other hand, was found to be rather
sensitive to changes in size of the array near the critical
temperature. The long-range order results in this region
are therefore rather crude. An accurate estimate of
long-range order very near the critical temperature by
the present method does not seem to be feasible with
present computing equipment, because the large arrays
that seem to be required demand unreasonably long
computation times.

As pointed out by Newell and Montroll,? the primary
reason for the continued interest in the Ising model is.
that it provides a simple testing ground for new ap-
proximate methods of investigating systems of inter-
acting particles. The present results, except perhaps the
long-range order in the zero field case near K., are felt
to be the most accurate ones now available and they
have been tabulated here in considerable detail so that
they may be readily compared with the results of other
methods. Computations using a simple cubic lattice
with second- and third-neighbor interactions are now

in progress.
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Erratum

Linearized Plasma Oscillations in Arbitrary
Electron Distributions
[J. Math. Phys. 1, 178 (1960)]

GEeorGE E. Backus

M assachusetts Institute of Technology,
Cambridge, M assachusetts

Dr. F. Meyer of the Max-Planck-Institut fiir Physik und
Astrophysik in Miinchen has kindly pointed out that the proof
of theorem 3 is incorrect. The exponents in the denominators of
Eqgs. (27) and (28) should be % instead of 1, and an upper rather
than a lower bound on | £(s)| is needed.

A correct proof can be given if go’(#) is bounded and integrable
and satisfies a Holder condition. These hypotheses, although
stronger than those stated for theorem 3 in the paper, are satisfied
by the Maxwell distribution; and they permit the application of
Muskelishvili’s results, thus implying that there are positive
numbers ¥ and M such that |£(s)| <M if 0<Js<yo. Then in
the inequality following (29), @ must be replaced by M.

With (27) and (28) rendered valueless, w is so far unspecified.
We choose it so that go'(w)#<0. Then, since go’'(%) is continuous,
there are positive numbers e and § such that |go(w)|>e if
|u—w| <&. Hence

[ 80| 45 fm“ G e{In[s-+ (439 ]—Iny).

| U—S w-s |u—wtiy|

Thus inequality (30) must be rewritten as
My|Iny|}| K (s)]| > 2¢{In[6+ (*+3%) ] —Iny}.
This inequality contradicts |K(s)|y<m and proves theorem 3.
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